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Preface

e The material for these notes come from several different places, in particular:

— Brockwell and Davis| (1998) (yellow book)

— Shumway and Stoffer (2006]) (a shortened version is Shumway and Stoffer EZ).

~ [Fulle) (1995)

— [Pourahmadji| (2001))

— [Priestley| (1983)

— Box and Jenkins| (1970))

— Brockwell and Davis (2002) (the red book), is a very nice introduction to Time

Series, which may be useful for students who don’t have a rigourous background

in mathematics.

— [Wilson Tunnicliffe et al.| (2020)

— [Tucker and Politis| (2021))

— A whole bunch of articles.

— My own random thoughts and derivations.

e Tata Subba Rao and Piotr Fryzlewicz were very generous in giving advice and sharing

homework problems.

e When doing the homework, you are encouraged to use all materials available, including
Wikipedia, Mathematica/Maple (software which allows you to easily derive analytic

expressions, a web-based version which is not sensitive to syntax is Wolfram-alpha).
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http://www.stat.pitt.edu/stoffer/tsa4/tsaEZ.pdf

e You are encouraged to use R (see David Stoffer’s tutorial). I have tried to include

Rcode in the notes so that you can replicate some of the results.
e Exercise questions will be in the notes and will be set at regular intervals.

e Finally, these notes are dedicated to my wonderful Father, whose inquisitive questions,

and unconditional support inspired my quest in time series.
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http://www.stat.pitt.edu/stoffer/tsa3/R_toot.htm

Chapter 1

Introduction

A time series is a series of observations x;, observed over a period of time. Typically the
observations can be over an entire interval, randomly sampled on an interval or at fixed time
points. Different types of time sampling require different approaches to the data analysis.

In this course we will focus on the case that observations are observed at fixed equidistant
time points, hence we will suppose we observe {x; :t € Z} (Z={...,0,1,2...}).

Let us start with a simple example, independent, uncorrelated random variables (the
simplest example of a time series). A plot is given in Figure We observe that there
aren’t any clear patterns in the data. Our best forecast (predictor) of the next observation
is zero (which appears to be the mean). The feature that distinguishes a time series from
classical statistics is that there is dependence in the observations. This allows us to obtain
better forecasts of future observations. Keep Figure in mind, and compare this to the

following real examples of time series (observe in all these examples you see patterns).

1.1 Time Series data

Below we discuss four different data sets.

The Southern Oscillation Index from 1876-present

The Southern Oscillation Index (SOI) is an indicator of intensity of the El Nino effect (see

wiki). The SOI measures the fluctuations in air surface pressures between Tahiti and Darwin.

12
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whitenoise
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Time

Figure 1.1: Plot of independent uncorrelated random variables

In Figure we give a plot of monthly SOI from January 1876 - July 2014 (note that
there is some doubt on the reliability of the data before 1930). The data was obtained
from http://www.bom.gov.au/climate/current/soihtmi.shtml. Using this data set one

major goal is to look for patterns, in particular periodicities in the data.

20

soil

-20
\

-40
\

T T T T T T T
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Time

Figure 1.2: Plot of monthly Southern Oscillation Index, 1876-2014
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http://www.bom.gov.au/climate/current/soihtm1.shtml

Nasdaq Data from 1985-present

The daily closing Nasdaq price from 1st October, 1985- 8th August, 2014 is given in Figure
[1.3] The (historical) data was obtained from https://uk.finance.yahoo.com. See also
http://www.federalreserve.gov/releases/h10/Hist/. Of course with this type of data

the goal is to make money! Therefore the main object is to forecast (predict future volatility).

nasdaql
3000 4000
\ \

2000
|

1000
|

1985 1990 1995 2000 2005 2010 2015

Time

Figure 1.3: Plot of daily closing price of Nasdaq 1985-2014

Yearly sunspot data from 1700-2013

Sunspot activity is measured by the number of sunspots seen on the sun. In recent years it has
had renewed interest because times in which there are high activity causes huge disruptions
to communication networks (see wiki and NASA).

In Figure [1.4] we give a plot of yearly sunspot numbers from 1700-2013. The data was
obtained from http://www.sidc.be/silso/datafiles. For this type of data the main aim

is to both look for patterns in the data and also to forecast (predict future sunspot activity).

Yearly and monthly average temperature data

Given that climate change is a very topical subject we consider global temperature data.

Figure gives the yearly temperature anomalies from 1880-2013 and in Figure we plot

14
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Figure 1.4: Plot of Sunspot numbers 1700-2013

the monthly temperatures from January 1996 - July 2014. The data was obtained from
http://data.giss.nasa.gov/gistemp/graphs_v3/Fig.A2.txt and http://data.giss.
nasa.gov/gistemp/graphs_v3/Fig.C.txt respectively. For this type of data one may be
trying to detect for global warming (a long term change/increase in the average tempera-
tures). This would be done by fitting trend functions through the data. However, sophisti-
cated time series analysis is required to determine whether these estimators are statistically

significant.

1.2 R code

A large number of the methods and concepts will be illustrated in R. If you are not familar
with this language please learn the basics.

Here we give the R code for making the plots above.

# assuming the data is stored in your main directory we scan the data into R
soi <- scan(""/soi.txt")
soil <- ts(monthlytemp,start=c(1876,1),frequency=12)

# the function ts creates a timeseries object, start = starting year,

15
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Figure 1.5: Plot of global, yearly average, temperature anomalies, 1880 - 2013
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Figure 1.6: Plot of global, monthly average, temperatures January, 1996 - July, 2014.

# where 1 denotes January. Frequency = number of observations in a
# unit of time (year). As the data is monthly it is 12.

plot.ts(soil)

Dating plots properly is very useful. This can be done using the package zoo and the

function as.Date.
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1.3 Filtering time series

Often we transform data to highlight features or remove unwanted features. This is often
done by taking the log transform or a linear transform.

It is no different for time series. Often a transformed time series can be easier to analyse
or contain features not apparent in the original time series. In these notes we mainly focus
on linear transformation of the time series. Let {X;} denote the original time series and

{Y;} transformed time series where

Yi= ) hiXe

j=—o0

where {h;} are weights.

In these notes we focus on two important types of linear transforms of the time series:
(i) Linear transforms that can be used to estimate the underlying mean function.

(ii) Linear transforms that allow us to obtain a deeper understanding on the actual stochas-

tic/random part of the observed time series.

In the next chapter we consider estimation of a time-varying mean in a time series and

will use some of the transforms alluded to above.

1.4 Terminology

e iid (independent, identically distributed) random variables. The simplest time series

you could ever deal with!

17



Chapter 2

Trends 1n a time series

Objectives:
e Parameter estimation in parametric trend.
e The Discrete Fourier transform.
e Period estimation.

In time series, the main focus is on understanding and modelling the relationship between

observations. A typical time series model looks like
}/;5 = + €ty

where g is the underlying mean and ¢; are the residuals (errors) which the mean cannot
explain. Formally, we say E[Y;] = ;. We will show later in this section, that when data
it can be difficult to disentangle to the two. However, a time series analysist usually has
a few jobs to do when given such a data set. Either (a) estimate pu;, we discuss various
methods below, this we call fi; or (b) transform {Y;} in such a way that u; “disappears”.
What method is used depends on what the aims are of the analysis. In many cases it is to

estimate the mean ;. But the estimated residuals

=Y — Iy

18



also plays an important role. By modelling {&;}; we can understand its dependence structure.
This knowledge will allow us to construct reliable confidence intervals for the mean p;. Thus
the residuals {g;}; play an important but peripheral role. However, for many data sets the
residuals {g;}; are important and it is the mean that is a nuisance parameters. In such
situations we either find a transformation which removes the mean and focus our analysis
on the residuals €;. The main focus of this class will be on understanding the structure of
the residuals {e;};. However, in this chapter we study ways in which to estimate the mean

ot
Shumway and Stoffer, Chapter 2, and Brockwell and Davis| (2002)), Chapter 1.

2.1 Parametric trend

In many situations, when we observe time series, regressors are also available. The regressors
may be an exogenous variable but it could even be time (or functions of time), since for a
time series the index ¢ has a meaningful ordering and can be treated as a regressor. Often
the data is assumed to be generated using a parametric model. By parametric model, we
mean a model where all but a finite number of parameters is assumed known. Possibly, the

simplest model is the linear model. In time series, a commonly used linear model is
Y, = Bo + Bit + &, (2.1)
or
Yy = Bo + Bit + Bot® + &, (2.2)

where [y, f1 and (5 are unknown. These models are linear because they are linear in the

regressors. An example of a popular nonlinear models is

1

= ol = B

+ ;. (2.3)

where [y and [; are unknown. As the parameters in this model are inside a function, this
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examplel
example2

Figure 2.1: The function Y; in (2.3) with iid noise with o = 0.3. Dashed is the truth. Left:
Bo = 0.2 and B = 60. Right: 5y =5 and ; = 60

is an example of a nonlinear model. The above nonlinear model (called a smooth transition
model), is used to model transitions from one state to another (as it is monotonic, increasing
or decreasing depending on the sign of 3y). Another popular model for modelling ECG data

is the burst signal model (see Swagata Nandi et. al.)

Y; = Aexp (Bo(1 — cos(Bat))) - cos(0t) + & (2.4)

Both these nonlinear parametric models motivate the general nonlinear model

Y, = g(@n 9) + &4, (2~5)

where g(z,,0) is the nonlinear trend, g is a known function but 6 is unknown. Observe that
most models include an additive noise term {e;}; to account for variation in Y; that the trend

cannot explain.

Real data example Monthly temperature data. This time series appears to include seasonal

behaviour (for example the southern oscillation index). Seasonal behaviour is often modelled
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signall
Ysignal

Figure 2.2: The Burst signal (equation (2.4)) A =1, 8y = 2, f1 = 1 and § = 7/2 with iid
noise with ¢ = 8. Dashed is the truth. Left: True Signal. Right: True Signal with noise

with sines and cosines

. 2mt 27t
Y, = o+ Oisin <?) + B3 cos <?) + &,

where P denotes the length of the period. If P is known, for example there are 12 months
in a year so setting P = 12 is sensible. Then we are modelling trends which repeat every 12

months (for example monthly data) and

2rt

Y, = pPo+ Frsin <%> + [5 cos <E> + & (2.6)

is an example of a [inear model.
On the other hand, if P is known and has to be estimated from the data too. Then this

is an example of a nonlinear model. We consider more general periodic functions in Section

2.5

2.1.1 Least squares estimation

In this section we review simple estimation methods. In this section, we do not study the

properties of these estimators. We touch on that in the next chapter.
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A quick review of least squares Suppose that variable X; are believed to influence the re-

sponse variable Y;. So far the relationship is unknown, but we regress (project Y, =
(Y1,...,Y,)) onto X, = (X1,...,X,) using least squares. We know that this means finding

the o which minimises the distance

and it has an analytic solution

<Kn7in> Z?:l Y;XZ
ay = = T .
1X513 > i XF

A geometric interpretation is that the vector Y, is projected onto X, such that

where g, is orthogonal to X, in other words

But so far no statistics. We can always project a vector on another vector. We have made
no underlying assumption on what generates Y; and how X; really impacts X;. Once we do
this we are in the realm of modelling. We do this now. Let us suppose the data generating

process (often abbreviated to DGP) is

Y =aX;+¢,

here we place the orthogonality assumption between X; and ¢; by assuming that they are
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uncorrelated i.e. cov(e;, X;]. This basically means ¢; contains no linear information about
X;. Once a model has been established. We can make more informative statements about

a,. In this case @, is estimating o and @, X; is an estimator of the mean a.X;.

Multiple linear regression The above is regress Y, onto just one regressor X,. Now con-

) . ro_
sider regressing Y, onto several regressors (X, ..., X, ) where Xi = (Xi1,...,Xin).

This means projecting Y, onto several regressors (X, ,,,..., X, ). The coefficients in this

projection are a,,, where

)

n P

a, = ar ming (Y»—E ;X ;)

@, = argul i J<Xing
i=1 j=1

= (X'X)"'XY,,.

and X = (X, ,,...,X,,). If the vectors {X, }/_, are orthogonal, then X'X is diagonal

=1,n ) £=p,n

matrix. Then the expression for a,, can be simplified

125015 Dima X2y

®jn

Orthogonality of regressors is very useful, it allows simple estimation of parameters and
avoids issues such as collinearity between regressors.

Of course we can regress Y, onto anything. In order to make any statements at the
population level, we have to make an assumption about the true relationship between Y; and
X, =(Xi1,...,Xip). Let us suppose the data generating process is

“in

p
Y=Y ;X +e
j=1

Then @, is an estimator of a. But how good an estimator it is depends on the properties
of {&;},. Typically, we make the assumption that {e;}" ; are independent, identically
distributed random variables. But if Y; is observed over time, then this assumption may well
be untrue (we come to this later and the impact it may have).

If there is a choice of many different variables, the AIC (Akaike Information Criterion)

is usually used to select the important variables in the model (see wiki).
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Nonlinear least squares Least squares has a nice geometric interpretation in terms of pro-

jections. But for models like (2.3) and (2.4)) where the unknown parameters are not the

coefficients of the regressors (Y; = g(X,, 0) +¢;), least squares can still be used to estimate

n
On = argmin > (Vi — g(X;,0))*
i=1
Usually, for nonlinear linear least squares no analytic solution for @1 exists and one has to
use a numerical routine to minimise the least squares criterion (such as optim in R). These
methods can be highly sensitive to initial values (especially when there are many parameters
in the system) and may only give the local minimum. However, in some situations one by
“clever” manipulations one can find simple methods for minimising the above.

Again if the true model is Y; = g(X;, 0) + &;, then 6, is an estimator of 6.

2.2 Differencing

Let us return to the Nasdaq data (see Figure [1.3). We observe what appears to be an
upward trend. First differencing often removes the trend in the model. For example if

Y; = Bo + Bit + &, then
Zy =Y =Y =P+ g1 — €

Another model where first difference is also extremely helpful are those which have a stochas-

tic trend. A simple example is
Yi=Yi1+e, (2.7)

where {g;}; are iid random variables. It is believed that the logorithm of the Nasdaq index
data (see Figure is an example of such a model). Again by taking first differences we

have

Zy =Y — Y =&
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Higher order differences Taking higher order differences can remove higher order polynomials

and stochastic trends. For example if Y; = By + it + B2t% + € then
Zt(l) =Y =Y, =51+ 28t + e — €y,
this still contains the trend. Taking second differences removes that
Z® =z — 70 =28, ey — 26 + 41

In general, the number of differences corresponds to the order of the polynomial. Similarly

if a stochastic trend is of the form
Y, =2Y, 1 — Yo+,

where {e;}; are iid. Then second differencing will return us to &;.

Warning Taking too many differences can induce “ugly” dependences in the data. This
happens with the linear trend model Y; = 5+ 51t +¢; when we difference {Y;} is independent

over time but Z; = Y; — Y,y = 1 + €441 — & is dependent over time since
Zy =1+ e — & and Zipy = Bi + €42 — €441,

they both share a common £,;; which is highly undesirable (for future: Z; has an MA(1)
representation and is non-invertible). Similarly for the stochastic trend Y; = Y, 1 + &,
taking second differences Zt(Q) = &; — €_1. Thus we encounter the same problem. Dealing
with dependencies caused by over differencing induces negative persistence in a time series
and it is a pain in the neck!

R code. It is straightforward to simulate a difference process. You can also use the arima
function in R. For example, arima.sim(list (order = ¢(0,1,0)), n = 200) will simulate
and arima.sim(list(order = c(0,2,0)), n = 200) will simulate a differencing of

order two.
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Exercise 2.1 (i) Import the yearly temperature data (file global mean temp.txt) into
R and fit the linear model in to the data (use the R command 1m, FitTemp =

1lm(data), out = summary(FitTemp)) .

(i1) Suppose the errors in are correlated (linear dependence between the errors). If
the errors are correlated, explain why the standard errors reported in the R output may

not be reliable.

Hint: The errors are usually calculated as

(Z(l,t)’(l,t)) - i 5 Za%

t=1
(i1i) Make a plot of the residuals (over time) after fitting the linear model in (i).

(iv) Make a plot of the first differences of the temperature data (against time). Compare
the plot of the residuals with the plot of the first differences.

2.3 Nonparametric methods (advanced)

In Section we assumed that the mean had a certain known parametric form. This may
not always be the case. If we have no apriori knowledge of the features in the mean, we
can estimate the mean using a nonparametric approach. Of course some assumptions on the
mean are still required. And the most common is to assume that the mean p; is a sample
from a ‘smooth’ function. Mathematically we write that p; is sampled (at regular intervals)
from a smooth function (i.e. u?) with y; = (L) where the function p(-) is unknown. Under

this assumption the following approaches are valid.

2.3.1 Rolling windows

Possibly one of the simplest methods is to use a ‘rolling window’. There are several windows

that one can use. We describe, below, the exponential window, since it can be ‘evaluated’
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in an online way. For ¢t = 1 let fi; = Y}, then for ¢t > 1 define
fe = (1 = N)jig—1 + AYy,

where 0 < A < 1. The choice of A depends on how much weight one wants to give the
present observation. The rolling window is related to the regular window often used in
nonparametric regression. To see this, we note that it is straightforward to show that

t—1 t

A o= Y (1=XN"7AY; =) [1—exp(—y)]exp[—y(t — j)]V;
j=1 j=1
where 1 — A\ = exp(—7y). Set v = (nb)~! and K(u) = exp(—u)I(u > 0). Note that we treat
n as a “sample size” (it is of the same order as n and for convenience one can let n = t),
whereas b is a bandwidth, the smaller b the larger the weight on the current observations.
Then, i; can be written as
S (] — e L/mb) - (=9 \y
e = (1—e )Z — )Y
~(nb)—1 J=1
where the above approximation is due to a Taylor expansion of e~/ (™) This we observe that
the exponential rolling window estimator is very close to a nonparametric kernel smoothing,

which typically takes the form

n

~ 1 t—7J
e an < nb > !

J=1

it is likely you came across such estimators in your nonparametric classes (a classical example
is the local average where K(u) = 1 for u € [—-1/2,1/2] but zero elsewhere). The main
difference between the rolling window estimator and the nonparametric kernel estimator is
that the kernel/window for the rolling window is not symmetric. This is because we are
trying to estimate the mean at time ¢, given only the observations up to time ¢. Whereas

for general nonparametric kernel estimators one can use observations on both sides of ¢.
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2.3.2 Sieve estimators

Suppose that {@x(-)}x is an orthonormal basis of Ly[0,1] (L2[0,1] = {f; fo r)%dr < oo},
so it includes all bounded and continuous functlons)ﬂ Then every function in Ly can be
represented as a linear sum of the basis. Suppose p(-) € Ly[0, 1] (for example the function

is simply bounded). Then

= Z apdr ()

Examples of basis functions are the Fourier ¢y (u) = exp(iku), Haar/other wavelet functions
etc. We observe that the unknown coefficients a; are a linear in the ‘regressors’ ¢,. Since
> lak]? < oo, ar, — 0. Therefore, for a sufficiently large M the finite truncation of the

above is such that

M t
Yoy ady (—) e
k=1

Based on the above we observe that we can use least squares to estimate the coefficients,
{ar}. To estimate these coefficients, we truncate the above expansion to order M, and use

least squares to estimate the coefficients

n

D

t=1

Y, iam (%)] 2 . (2.8)

k=1

The orthogonality of the basis means that the corresponding design matrix (X’'X) is close

to identity, since

0 ki # ko
(X X kl,kz = — Z¢k1 (%) ¢k2 (%) ~ /¢k1(u)¢k2(u)du = ?é

1k =k

1Orthonormal basis means that for all & fol o1 (u)?du = 1 and for any k; # ko we have fo bk, () g, (u)du
0
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This means that the least squares estimator of a; is @; where
1 t
ap, ~ — Y, — .

2.4 What is trend and what is noise?

So far we have not discussed the nature of the noise ;. In classical statistics &; is usually
assumed to be iid (independent, identically distributed). But if the data is observed over
time, &; could be dependent; the previous observation influences the current observation.
However, once we relax the assumption of independence in the model problems arise. By
allowing the “noise” ¢, to be dependent it becomes extremely difficult to discriminate between
mean trend and noise. In Figure two plots are given. The top plot is a realisation from
independent normal noise the bottom plot is a realisation from dependent noise (the AR(1)
process X; = 0.95X;_1 +¢;). Both realisations have zero mean (no trend), but the lower plot
does give the appearance of an underlying mean trend.

This effect because more problematic when analysing data where there is mean term
plus dependent noise. The smoothness in the dependent noise may give the appearance of
additional features mean function. This makes estimating the mean function more difficult,
especially the choice of bandwidth b. To understand why, suppose the mean function is
e = fi(55) (the sample size n = 200), where p(u) = 5 % (2u — 2.5u%) + 20. We corrupt
this quadratic function with both iid and dependent noise (the dependent noise is the AR(2)
process defined in equation (2.19)). The plots are given in Figure . We observe that the
dependent noise looks ‘smooth’ (dependence can induce smoothness in a realisation). This
means that in the case that the mean has been corrupted by dependent noise it difficult to
see that the underlying trend is a simple quadratic function. In a very interesting paper |Hart
(1991)), shows that cross-validation (which is the classical method for choosing the bandwidth

parameter b) is terrible when the errors are correlated.

Exercise 2.2 The purpose of this exercise is to understand how correlated errors in a non-
parametric model influence local smoothing estimators. We will use a simple local average.

Define the smooth signal f(u) = 5 * (2u — 2.5u®) + 20 and suppose we observe Y; =
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Figure 2.3: Top: realisations from iid random noise. Bottom: Realisation from dependent
noise

f(i/200) +&; (n =200). To simular f(u) with n = 200 define temp <- c(1:200)/200 and

quadratic <- 5x(2xtemp - 2.5*%(temp**2)) + 20.
(i) Simulate from the above model using iid noise. You can use the code iid=rnom(200)
and quadraticiid = (quadratic + iid).

Our aim is to estimate f. To do this take a local average (the average can have different
lengths m) (you can use mean(quadraticiid[c(k: (k+m-1))1) fork =1,...,200—m).
Make of a plot the estimate.

(ii) Simulate from the above model using correlated noise (we simulate from an AR(2)) ar2
= 0.5%arima.sim(list (order=c(2,0,0), ar = c(1.5, -0.75)), n=200) and de-

fine quadraticar2 = (quadratic +ar2).

Again estimate [ using local averages and make a plot.

Compare the plots of the estimates based on the two models above.
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Figure 2.4: Top: realisations from iid random noise and dependent noise (left = iid and right
= dependent). Bottom: Quadratic trend plus corresponding noise.

2.5 Periodic functions

Periodic mean functions arise in several applications, from ECG (which measure heart
rhythms), econometric data, geostatistical data to astrostatistics. Often the aim is to esti-

mate the period or of a periodic function. Let us return to the monthly rainfall example

consider in Section , equation ([2.6)):
) 27t 27t
}/t - 60 + ﬁl Sin (E) + 63 COS (E) + &¢.

This model assumes the mean has a repetition every 12 month period. But, it assumes a
very specific type of repetition over 12 months; one that is composed of one sine and one
cosine. If one wanted to be more general and allow for any periodic sequence of period 12,

the above should be replaced with
Y, = dis(t) + &y,
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where dy, = (d12(1),d12(2),...,d12(12)) and dia(t) = dia(t + 12) for all t. This a general
sequence which loops every 12 time points.
In the following few sections our aim is to show that all periodic functions can be written

in terms of sine and cosines.

2.5.1 The sine and cosine transform

An alternative (but equivalent) representation of this periodic sequence is by using sines and
cosines. This is very reasonable, since sines and cosines are also periodic. It can be shown

that

2mt 2mt
di2(t) = ag + Z {a] Cos ( ]) + b; sin ( 1;)} + ag cos (t) . (2.9)

Where we observe that the number a; and b;s is 12, which is exactly the number of different
elements in the sequence. Any periodic sequence of period 12 can be written in this way. Fur-
ther equation is the first two components in this representation. Thus the representation
in (2.9) motivates why is often used to model seasonality. You may wonder why use just
the first two components in in the seasonal, this is because typically the coefficients a,
and by are far larger than {a;, b; }?:2. This is only a rule of thumb: generate several periodic
sequences you see that in general this is true. Thus in general [al cos (2“) + by sin (217;’5)}

tends to capture the main periodic features in the sequence. Algebraic manipulation shows

that

12 . 12
1 doolt 27t db; — 1 d 27rtj 910
a; = E Z 12( )COS ? an 12 Z 12 SlIl 12 ( . )

These are often called the sin and cosine transforms.

In general for sequences of period P, if P is even we can write

P/2—1

) = ao + Z [aj cos( ]> +bs (27%)] + ap)y cos (mt) (2.11)
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and if P is odd

LP/2]-1

dp(t) = ap + Z {ajcos( tj)+bjsin<@)] (2.12)

where

! id (t) cos 2mt) and b ! id (1) si 2mt)
== cos | —= | and b, = — in| —= ).
VTP P TP P

The above reconstructs the periodic sequence dp(t) in terms of sines and cosines. What we
will learn later on is that all sequences can be built up with sines and cosines (it does not

matter if they are periodic or not).

2.5.2 The Fourier transform (the sine and cosine transform in
disguise)

We will now introduce a tool that often invokes panic in students. But it is very useful
and is simply an alternative representation of the sine and cosine transform (which does
not invoke panic). If you tried to prove you would have probably used several cosine
and sine identities. It is a very mess proof. A simpler method is to use an alternative
representation which combines the sine and cosine transforms and imaginary numbers. We
recall the identity
e = cos(w) + isin(w).

where i = \/—1. €™ contains the sin and cosine information in just one function. Thus
cos(w) = Ree™ = (e + e ™) /2 and sin(w) = Ime™ = —i(e™ — e™)/2.

It has some very useful properties that just require basic knowledge of geometric series.

We state these below. Define the ratio wy, = 27k/n (we exchange 12 for n), then

n—1 n—1
Z exp(ijwk.n) Z exp(ikw;,) = Z[exp(iw‘j’n)]k.
k=0 k=0
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Keep in mind that jwy, = j27k/n = kw;,. If j =0, then ZZ;& exp(ijwy,n,) = n. On the
other hand, if 1 < j,k < (n — 1), then exp(ijwy,) = cos(2jmk/n) + isin(2jmk/n) # 1. And

we can use the geometric sum identity

3‘
—
3
—

exp(ijwrn) = ) _lexp(iw;n)]* =
0

1 — exp(inwg»)
1 — exp(iwk)

B
Il

0

B
Il

But exp(inwy ) = cos(n2nk/n) + isin(n2rk/n) = 1. Thus for 1 <k < (n — 1) we have

- N 1 — exp(inw;,)
ZeXp(Z]wk,n> =7 p—r ‘J ) =0.
]7”

In summary,

— N n j=mnor0
Zexp(zywkm) = (2.13)
— 0 1<j<(n-1)

Now using the above results we now show we can rewrite di2(t) in terms of exp(iw) (rather
than sines and cosines). And this representation is a lot easier to show; though you it is in

terms of complex numbers. Set n = 12 and define the coefficient

11
L1 ,
Aia(j) = D Z di2(t) exp (itw;12) -
=0

Aq2(7) is complex (it has real and imaginary parts), with a little thought you can see that
A1y(j) = A12(12 — j). By using (2.13) it is easily shown (see below for proof) that

d12 Z A12 exp —ijT 12) (214)
This is just like the sine and cosine representation

27t
dyo(t —ao—i-Z[a]cos( >—i—bj m( 15 )} + ag cos (t) .

but with exp(ijwe12) replacing cos(jwy12) and sin(jwy 12).
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Proof of equation ([2.14]) The proof of 1) is very simple and we now give it. Plugging in
the equation for Aq5(j) into ([2.14]) gives

11

11
. 1 . -
d12 E A12 eXP Z]wr,u) = EE d12(t)g eXP(thj,n)eXP(—ZJwr,u)
t=

J=0

et 11
= 3 2 dio(t) ]Z% exp (i(t — T)w;12)).

We know from ([2.13) that Z —0€xp (i(t = T)wj12)) = 0 unless t = 7. If ¢ = 7, then
2311:0 exp (i(t — 7'>w]',12)) = 12. Thus

1 11 11 ‘
—QZdu(t)Zexp(z(t—T)wj712)) = de I(t=7)x12
t=0 j=0

= d12( ),

this proves ([2.14]). O

Remember the above is just writing the sequence in terms of its sine and cosine transforms

in fact it is simple to link the two sets of coefficients:

a; = ReAp(j) = 1[A12()+A12(12—])]

by = ImA;(j)=— [Alz(j) — Ap(12 - j4)].

2

We give an example of a periodic function and its Fourier coefficients (real and imaginary
parts) in Figure The peak at the zero frequency of the real part corresponds to the

mean of the periodic signal (if the mean is zero, this will be zero).

Example 2.5.1 In the case that dp(t) is a pure sine or cosine function sin(2wt/P) or
cos(2mt/P), then Ap(j) will only be non-zero at j =1 and j = P — 1.

This is straightfoward to see, but we formally prove it below. Suppose that dp(t) =
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Figure 2.5: Left: Periodic function ds(s) = 1 for s = 1,2, d5(s) = 0 for s = 3,4, 5 (period 5),
Right: The real and imaginary parts of its Fourier transform

cos (2—1753), then

P-1 ) P—1 - _
1 S cos (%) exp (Z.QWSJ) _ 1 (ci278/P 4 mizms/ P 25— 1/2 j=lorP—1
s=0 0 otherwise

1 27s 2ms] i T2 3msj /2 /=1
: . B i27s —i27s putxl . .
B E Sln(—)exp(z ) — (62 /P _ g2 /P)e P=3 —i/2 j=P-1
s=0

0 otherwise

[\
@
Il
o

2.5.3 The discrete Fourier transform

The discussion above shows that any periodic sequence can be written as the sum of (modu-
lated) sins and cosines up to that frequency. But the same is true for any sequence. Suppose
{Y;}~, is a sequence of length n, then it can always be represented as the superposition of
n sine and cosine functions. To make calculations easier we use exp(ijwy,,) instead of sines

and cosines:

Y, = Z A () exp(—itw;,,), (2.15)
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where the amplitude A, (j) is
N .
An(j) = - Z Y: exp(itw; ).
T=1

Here Y; is acting like dp(t), it is also periodic if we over the boundary [1,...,n]. By using
(2.15)) as the definition of Y; we can show that Y;,, =Y,.

Often the n is distributed evenly over the two sums and we represent Y; as

Y, = T i (wk n) eXP( itwk,n)a

where the amplitude of exp(—itwy,,) is

In(Wi.n) \/_ Z Y, exp(iTwy.p)-

This representation evenly distributes 1/y/n amongst the two sums. J,(w,) is called the

Discrete Fourier transform (DFT) of {Y;}. It serves a few purposes:

o J,(wg ) measures the contribution (amplitude) of exp(itwy,,) (or cos(twy ) and sin(twy,,))

in {Y;}.
o J,(wiy) is a linear transformation of {Y;}7 ;.

e You can view J,, (wg ) as a scalar product of {Y; } with sines and cosines, or as projection
onto sines or cosines or measuring the resonance of {Y;} at frequency wg,. It has the

benefit of being a microscope for detecting periods, as we will see in the next section.

For general time series, the DFT, {Jn(%)7 1 < k < n} is simply a decomposition of
the time series {X;;t = 1,...,n} into sins and cosines of different frequencies. The mag-
nitude of J,(wg) informs on how much of the functions sin(tw) and cos(twy) are in the
{Xy;t=1,...,n}. Below we define the periodogram. The periodogram effectively removes

the complex part in J,(wx) and only measures the absolute magnitude.
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Definition 2.5.1 (The periodogram) J,(w) is complex random variables. Often the ab-

solute square of J,(w) is analyzed, this is called the periodogram

2
1
+ —
n

2

L(w) = | Ju (@) = % S X, cos(tw) S X, sintw)

I,,(w) combines the information in the real and imaginary parts of J,(w) and has the advan-
tage that it is real.
I,(w) is symmetric about 7. It is also periodic every [0, 27|, thus I,(w + 27) = I,(w).
Put together only needs to consider I,,(w) in the range [0, 7] to extract all the information

from I,(w).

2.5.4 The discrete Fourier transform and periodic signals

In this section we consider signals with periodic trend:

}/t = dp(t)+€t t:1,...,n

where for all t, dp(t) = dp(t + P) (assume {g;} are iid). Our aim in this section is estimate
(at least visually) the period. We use the DFT of the time series to gain some standing of
dp(t). We show below that the linear transformation .J,,(wy,) is more informative about dp
that {Y;}.

We recall that the discrete Fourier transform of {Y;} is

1 n n
In(Wkn) = —= Z Y; [cos(twy.r) — isin(twy)] = Z Y, exp(—itwy, )
=1

= =

where {wy, = 22—’“} We show below that when the periodicity in the cosine and sin function

matches the periodicity of the mean function .J,(w) will be large and at other frequencies it
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will be small. Thus

nA(r)+ =57 g trn =21 )
T = { VD TR i (2.16)

e DT P
Assuming that > | g,e7"kn is low lying noise (we discuss this in detail later), what
we should see are P large spikes, each corresponding to Ap(r). Though the above is simply
an algebraic calculation. The reason for the term n in (2.16)) (recall n is the sample size) is

because there are n/P repetitions of the period.

Example We consider a simple example where dy(s) = (1.125, —0.375, —0.375, —0.375) (pe-
riod = 4, total length 100, number of repetitions 25). We add noise to it (iid normal with
o =0.4). A plot of one realisation is given in Figure . In Figure we superimpose the
observed signal with with two different sine functions. Observe that when the sine function
matches the frequencies (sin(25u), red plot) their scalar product will be large. But when the
sin frequency does not match the periodic frequency the scalar product will be close to zero.

In

Periodogram

oscilM
FS

o 20 a0 60 80 100 0.0 o.s 1.0 1.5 2.0 2.5 3.0

freq

Figure 2.6: Left: Periodic function dy(s) = (1.125, —0.375, —0.375, —0.375) (period 4)

In Figure [2.9) we plot the signal together with is periodgram. Observe that the plot
matches equation (2.16]). At the frequency of the period the signal amplitude is very large.
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oscill

Figure 2.7: Periodic function d4(s) = (1.125, —0.375, —0.375, —0.375) (period 4) and signal
with noise (blue line).

Figure 2.8: Left: Signal superimposed with sin(u). Right: Signal superimposed with
sin(25u).

Proof of equation (2.16) To see why, we rewrite J,,(wx) (we assume n is a multiple of P) as

1 ¢ I
Jo(wr) = —= ) dp(t)explitwy) + —= ) e

1 —
= — E E dp(Pt + s) exp(ithk+iswk)+T g £ et
n
t=1

1 P

1 &

= — exp(iPtwy,) Z dp(s)exp(iswy) + — Z sk
t=0 s=1 \/ﬁ t=1

n/P—1

P n
1 .
- =Y d swr) > exp(iPhog) + —= 3 e,
= p(s) exp(iswg) exp(iPtwy) + i 2 e

s=1 t=0
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Periodogram

FO

Figure 2.9: Left: Signal, Right: periodogram of signal (peridogram of periodic function in
red)

We now use a result analogous to ([2.13))

n/P—1 exp(igwk) -0 k n
Z eXp(Zthk) _ 1—exp(iPtwy,) 7é P
=0 n/P ke
Thus
VA (r) + 0 e ="y r=0,...,P—1.
Inlwr) = ,
Doy Ere’ k# L7
where Ap(r) = P~ 25:1 dp(s) exp(2misr/P). This proves (2.16) ]

Exercise 2.3 Generate your own periodic sequence of length P (you select P). Call this
sequence {dp(t)} and generate a sequence {x;} with several replications of {dp(t)} and cal-
culate the periodogram of the periodic signal.

Add iid noise to the signal and again evaluate the periodogram (do the same for noise

with different standard deviations).

(i) Make plots of the true signal and the corrupted signal.

(i) Compare the periodogram of the true signal with the periodogram of the corrupted signal.
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2.5.5 Smooth trends and its corresponding DFT

So far we have used the DFT to search for periodocities. But the DFT /periodogram of a

smooth signal also leaves an interesting signature. Consider the quadratic signal

t t

2
H=6|— —(—) |07 t=1,...,100.
9) 6[100 (100)] 07 - 100

To g(t) we add iid noise Y; = g(t)+&; where var[e;] = 0.5%. A realisation and its corresponding
periodogram is given in Figure 2.10, We observe that the quadratic signal is composed of
low frequencies (sines and cosines with very large periods). In general, any signal which
is “smooth” can be decomposed of sines and cosines in the very low frequencies. Thus a
periodogram with a large peak around the low frequencies, suggests that the underlying

signal contains a smooth signal (either deterministically or stochastically).

Signal plus noise Periodogram

1

1
i
6 8
1 1

T T T T T
o 20 a0 60 80 100 0.0 0.2 0.4 0.6 0.8 1.0 1.2

time freq

Figure 2.10: Left: Signal and noise (blue). The signal is in red. Right: Periodogram of
signal plus noise (up to frequency 7/5). Periodogram of signal is in red.

2.5.6 Period detection

In this section we formalize what we have seen and derived for the periodic sequences given
above. Our aim is to estimate the period P. But to simplify the approach, we focus on the
case that dp(t) is a pure sine or cosine function (no mix of sines and cosines).

We will show that the visual Fourier transform method described above is equivalent

to period estimation using least squares. Suppose that the observations {Y;;t = 1,...,n}
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satisfy the following regression model
2t 27t
Y; = Acos(Qt) + Bsin(Q) + &, = Acos (%) + Bsin <%> + &

where {e;} are iid standard normal random variables and 0 < Q < 7 (using the periodic
notation we set 0 = 27).

The parameters A, B, and 2 are real and unknown. Unlike the regression models given
in the model here is nonlinear, since the unknown parameter, €, is inside a trignomet-
ric function. Standard least squares methods cannot be used to estimate the parameters.

Assuming Gaussianity of {e;} (though this assumption is not necessary), the maximum

likelihood corresponding to the model is

n

L.(A B, Q) = —% D (¥; — Acos(Qt) — Bsin(Qt))?

t=1
(alternatively one can think of it in terms use least squares which is negative of the above).
The above criterion is a negative nonlinear least squares criterion in A, B and §2. It does not
yield an analytic solution and would require the use of a numerical maximisation scheme.
However, using some algebraic manipulations, explicit expressions for the estimators can be
obtained (see Walker| (1971) and Exercise [2.5). The result of these manipulations give the

frequency estimator
Q, = arg max I,(w)
w

where

1 2
[n(W) = E

— % <thcos(tQ)> +% (thsin(tw)) . (2.17)

Z Y, exp(itw)
t=1
Using Qn we estimate A and B with

~ 2 ~ ~ 2 ~
A, = — g Y; cos(€2,t) and B, = — g Y sin(€Q,1).
n n
t=1 t=1
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The rather remarkable aspect of this result is that the rate of convergence of
‘Qn —Qf = Op(n_3/2)>

which is faster than the standard O(n~'/?) that we usually encounter (we will see this in
Example 2.5.2). This means that for even moderate sample sizes if P = 2= is not too large,
then O, will be “close” to €. . The reason we get this remarkable result was alluded to

previously. We reiterate it again

n

1 A 1 A
I,(w) =~ - Z [Acos (tQ) + Bsin (tQ)] ™| + - Z g™
t=1 | t=1
si;gal ngge

The “signal” in I, (wy) is the periodogram corresponding to the cos and/or sine function.

For example setting 2 = 2r/P, A =1 and B = 0. The signal is

_n _ n=FP
k=% ork="%5-

2
§n cos 2mt itwi
—_— e f—
P
t=1

1
n

S RIS

other wise

27 (n—P)

Observe there is a peak at % and , which is of size n, elsewhere it is zero. On the

other hand the noise is

2

1 . itw
- ﬁzlgtet © | =0,
t—

treat as a rescaled mean

2

1
n

n
2 €t€ztwk
t=1

where O,(1) means that it is bounded in probability (it does not grow as n — oo). Putting
these two facts together, we observe that the contribution of the signal dominates the peri-

odogram I,,(w). A simulation to illustrate this effect is given in Figure ??

Remark 2.5.1 In practice, usually we evaluate J,(w) and I,,(w) at the so called fundamental

%In contrast consider the iid random variables {X;}" ;, where E[X;] = p and var(X;) = o2. The variance
of the sample mean X = n~! 37" | is var[X] = 0?/n (where var(X;) = ¢%). This means |X —pu| = O,(n"'/2).
This means there exists a random variable U such that | X — pu| < n~1/2U. Roughly, this means as n — 0o
the distance between X and pu declines at the rate n=1/2.
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frequencies wy = QZ—’“ and we do this with the ££t function in R:

Y}, — {JH(QZ—]C) = % ;Y}cos (t?) + z% ;Y;sin <t?> }k:1
Jn(wg) is simply a linear one to one transformation of the data (nothing is lost in this
transformation). Statistical analysis can be applied on any transformation of the data (for
example Wavelet transforms). It so happens that for stationary time series this so called
Fourier transform has some advantages.

For period detection and amplitude estimation one can often obtain a better estimator of

P (or Q) if a finer frequency resolution were used. This is done by padding the signal with

zeros and evaluating the periodogram on % where d >> n. The estimate of the period is
then evaluated by using
~ d
P=—=
K—-1

where K is the entry in the vector corresponding to the mazimum of the periodogram.

We consider an example below.

Example 2.5.2 Consider the following model
27t
Yt':zsm(%>+gt t=1,...,n. (2.18)

where g, are iid standard normal random variables (and for simplicity we assume n is a

multiple of 8). Note by using Remark and equation we have

2

_n _n
n k—gorn 5

1
n

- 2mt
2 Z sin (%) exp(itwg )
t=1

0 otherwise

It is clear that {Y;} is made up of a periodic signal with period eight. We make a plot of

one realisation (using sample size n = 128) together with the periodogram I(w) (defined

in (2.17)). In Figure we give a plot of one realisation together with a plot of the
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periodogram. From the realisation, it is not clear what the period is (the noise has made
it difficult to see the period). On the other hand, the periodogram clearly shows a peak
at frequenct 27 /8 ~ 0.78 (where we recall that 8 is the period) and 2m — 27/8 (since the

periodogram is symmetric about T ).

123

signal
I I B

(o] 20 40 60 80 100 120

Time

04

02

0.0

frequency

Figure 2.11: Left: Realisation of (2.18)) plus iid noise, Right: Periodogram of signal plus iid
noise.

Searching for peaks in the periodogram is a long established method for detecting pe-
riodicities. The method outlined above can easily be generalized to the case that there
are multiple periods. However, distinguishing between two periods which are very close in
frequency (such data arises in astronomy) is a difficult problem and requires more subtle

methods (see Quinn and Hannan| (2001)).

The Fisher’s g-statistic (advanced) The discussion above motivates Fisher’s test for hidden

period, where the objective is to detect a period in the signal. The null hypothesis is Hy :
The signal is just white noise with no periodicities the alternative is H; : The signal contains
a periodicity. The original test statistic was constructed under the assumption that the noise
was iid Gaussian. As we have discussed above, if a period exists, I,,(wy) will contain a few

“large” values, which correspond to the periodicities. The majority of I, (wy) will be “small”.
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Based on this notion, the Fisher’s g-statistic is defined as

Maxi <k<(n—1)/2 In(Wk)

Tin = n—1)/2 ’
2 S L (w)

where we note that the denominator can be treated as the average noise. Under the null
(and iid normality of the noise), this ratio is pivotal (it does not depend on any unknown

nuisance parameters).

2.5.7 Period detection and correlated noise

The methods described in the previous section are extremely effective if the error process
{e:} is uncorrelated. However, problems arise when the errors are correlated. To illustrate

this issue, consider again model (2.18)
2mt
Y, = 2sin <%> Yo t=1,....n

but this time the errors are correlated. More precisely, they are generated by the AR(2)

model,
&t — 1-5€t—1 — 0-75515—2 + €, (219)

where {¢ } are iid random variables (do not worry if this does not make sense to you we define
this class of models precisely in Chapter. As in the iid case we use a sample size n = 128. In
Figure [2.12| we give a plot of one realisation and the corresponding periodogram. We observe
that the peak at 27/8 is not the highest. The correlated errors (often called coloured noise)
is masking the peak by introducing new peaks. To see what happens for larger sample sizes,
we consider exactly the same model with the noise generated as in . But this
time we use n = 1024 (8 time the previous sample size). A plot of one realisation, together
with the periodogram is given in Figure 2.13] In contrast to the smaller sample size, a large

peak is visible at 27/8. These examples illustrates two important points:

(i) When the noise is correlated and the sample size is relatively small it is difficult to
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Figure 2.12: Top: Realisation of ([2.18)) plus correlated noise and n = 128, Bottom: Peri-
odogram of signal plus correlated noise.
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Figure 2.13: Top: Realisation of (2.18)) plus correlated noise and n = 1024, Bottom: Peri-
odogram of signal plus correlated noise.

disentangle the deterministic period from the noise. Indeed we will show in Chapters

and [0 that linear time series (such as the AR(2) model described in (2.19))) can exhibit
similar types of behaviour to a periodic deterministic signal. This is a subject of on

going research that dates back at least 60 years (see (Quinn and Hannan (2001) and
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the P-statistic proposed by Priestley).

However, the similarity is only to a point. Given a large enough sample size (which
may in practice not be realistic), the deterministic frequency dominates again (as we

have seen when we increase n to 1024).

(ii) The periodogram holds important information about oscillations in the both the signal
and also the noise {g;}. If the noise is iid then the corresponding periodogram tends
to be flatish (see Figure . This informs us that no frequency dominates others.
And is the reason that iid time series (or more precisely uncorrelated time series) is

called “white noise”.

Comparing Figure with and [2.13)) we observe that the periodogram does not

appear completely flat. Some frequencies tend to be far larger than others. This is
because when data is dependent, certain patterns are seen, which are registered by the

periodogram (see Section (4.3.6)).

Understanding the DFT and the periodogram is called spectral analysis and is explored
in Chapters [10] and [I1]

2.5.8 History of the periodogram

The use of the periodogram, I,(w) to detect for periodocities in the data dates back to
Schuster in the 1890’s. Omne of Schuster’s interest was sunspot data. He analyzed the
number of sunspot through the lense of the periodogram. A plot of the monthly time series
and corresponding periodogram is given in Figure . Let {Y;} denote the number of
sunspots at month ¢. Schuster fitted a model of the type the period trend plus noise model

Y; = Acos(Qt) + Bsin(Qt) + &,

2 = 27/P. The periodogram below shows a peak at frequency = 0.047 Q = 27/(11 x 12)
(132 months), which corresponds to a period of P = 11 years. This suggests that the number

of sunspots follow a periodic cycle with a peak every P = 11 years. The general view until
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Figure 2.14: Sunspot data from Jan, 1749 to Dec, 2014. There is a peak at about 30 along
the line which corresponds to 27/P = 0.047 and P =~ 132 months (11 years).

the 1920s was that most time series were a mix of periodic function with additive noise

P
Y: =Y [A;cos(t;) + B;sin(tQ))] + «;.
j=1
However, in the 1920’s, Udny Yule, a statistician, and Gilbert Walker, a Meterologist (work-
ing in Pune, India) believed an alternative model could be used to explain the features seen

in the periodogram. We consider their proposed approach in Section [4.3.5
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2.6 Data Analysis: EEG data

2.6.1 Connecting Hertz and Frequencies

Engineers and neuroscientists often “think” in terms of oscillations or cycles per second.
Instead of the sample size they will say the sampling frequency per second (number of
observations per second), which is measured in Herz (Hz) and the number of seconds the
time series is observed. Thus the periodogram is plotted against cycles per second rather

than on the [0, 27] scale. In the following example we connect the two.

Example Suppose that a time series is sampled at 36Hz (36 observations per second) and
the signal is g(u) = sin(2m x 4u) (v € R). The observed time series in one second is

{sin(2m x 4 x £)}8,. An illustration is given below.

E Yomgle SN B
& t
i
T /1\1 /1\ s }1/1\ — T 1)
AT

i

We observe from the plot above that period of repetition is P = 9 time points (over 36
time points the signal repeats it self every 9 points). Thus in terms of the periodogram this
corresponds to a spike at frequency w = 27/9. But to an engineer this means 4 repetitions

a second and a spike at 4Hz. It is the same plot, just the xz-axis is different. The two plots

are given below.
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Analysis from the perspective of time series Typically, in time series, the sampling frequency

is kept the same. Just the same number of second that the time series is observed grows.
This allows us obtain a finer frequency grid on [0, 27| and obtain a better resolution in terms
of peaks in frequencies. However, it does not allow is to identify frequencies that are sampled
at a higher frequency than the sampling rate.

Returning to the example above. Suppose we observe another signal h(u) = sin(27 x

(44 36)u). If the sampling frequency is 36Hz and v = 1/36,2/36, ...,36/36, then

t t
sin(27r><4><%) :sin<27r><(4+36)><%> forall t € Z

Thus we cannot tell the differences between these two signals when we sample at 36Hz, even

if the observed time series is very long. This is called aliasing.

Analysis from the perspective of an engineer An engineer may be able to improve the hard-

ware and sample the time series at a higher temporal resolution, say, 72Hz. At this higher
temporal resolution, the two functions g(u) = sin(27 x 4 x u) and h(u) = sin(27(4 + 36)u)

are different.
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In the plot above the red line is g(u) = sin(274u) and the yellow line is g(u) = sin(27(4 +
36)u). The periodogram for both signals g(u) = sin(27 x 4 x u) and h(u) = sin(27(4+ 36)u)

is given below.
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In Hz, we extend the x-axis to include more cycles. The same thing is done for the frequency
0, 27] we extend the frequency range to include higher frequencies. Thus when we observe
on a finer temporal grid, we are able to identify higher frequencies. Extending this idea, if

we observe time on R, then we can identify all frequencies on R not just on [0, 27].
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2.6.2 Data Analysis

In this section we conduct a preliminary analysis of an EEG data set. A plot of one EEG of
one participant at one channel (probe on skull) over 2 seconds (about 512 observations, 256
Hz) is given in Figure . The neuroscientists who analysis such data use the periodogram
to associate the EEG to different types of brain activity. A plot of the periodogam is
given Figure 2.16] The periodogram is given in both [0, 7] and Hz (cycles per second).
Observe that the EEG contains a large amount of low frequency information, this is probably
due to the slowly changing trend in the original EEG. The neurologists have banded the
cycles into bands and associated to each band different types of brain activity (see https:
//en.wikipedia.org/wiki/Alpha_wave#Brain_waves). Very low frequency waves, such
as delta, theta and to some extent alpha waves are often associated with low level brain
activity (such as breathing). Higher frequencies (alpha and gamma waves) in the EEG are
often associated with conscious thought (though none of this is completely understood and
there are many debates on this). Studying the periodogram of the EEG in Figures
and [2.16] we observe that the low frequency information dominates the signal. Therefore,
the neuroscientists prefer to decompose the signal into different frequency bands to isolate
different parts of the signal. This is usually done by means of a band filter.

As mentioned above, higher frequencies in the EEG are believed to be associated with
conscious thought. However, the lower frequencies dominate the EEG. Therefore to put a
“microscope” on the higher frequencies in the EEG we isolate them by removing the lower
delta and theta band information. This allows us to examine the higher frequencies without
being “drowned out” by the more prominent lower frequencies (which have a much larger
amplitude). In this data example, we use a Butterworth filter which removes most of the
low frequency and very high information (by convolving the original signal with a filter,
see Remark . A plot of the periodogam of the orignal EEG together with the EEG
after processing with a filter is given in Figure . Except for a few artifacts (since the
Butterworth filter is a finite impulse response filter, and thus only has a finite number of
non-zero coefficients), the filter has completely removed the very low frequency information,

from 0 — 0.2 and for the higher frequencies beyond 0.75; we see from the lower plot in Figure
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this means the focus is on 8-32Hz (Hz = number of cycles per second). We observe
that most of the frequencies in the interval [0.2,0.75] have been captured with only a slight
amount of distortion. The processed EEG after passing it through the filter is given in
Figure this data set corresponds to the red periodogram plot seen in Figure 2.17] The
corresponding processed EEG clearly shows the evidence of pseudo frequencies described in
the section above, and often the aim is to model this processed EEG.

The plot of the original, filtered and the differences in the EEG is given in Figure [2.19,
We see the difference (bottom plot) contains the trend in the original EEG and also the small
very high frequency fluctuations (probably corresponding to the small spike in the original

periodogram in the higher frequencies).
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Figure 2.15: Original EEG..

Remark 2.6.1 (How filtering works) A linear filter is essentially a linear combination
of the time series with some weights. The weights are moved along the time series. For

example, if {hy} is the filter. Then the filtered time series {X;} is the convolution

V=3 hXi
s=0
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Figure 2.16: Left: Periodogram of original EEG on [0, 27]. Right: Periodogram in terms of
cycles per second.
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Figure 2.17: The periodogram of original EEG overlayed with processed EEG (in red). The
same plot is given below, but the x-axis corresponds to cycles per second (measured in Hz)

note that hg can be viewed as a moving window. However, the moving window (filter) con-
sidered in Section 7?7 “smooth” and is used to isolate low frequency trend (mean) behaviour.
Whereas the general filtering scheme described above can isolate any type of frequency be-
haviour. To isolate high frequencies the weights {hs} should not be smooth (should not
change slowly over k). To understand the impact {hs} has on {X;} we evaluate the Fourier

transform of {Y;}.
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Figure 2.18: Time series after processing with a Buttersworth filter.
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Figure 2.19: Top: Original EEG. Middle: Filtered EEG and Bottom: Difference between
Original and Filtered EEG

The periodogram of {Y;} is
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If H(w) is close to zero at certain frequencies it is removing those frequencies in {Y;}. Hence
using the correct choice of hy we can isolate certain frequency bands.

Note, if a filter is finite (only a finite number of coefficients), then it is impossible to
make the function drop from zero to one. But one can approximately the step by a smooth

function (see https: //en. wikipedia. org/wiki/Butterworth_ filter).

Remark 2.6.2 An interesting application of frequency analysis is in the comparison of peo-
ple in medative and non-medative states (see|Gaurav et al. (2019)). A general science video

1s given in this link.

2.7 Exercises

Exercise 2.4 (Understanding Fourier transforms) (i) Let Y; = 1. Plot the Peri-
odogram of {Yy;t =1,...,128}.

(i) Let Yy = 1 + &, where {e;} are iid standard normal random variables. Plot the Peri-

odogram of {Yy;t =1,...,128}.

(i) Let Yy = p(5sg) where pu(u) =5 x (2u — 2.5u%) + 20. Plot the Periodogram of {Y;;t =

1,...,128}.
(iv) Let Y, = 2 x sin(%8). Plot the Periodogram of {Y;;t =1,...,128}.

(v) Let Y, = 2 x sin(3£) + 4 x cos(3%). Plot the Periodogram of {Yi;t =1,...,128}.

12

You can locate the maximum by using the function which.max

Exercise 2.5 This exercise is aimed at statistics graduate students (or those who have stud-
ied STAT613). If you are not a statistics graduate, then you may want help from a statistics

student.

(i) Let

Sn(A, B,Q) = <th2 - 2i Y, (A cos(t) 4+ Bsin(Qt)) + %n(A2 + BQ)).

t=1 t=1
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https://en.wikipedia.org/wiki/Butterworth_filter
https://www.bbc.com/reel/video/p0cqt0yc/mantra-meditation-the-ancient-practice-to-heal-our-minds?utm_source=taboola&utm_medium=exchange&tblci=GiD02or15haB5uR0Gjaii-JRCiLTz_oU3I5v04O06XMt3iCMjFQo0d382aaL84RN#tblciGiD02or15haB5uR0Gjaii-JRCiLTz_oU3I5v04O06XMt3iCMjFQo0d382aaL84RN

Show that
200 (A B,Q) + S.(A B,) = — A= B Zn: (2t9) ABZn: in(260)
n ) ) n 3 5 i — COS — Sin .
2 t=1 t=1

and thus |L,(A, B,Q) + 38.(A, B,Q)| = O(1) (ie. the difference does not grow with
Since L,(A, B,Q) and —38,(A, B,Q) are asymptotically equivalent (i) shows that we
can mazimise 58, (A, B, Q) instead of the likelihood L,(A, B, Q).

(i1) By profiling out the parameters A and B, use the the profile likelihood to show that

Q,, = arg max, | o, Yiexp(itw)[*.

(11i) By using the identity (which is the one-sided Dirichlet kernel)

n exp(%i("Jrl)lQ) sin(zn®) 0<Q<2n
> " exp(iQt) = sin(392) (220)
t=1 n Q=0 or2n.

we can show that for 0 < Q) < 2w we have

D teos(Qt) =O0(n) Y tsin(Qt) = O(n)
Z t* cos(Qt) = O(n?) Z t2sin(Qt) = O(n?).

Using the above identities, show that the Fisher Information of L, (A, B,w) (denoted

as 1(A, B,w)) is asymptotically equivalent to

n 0 %B +O0(n)
) = 0 n —”—;A +O(n)
TB+0(n) —2A+0(n) %(A2+ B?) +0(n?)

0°S,,
Ow?

21(A,B,Q) = E(

(iv) Use the Fisher information to show that |§Aln — Q| =0(n3?).
Exercise 2.6 (i) Simulate one hundred times from model Y; = 2sin(2pit/8) + &, where
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t=1,...,n =060 and &; are itd normal random variables. For each sample, estimate
w, A and B. You can estimate w, A and B using both nonlinear least squares and

also the max periodogram approach described in the previous question.

For each simulation study obtain the empirical mean squared error 1—(1)0 llici(éz —0)?

(where 0 denotes the parameter and 0; the estimate).

Note that the more times you simulate the more accurate the empirical standard error

will be. The empirical standard error also has an error associated with it, that will be

of order O(1//number of simulations).

Hint 1: When estimating w restrict the search to w € [0,7] (not [0,27]). Also when
estimating w using the mazx periodogram approach (and A and B) do the search over two
grids (a) w = [2mj /60,7 =1,...,30] and (b) a finer gridw = [27j /600, = 1,...,300].
Do you see any difference in in your estimates of A, B and Q) over the different grids?
Hint 2: What do you think will happen if the model were changed toY; = 2sin(27t/10)+

g fort =1,...,60 and the maxim periodogram approach were used to estimate the

frequency Q = 27 /20.

(i) Repeat the above experiment but this time using the sample size n = 300. Compare the

quality/MSE of the estimators of A, B and 2 with those in part (i).
(i1i) Do the same as above (using sample size n = 60 and 300) but now use coloured noise
given in as the errors. How do your estimates compare with (i) and (ii)?

Hint: A method for simulating dependent data is to use the arima.sim command ar2 =
arima.sim(list (order=c(2,0,0), ar = c(1.5, -0.75)), n=60). This command
simulates an AR(2) time series model X; = 1.5X; 1 — 0.75X;_o5 + &, (where €, are iid

normal noise).

R Code

Simulation and periodogram for model (2.18) with iid errors:

temp <- rnorm(128)

signal <- 2xsin(2*pi*c(1:128)/8) + temp # this simulates the series
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# Use the command fft to make the periodogram
P <- abs(fft(signal)/128)*x*2

frequency <- 2%pi*c(0:127)/128

# To plot the series and periodogram

par (mfrow=c(2,1))

plot.ts(signal)

plot(frequency, P,type="o")

# The estimate of the period is

K1 = which.max(P)

# Phat is the period estimate

Phat = 128/(K1-1)

# To obtain a finer resolution. Pad temp with zeros.
signal2 = c(signal,c(128%9))

frequency2 <- 2*pi*c(0:((128%10)-1))/1280

P2 <- abs(fft(signal2))*x2

plot(frequency2, P2 ,type="o")

# To estimate the period we use

K2 = which.max(P)

# Phat2 is the period estimate

Phat2 = 1280/(K2-1)
Simulation and periodogram for model (2.18)) with correlated errors:

set.seed(10)

ar2 <- arima.sim(list(order=c(2,0,0), ar = c(1.5, -0.75)), n=128)
signal2 <- 1.5xsin(2xpi*c(1:128)/8) + ar2

P2 <- abs(fft(signal2)/128)**2

frequency <- 2*pi*c(0:127)/128

par (mfrow=c(2,1))

plot.ts(signal2)

plot(frequency, P2,type="o")
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Chapter 3

Stationary Time Series

3.1 Preliminaries

The past two chapters focussed on the data. It did not study the properties at the population
level (except for a brief discussion on period estimation). By population level, we mean what
would happen if the sample size is “infinite”. We formally define the tools we will need for such an
analysis below.

Different types of convergence

(i) Almost sure convergence: X, “3 a as n — oo (in this course a will always be a constant).

This means for every w € Q X,,(w) — a, where P(Q2) = 1 as n — oo (this is classical limit of

a sequence, see Wiki for a definition).

(ii) Convergence in probability: X, % a. This means that for every e >0, P(|X,, —a| >¢) =0

as n — oo (see Wiki)
(iii) Convergence in mean square X, 2 a. This means E|X, —a|?> = 0 as n — oo (see Wiki).

(iv) Convergence in distribution. This means the distribution of X,, converges to the distribution
of X, ie. for all z where Fx is continuous, we have F,,(x) — Fx(z) as n — oo (where F;, and
Fx are the distribution functions of X,, and X respectively). This is the simplest definition
(see Wiki).

e Implies:
— (i), (ii) and (iii) imply (iv).
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— (i) implies (ii).
— (iii) implies (ii).
e Comments:

— Central limit theorems require (iv).

— It is often easy to show (iii) (since this only requires mean and variance calculations).

The “O,(-)” notation.

e We use the notation |6, — 0] = O,(n~1/2) if there exists a random variable A (which does

not depend on n) such that |§n —0) < An~1/2,

Example of when you can use O,(n~1/2). If E[6,,] = 0 but var[f,,] < Cn~!. Then we can say

that E|§— 6] < Cn~'/? and thus |§— 0] = O,(n~1/?).

Definition of expectation

e Suppose X is a random variable with density fx, then

B(X) = /oo o fx()da.

—00

If E[X;] = u, then the sample mean X = n~ 'Y "  X; is an (unbiased) estimator of u

(unbiased because E[X]| = p); most estimators will have a bias (but often it is small).

e Suppose (X,Y) is a bivariate random variable with joint density fxy, then
[e.e] oo
E(XY) —/ / zyfxy(x,y)dedy.
—00 J =0

Definition of covariance

e The covariance is defined as

cov(X,Y)=E((X —EX))(Y —E(Y))) =E(XY) - E(X)E(Y).
e The variance is var(X) = E(X — E(X))? = E(X?) = E(X)%
e Observe var(X) = cov(X, X).
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e Rules of covariances. If a,b,c are finite constants and X,Y,Z are random variables with
E(X?) < 00, E(Y?) < 0o and E(Z?) < oo (which immediately implies their means are finite).

Then the covariance satisfies the linearity property

cov (aX +bY +¢,Z) = acov(X, Z) + beov(Y, Z).

Observe the shift ¢ plays no role in the covariance (since it simply shifts the data).

e The variance of vectors. Suppose that A is a matrix and X a random vector with variance/-

covariance matrix . Then

var(AX) = Avar(X)A' = AL A, (3.1)

which can be proved using the linearity property of covariances.
e The correlation between X and Y is

cov(X,Y)
var(X)var(Y)

cor(X,Y) =

and lies between [—1,1]. If var(X) = var(Y) then cor(X,Y) is the coefficient of the best

linear predictor of X given Y and visa versa.

What is covariance and correlation The covariance and correlation measure the linear dependence

between two random variables. If you plot realisations of the bivariate random variable (X,Y) (X

on x-axis and Y on y-axis), then the best line of best fit
Y =B+ /X

gives the best linear predictor of Y given X. (7 is closely related to the covariance. To see how,
consider the following example. Given the observation {(X;,Y;);i = 1,...,n} the gradient of the
linear of the line of best fit is

5, = Ziz(Xi— XY -Y)
Z?:l(Xi - X)?
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As the sample size n — oco we recall that

P cov(X,Y)

b= var(Y) =P

B1 = 0 if and only if cov(X,Y) = 0. The covariance between two random variables measures the
amount of predictive information (in terms of linear prediction) one variable contains about the
other. The coefficients in a regression are not symmetric i.e. Px(Y) = 81X, whereas Py (X) = 1Y

and in general 81 # 1. The correlation

cov(X,Y)
var(X)var(Y')

cor(X,Y) =

is a symmetric measure of dependence between the two variables.

Exercise 3.1 (Covariance calculations practice) Suppose {;} are uncorrelated random vari-

ables with Eley] = 0 and E[e?] = o2
o Let Xy =1+ 0.5e1—1. Evaluate cov(Xy, Xeqr) for r = 0,41, £2, £3, +4, 5.
o Let Xy = Z;io pei_j where |p| < 1. Evaluate cov(Xy, Xytr) forr € Z (0,£1,4£2,£3,+4,...).

Cumulants: A measure of higher order dependence The covariance has a very simple geometric in-

terpretation. But it only measures linear dependence. In time series and many applications in
signal processing, more general measures of dependence are needed. These are called cumulants
and can simultaneously measure dependence between several variables or variables with themselves.
They generalize the notion of a covariance, but as far as I am aware don’t have the nice geometric

interpretation that a covariance has.

3.1.1 Formal definition of a time series

When we observe the time series {x;}, usually we assume that {x;} is a realisation from a random
process {X;}. We formalise this notion below. The random process {Xy;t € Z} (where Z denotes

the integers) is defined on the probability space {Q2, F, P}. We explain what these mean below:

(i) ©Q is the set of all possible outcomes. Suppose that w € €2, then {X;(w)} is one realisation
from the random process. For any given w, {X;(w)} is not random. In time series we will

usually assume that what we observe x; = X;(w) (for some w) is a typical realisation. That
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is, for any other w* € Q, X;(w*) will be different, but its general or overall characteristics

will be similar.

(ii) F is known as a sigma algebra. It is a set of subsets of € (though not necessarily the set of
all subsets, as this can be too large). But it consists of all sets for which a probability can

be assigned. That is if A € F, then a probability is assigned to the set A.

(iii) P is the probability measure over the sigma-algebra F. For every set A € F we can define a
probability P(A).
There are strange cases, where there is a subset of (2, which is not in the sigma-algebra F,
where P(A) is not defined (these are called non-measurable sets). In this course, we not have

to worry about these cases.

This is a very general definition. But it is too general for modelling. Below we define the notion

of stationarity and weak dependence, that allows for estimators to have a meaningful interpretation.

3.2 The sample mean and its standard error

We start with the simplest case, estimating the mean when the data is dependent. This is usually
estimated with the sample mean. However, for the sample mean to be estimating something
reasonable we require a very weak form of stationarity. That is the time series has the same mean

for all t i.e.

where p = E(X}) for all ¢. This is analogous to say that the independent random variables {X;}
all have a common mean. Under this assumption X is an unbiased estimator of u. Next, our aim
is to obtain conditions under which X is a “reasonable” estimator of the mean.

Based on just one realisation of a time series we want to make inference about the parameters
associated with the process {X;}, such as the mean. We recall that in classical statistics we usually
assume we observe several independent realisations, {X;} all with the same distribution, and use
X = % > i1 X; to estimate the mean. Roughly speaking, with several independent realisations we
are able to sample over the entire probability space and thus obtain a “good” (meaning consistent

or close to true mean) estimator of the mean. On the other hand, if the samples were highly
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dependent, then it is likely that {X;} is concentrated over a small part of the probability space. In
this case, the sample mean will not converge to the mean (be close to the true mean) as the sample

size grows.

The mean squared error a measure of closeness One classical measure of closeness between an es-

timator and a parameter is the mean squared error

E [én - 9} * (@) + [E(@n) - 9] ’

If the estimator is an unbiased estimator of 6 then
~ 2 ~
E [On - 9] = var(f,).

Returning to the sample mean example suppose that {X;} is a time series wher E[X};] = u for all

t. Then tt is clear that this is an unbiased estimator of p and
— 2 —
E[X,—p]” = var(X,).

To see whether it converges in mean square to u we evaluate its

1
_ 9 1
var(X) = n °(1,...,1)var(X,) ,
—_—|
matrix, ¥
1
where

cov(X1,X1) cov(Xy,Xs2) cov(Xy,X3) ... cov(Xy,X,)
cov(Xo, X1) cov(Xa,X2) cov(Xe,X3) ... cov(Xe, X,)
var(X,) = | cov(X3, X1) cov(Xs, Xa) cov(Xs, X3) ... cov(X3,X,)
cov(Xp, X1) cov(X,, X2) coocov(Xp, Xp)
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Thus

n

— 1 2
var(X) = =3 Z cov(Xy, X Zvar (Xy) + —2 Z cov(Xy, X;)
=1 t=1 T=t+1

n1n|7’

= n2 Zvar Xt —+ —2 Z Z COV Xt7Xt+r) (32)

r=1 t=1

A typical time series is a half way house between “fully” dependent data and independent data.
Unlike classical statistics, in time series, parameter estimation is based on only one realisation
¢ = Xy(w) (not multiple, independent, replications). Therefore, it would appear impossible to
obtain a good estimator of the mean. However good estimators of the mean are still possible,
based on just one realisation of the time series so long as certain assumptions are satisfied (i) the
process has a constant mean (a type of stationarity) and (ii) despite the fact that each time series is
generated from one realisation there is ‘short’ memory in the observations. That is, what is observed
today, z; has little influence on observations in the future, x;,; (when k is relatively large). Hence,
even though we observe one tragectory, that trajectory traverses much of the probability space.
The amount of dependency in the time series determines the ‘quality’ of the estimator. There are
several ways to measure the dependency. We know that the most common is the measure of linear
dependency, known as the covariance. Formally, the covariance in the stochastic process {X;} is

defined as

cov(Xy, Xpyi) = E[(Xe — E(X¢)) (Xoqk — E (Xiqk))] = BE(Xe Xoqk) — E(X)E(Xp )

Noting that if {X;} has zero mean, then the above reduces to cov(Xy, X¢ik) = E(Xi Xetk)-

Remark 3.2.1 (Covariance in a time series) 7To illustrate the covariance within a time series

setting, we generate the time series
27
Xt—18COS<5>Xt1—09Xt2+€t (33)

fort=1,... n. A scatter plot of X; against Xy1 forr=1,...,4 and n = 200 is given in Figure
3.1, The corresponding sample autocorrelation (ACF) plot (as defined in equation is given in
Figure . Focus on the lagsr =1,...,4 in the ACF plot. Observe that they match what is seen

in the scatter plots.
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Figure 3.1: From model (3.3). Plot of X, against X, for r = 1,...,4. Top left: » = 1. Top
right: r = 2, Bottom left: » = 3 and Bottom right: r = 4.
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Figure 3.2: ACF plot of realisation from model (3.3).

Using the expression in (3.4)) we can deduce under what conditions on the time series we can
obtain a reasonable estimator of the mean. If the covariance structure decays at such a rate that

the sum of all lags is finite, that is

[ee]
sup Z lcov (X, Xiqr)| < 00,

[Z—
r=—00
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often called short memory), then the variance is

n—1n—|r|

n2 ZV&I‘ Xt Z Z |COV XtaXt-H”)’

r=1 t=1

var(X)

IN

n—1 oo

2 _
~ Zvar Xi) + = >3 feov(Xe, Xyp)| < Cn7t =07, (3.4)

t=1 r=1

IN

finite for all ¢ and n

This rate of convergence is the same as if {X;} were iid/uncorrelated data. However, if the corre-
lations are positive it will be larger than the case that {X;} are uncorrelated.
However, even with this assumption we need to be able to estimate var(X) in order to test/-

construct CI for u. Usually this requires the stronger assumption of stationarity, which we define

in Section [3.3]

Remark 3.2.2 [t is worth bearing in mind that the covariance only measures linear dependence.
For some statistical analysis, such as deriving an expression for the variance of an estimator, the
covariance is often sufficient as a measure. However, given cov(Xy, Xiyr) we cannot say anything
about cov(g(Xy),9(Xi4x)), where g is a nonlinear function. There are occassions where we require
a more general measure of dependence (for example, to show asymptotic normality). Examples of
more general measures include mizing (and other related notions, such as Mizingales, Near-Epoch
dependence, approzimate m-dependence, physical dependence, weak dependence), first introduced by

Rosenblatt in the 50s (Rosenblatt and Grenander (1997)). In this course we will not cover mizing.

3.2.1 The variance of the estimated regressors in a linear regres-
sion model with correlated errors
Let us return to the parametric models discussed in Section The general model is
p
Y = 5o + Zﬁjut,j +er = Buy + &y,
j=1

where Ele;] = 0 and we will assume that {u;;} are nonrandom regressors. Note this includes the

parametric trend models discussed in Section We use least squares to estimate 3

=> (Vi - Bw)’,

t=1
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with
B, = argmin £,,(8).

Using that

8L (B)
9p1

Bﬁan (B) n
VaLln(B) = = " | ==2>-Buu,

t=1

9L (B)
9By

we have

B = argmin £,,(8) = (Z wu)) ! ZYtut,
t=1 t=1

since we solve M};g n) = (). To evaluate the variance of B,, we can either

e Directly evaluate the variance of 3, = (320, wpu,)~* 327", Yyu,. But this is very special for

linear least squares.

e Or use an expansion of Mgﬁ(ﬂ ), which is a little longer but generalizes to more complicate

estimators and criterions.

We will derive an expression for Bn — B. By using %ﬁgﬁ) we can show

A

ILn(B,)  9Ln(B)
o3 BE]

n n
~1
= —2 Z(Y} - Bpu)ur + 2 Z(Yt — Buy)uy
t=1 =1

= 2 [,Bn - B}Igutu;. (3.5)

On the other hand, because ‘%g(ﬂﬁ n) — () we have

0Ln(B,)  OL.(B) _  OL.(B)
0B 0B N 0B
= ; [Yt - ,Blut] u; = ; Uzce. (3-6)

€t
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Equating (3.5)) and (3.6) gives
R / n n
B, = 8] Y = > upe
t=1 t=1
n -1 5 1 n -1 1 n
= |8, -8| = / == A - .
[IBn ﬁi| (Z utut> Zutgt (n Zutut> o Zutat
t=1 t=1 t=1 t=1
Using this expression we can see that
1 & o 1 & 1 & o
var [,Bn — ﬁ} = ( Z umé) var ( Z ut5t> ( Zumé) .
[ [ (—
Finally we need only evaluate var (% i utst) which is

n

n
1 1 ,
var —g ey = — g covles, e jupul;
n n

t,r=1
n n n
1 / 1 /
= 3 E varfeJusuy + 3 E E covlet, erjusu,
=1 t=1 £t

. . . v
expression if independent  additional term due to correlation in the errors

This expression is analogous to the expression for the variance of the sample mean in (3.4) (make
a comparision of the two).

|cov(es,er)| <

Under the assumption that (2 37 | usu}) is non-singular, sup, [lu||; < oo and sup, Y22

o0, we can see that var [Bn — ,3} = O(n~1). Estimation of the variance of Bn is important and re-
quires one to estimate var (% Do utet). This is often done using the HAC estimator. We describe

how this is done in Section [R5

3.3 Stationary processes

We have established that one of the main features that distinguish time series analysis from classical
methods is that observations taken over time (a time series) can be dependent and this dependency
tends to decline the further apart in time these two observations. However, to do any sort of analysis
of this time series we have to assume some sort of invariance in the time series, for example the mean
or variance of the time series does not change over time. If the marginal distributions of the time

series were totally different no sort of inference would be possible (suppose in classical statistics you
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were given independent random variables all with different distributions, what parameter would
you be estimating, it is not possible to estimate anything!).

The typical assumption that is made is that a time series is stationary. Stationarity is a rather
intuitive concept, it is an invariant property which means that statistical characteristics of the time
series do not change over time. For example, the yearly rainfall may vary year by year, but the
average rainfall in two equal length time intervals will be roughly the same as would the number of
times the rainfall exceeds a certain threshold. Of course, over long periods of time this assumption
may not be so plausible. For example, the climate change that we are currently experiencing is
causing changes in the overall weather patterns (we will consider nonstationary time series towards
the end of this course). However in many situations, including short time intervals, the assumption
of stationarity is quite a plausible. Indeed often the statistical analysis of a time series is done

under the assumption that a time series is stationary.

3.3.1 Types of stationarity

There are two definitions of stationarity, weak stationarity which only concerns the covariance of a
process and strict stationarity which is a much stronger condition and supposes the distributions

are invariant over time.

Definition 3.3.1 (Strict stationarity) The time series {X;} is said to be strictly stationary
if for any finite sequence of integers ti,...,t; and shift h the distribution of (Xy,,...,Xy,) and

(Xt14hy- - Xt 4n) are the same.

The above assumption is often considered to be rather strong (and given a data it is very
hard to check). Often it is possible to work under a weaker assumption called weak/second order

stationarity.

Definition 3.3.2 (Second order stationarity /weak stationarity) The time series {X,} is said
to be second order stationary if the mean is constant for all t and if for any t and k the covariance
between X; and X+ only depends on the lag difference k. In other words there exists a function

¢:7Z — R such that for all t and k we have

c(k) = cov( Xy, Xpyk)-

73



Remark 3.3.1 (Strict and second order stationarity) (i) If a process is strictly stationar-
ity and E|X?| < oo, then it is also second order stationary. But the converse is not necessarily
true. To show that strict stationarity (with E|X?| < oo) implies second order stationarity,

suppose that { X} is a strictly stationary process, then

cov(Xe, Xevk) = E(XeXpyr) — E(X)E(Xitr)
= [ [P (o ) — P, (@) Py, ()]

= /wy [PXO,Xk (d'rv dy) - PXO (d.%)PXk (dy)] = COV(X07 Xk;),

where Px, x,., and Px, is the joint distribution and marginal distribution of Xy, X¢1 1 respec-
tively. The above shows that cov(Xy, X¢rk) does not depend on t and {X,} is second order

stationary.

(ii) If a process is strictly stationary but the second moment is not finite, then it is not second

order stationary.

(iii) It should be noted that a weakly stationary Gaussian time series is also strictly stationary too

(this is the only case where weakly stationary implies strictly stationary).

Example 3.3.1 (The sample mean and its variance under second order stationarity) Returning
the variance of the sample mean discussed , if a time series is second order stationary, then

the sample mean X is estimating the mean u and the variance of X is

n n—1n—r
_ 1 2
var(X) = — ) var(Xy)+— cov( Xy, Xitr)
TL2 tzlxw_z n2 7"21 tzlx_v_z
c(0) =c(r)
1 2~ /n—r
= —c(0)+ ) < - >c(r),
r=1\ p ,
=1-r/n

where we note that above is based on the expansion in . We approximate the above, by using that
the covariances Y, |c(r)| < co. Therefore for allr, (1—r/n)c(r) — c(r) and | Y 1_ (1—=|r|/n)c(r)| <
> le(r)|, thus by dominated convergence (see Appendix S (L=r/n)e(r) — >°02, e(r). This

implies that

var(X) = %C(O) + %Zc(r} _ Z c(r) = O(l)

r=1 r=—00
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The above is often called the long term variance. The above implies that

E(X — p)? = var(X) — 0, n — 00,
which we recall is convergence in mean square. This immediately implies convergence in probability
x5
The example above illustrates how second order stationarity gives an elegant expression for the

variance and can be used to estimate the standard error associated with X.

Example 3.3.2 In Chapter[§ we consider estimation of the autocovariance function. However for

now rely on the R command act. For the curious, it evaluates p(r) = ¢(r)/c(0), where

R 1 n—r ~ B
or) =~ ;(Xt — X)(Xipr — X) (3.7)
forr =1,...,m (m is some value that R defines), you can change the maximum number of lags

by using acf (data, lag = 30), say). Observe that even if X; = u; (nonconstant mean), from the
way c(r) (sum of (n —r) terms) is defined, p(r) will decay to zero as r — n.

In Figure we give the sample acf plots of the Southern Oscillation Index and the Sunspot
data. We observe that are very different. The acf of the SOI decays rapidly, but there does appear
to be some sort of ‘pattern’ in the correlations. On the other hand, there is more “persistence” in
the acf of the Sunspot data. The correlations of the acf appear to decay but over a longer period of

time and there is a clear periodicity.

Exercise 3.2 State, with explanation, which of the following time series is second order stationary,

which are strictly stationary and which are both.
(i) {e+} are iid random variables with mean zero and variance one.
(ii) {e+} are iid random variables from a Cauchy distributon.
(11i) X1 = Xt + €1, where {e} are @id random variables with mean zero and variance one.
(iv) Xy =Y whereY is a random variable with mean zero and variance one.

(iv) Xy = Up+Us_1+V;, where {(Ug, V;)} is a strictly stationary vector time series with E[UZ] < oo
and E[V}?] < co.
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Figure 3.3: Top: ACF of Southern Oscillation data. Bottom ACF plot of Sunspot data.

Exercise 3.3 (i) Make an ACF plot of the monthly temperature data from 1996-2014.
(ii) Make and ACF plot of the yearly temperature data from 1880-2013.

(iii) Make and ACF plot of the residuals (after fitting a line through the data (using the command
1sfit(..)$res)) of the yearly temperature data from 1880-2013.

Briefly describe what you see.

Exercise 3.4 (i) Suppose that {X:}+ is a strictly stationary time series. Let

Show that {Y;} is a second order stationary time series.

(ii) Obtain an approximate expression for the variance of the sample mean of {Y;} in terms of its
long run variance (stating the sufficient assumptions for the long run variance to be finite).
You do not need to give an analytic expression for the autocovariance, there is not enough

information in the question to do this.

(iii) Possibly challenging question. Suppose that

Y;f = 9(007t) + Et,

76



where {e:} are iid random variables and g(6o,t) is a deterministic mean and 0y is an unknown

parameter. Let

~

n
= i Y —g(6,1))>.
0 argrargg;( L —g(0,1))

Ezplain why the quantity

~

0 — 6o

can be expressed, approximately, as a sample mean. You can use approximations and heuris-

tics here.

Hint: Think derivatives and mean value theorems.

Ergodicity (Advanced)

We now motivate the concept of ergodicity. Conceptionally, this is more difficult to understand
than the mean and variance. But it is a very helpful tool when analysing estimators. It allows one
to simply replace the sample mean by its expectation without the need to evaluating a variance,
which is extremely useful in some situations.

It can be difficult to evaluate the mean and variance of an estimator. Therefore, we may want
an alternative form of convergence (instead of the mean squared error). To see whether this is

possible we recall that for iid random variables we have the very useful law of large numbers

and in general %Z?:l g(X;) 3 E[g(Xo)] (if E[g(X0)] < 00). Does such a result exists in time
series? It does, but we require the slightly stronger condition that a time series is ergodic (which

is a slightly stronger condition than the strictly stationary).

Definition 3.3.3 (Ergodicity: Formal definition) Let (Q, F, P) be a probability space. A trans-
formation T : Q — Q is said to be measure preserving if for every set A € F, P(T~'A) = P(A).
Moreover, it is said to be an ergodic transformation if T—*A = A implies that P(A) =0 or 1.

It is not obvious what this has to do with stochastic processes, but we attempt to make a link. Let

us suppose that X = {X;} is a strictly stationary process defined on the probability space (2, F, P).
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By strict stationarity the transformation (shifting a sequence by one)
T(x1,xa,...) = (x2,23,...),
is a measure preserving transformation. To understand ergodicity we define the set A, where
A={w: (Xi(w),Xo(w),...) e H}. ={w: X1(w),..., X 2(w),...) € H}.

The stochastic process is said to be ergodic, if the only sets which satisfies the above are such that
P(A) =0 or1l. Roughly, this means there cannot be too many outcomes w which generate sequences
which ‘repeat’ itself (are periodic in some sense). An equivalent definition is given in (@) From
this definition is can be seen why “repeats” are a bad idea. If a sequence repeats the time average
1s unlikey to converge to the mean.

See Billingsley (1994), page 312-31}, for examples and a better explanation.

The definition of ergodicity, given above, is quite complex and is rarely used in time series analysis.
However, one consequence of ergodicity is the ergodic theorem, which is extremely useful in time

series. It states that if {X;} is an ergodic stochastic process then

S g(X) 5 Elg(Xo)]
t=1

for any function g(-). And in general for any shift 71, ..., 7, and function ¢ : R¥*! — R we have
1 n
E Zg(Xtv Xt+7'17 B 7Xt+’7'k) 3;S>~ E[Q(X()a s 7Xt+7'k)] (38)
t=1

(often is used as the definition of ergodicity, as it is an iff with the ergodic definition). This
result generalises the strong law of large numbers (which shows almost sure convergence for iid
random variables) to dependent random variables. It is an extremely useful result, as it shows us
that “mean-type” estimators consistently estimate their mean (without any real effort). The only
drawback is that we do not know the speed of convergence.

gives us an idea of what constitutes an ergodic process. Suppose that {g;} is an ergodic

process (a classical example are iid random variables) then any reasonable (meaning measurable)
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function of X; is also ergodic. More precisely, if X; is defined as
Xt = h(...,&'t,é’t_l,...), (39)

where {g;} are iid random variables and h(-) is a measureable function, then {X;} is an Ergodic

process. For full details see Stout (1974), Theorem 3.4.5.

Remark 3.3.2 As mentioned above all Ergodic processes are stationary, but a stationary process
is not necessarily ergodic. Here is one simple example. Suppose that {e;} are iid random variables
and Z is a Bernoulli random variable with outcomes {1,2} (where the chance of either outcome is
half). Suppose that Z stays the same for all t. Define

+& Z=1
X, = M1 t

o+ Z=2.

It is clear that E(Xy|Z = i) = p; and E(X;) = (w1 + p2). This sequence is stationary. However,

we observe that %Zthl X will only converge to one of the means, hence we do not have almost

sure convergence (or convergence in probability) to 3(p + pi2).

R code

To make the above plots we use the commands

par (mfrow=c(2,1))
acf (soi,lag.max=300)

acf (sunspot, lag.max=60)

3.3.2 Towards statistical inference for time series

Returning to the sample mean Example Suppose we want to construct Cls or apply statistical

tests on the mean. This requires us to estimate the long run variance (assuming stationarity)

var(X) = %C(O) + %Zc(r}

r=1

There are several ways this can be done, either by fitting a model to the data and from the model

estimate the covariance or doing it nonparametrically. This example motivates the contents of the
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course:
(i) Modelling, finding suitable time series models to fit to the data.
(ii) Forecasting, this is essentially predicting the future given current and past observations.
(iii) Estimation of the parameters in the time series model.

(iv) The spectral density function and frequency domain approaches, sometimes within the fre-

quency domain time series methods become extremely elegant.
(v) Analysis of nonstationary time series.
(vi) Analysis of nonlinear time series.

(vii) How to derive sampling properties.

3.4 What makes a covariance a covariance?

The covariance of a stationary process has several very interesting properties. The most important

is that it is positive semi-definite, which we define below.

Definition 3.4.1 (Positive semi-definite sequence) (i) A sequence {c(k);k € Z} (Z is the
set of all integers) is said to be positive semi-definite if for any n € Z and sequence x =

(z1,...,2y) € R™ the following is satisfied

n

Z c(i — jxjz; > 0.
ij=1
(ii) A function is said to be an even positive semi-definite sequence if (i) is satisfied and c(k) =

c(—k) for all k € Z.

An extension of this notion is the positive semi-definite function.

Definition 3.4.2 (Positive semi-definite function) (i) A function {c(u);u € R} is said to
be positive semi-definite if for any n € Z and sequence x = (z1,...,x,) € R™ the following

is satisfied

n

Z c(u; —uj)zixy > 0.

1,7=1
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(ii) A function is said to be an even positive semi-definite function if (i) is satisfied and c(u) =

c(—u) for allu € R.

Remark 3.4.1 You have probably encountered this positive definite notion before, when dealing
with positive definite matrices. Recall the n X n matriz 3, is positive semi-definite if for all x € R"™
2’32 > 0. To see how this is related to positive semi-definite matrices, suppose that the matriz ¥,
has a special form, that is the elements of ¥, are (Xy,);; = c(i—j). Then '¥yz = Z?] c(i—j)zix;.

We observe that in the case that {X:} is a stationary process with covariance c(k), the variance

covariance matriz of X, = (X1,...,Xy) is Xy, where (£,);; = c(i — j).

We now take the above remark further and show that the covariance of a stationary process is

positive semi-definite.

Theorem 3.4.1 Suppose that {X;} is a discrete time/continuous stationary time series with co-
variance function {c(k)}, then {c(k)} is an even positive semi-definite sequence/function. Con-
versely for any even positive semi-definite sequence/function there exists a stationary time series

with this positive semi-definite sequence/function as its covariance function.

PROOF. We prove the result in the case that {X;} is a discrete time time series, ie. {X;;t € Z}.

We first show that {c(k)} is a positive semi-definite sequence. Consider any sequence x =
(z1,...,2,) € R", and the double sum > ¥ x;c(i — j)z;. Define the random variable ¥ =
> ey X It is straightforward to see that var(Y) = a'var(X,,)z = 371, _; c(i—j)z;a; where X,, =
(X1,...,X,). Since for any random variable Y, var(Y") > 0, this means that » /', z;c(i—j)z; > 0,
hence {c(k)} is a positive definite sequence.

To show the converse, that is for any positive semi-definite sequence {c(k)} we can find a
corresponding stationary time series with the covariance {c(k)} is relatively straightfoward, but
depends on defining the characteristic function of a process and using Komologorov’s extension
theorem. We omit the details but refer an interested reader to Brockwell and Davis| (1998)), Section

1.5. O

In time series analysis usually the data is analysed by fitting a model to the data. The model
(so long as it is correctly specified, we will see what this means in later chapters) guarantees the
covariance function corresponding to the model (again we cover this in later chapters) is positive
definite. This means, in general we do not have to worry about positive definiteness of the covariance

function, as it is implicitly implied.
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On the other hand, in spatial statistics, often the object of interest is the covariance function
and specific classes of covariance functions are fitted to the data. In which case it is necessary to
ensure that the covariance function is semi-positive definite (noting that once a covariance function
has been found by Theorem there must exist a spatial process which has this covariance
function). It is impossible to check for positive definiteness using Definitions or Instead
an alternative but equivalent criterion is used. The general result, which does not impose any
conditions on {c(k)} is stated in terms of positive measures (this result is often called Bochner’s

theorem). Instead, we place some conditions on {c(k)}, and state a simpler version of the theorem.

Theorem 3.4.2 Suppose the coefficients {c(k); k € Z} are absolutely summable (that is )", |c(k)| <

o0). Then the sequence {c(k)} is positive semi-definite if an only if the function f(w), where
flw)=— c(k) exp(ikw),

is nonnegative for all w € [0, 27].
We also state a variant of this result for positive semi-definite functions. Suppose the function
{c(u); k € R} is absolutely summable (that is [, |c(u)|du < o0). Then the function {c(u)} is positive

semi-definite if and only if the function f(w), where

1 o

flw) = / c(u) exp(iuw)du > 0

27 J_

for allw e R.
The generalisation of the above result to dimension d is that {c(u);u € R} is a positive semi-

definite sequence if and if

flw) = o) /Rd c(u) exp(iv/w)du > 0

for all w? € RY.

PROOF. See Section [10.4.1]

Example 3.4.1 We will show that sequence c¢(0) = 1, ¢(1) = 0.5, ¢(—1) = 0.5 and ¢(k) = 0 for
|k| > 1 a positive definite sequence.

From the definition of spectral density given above we see that the ‘spectral density’ corresponding
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to the above sequence is
fw)=14+2x0.5x cos(w).

Since |cos(w)| < 1, f(w) > 0, thus the sequence is positive definite. An alternative method is to
find a model which has this as the covariance structure. Let Xy = ;+¢€;_1, where g are id random

variables with E[e;] = 0 and var(e;) = 0.5. This model has this covariance structure.

3.5 Spatial covariances (advanced)

Theorem is extremely useful in finding valid spatial covariances. We recall that ¢g : R — R
is a positive semi-definite covariance (on the spatial plane R?) if there exists a positive function fy

where
ci(u) = fa(w) exp(—iv'w)dw (3.10)
R4

for all w € R (the inverse Fourier transform of what was written). This result allows one to find
parametric covariance spatial processes.

However, beyond dimension d = 1 (which can be considered a “time series”), there exists
conditions stronger than spatial (second order) stationarity. Probably the the most popular is
spatial isotropy, which is even stronger than stationarity. A covariance cq is called spatially isotropic
if it is stationary and there exist a function ¢ : R — R such that cg(u) = ¢(||ul|2). It is clear that
in the case d = 1, a stationary covariance is isotropic since cov(Xy, Xi+1) = ¢(1) = ¢(—1) ==
cov(Xt, X¢—1) = cov(X¢—1,X¢). For d > 1, isotropy is a stronger condition than stationarity. The
appeal of an isotropic covariance is that the actual directional difference between two observations
does not impact the covariance, it is simply the Euclidean distance between the two locations (see
picture on board). To show that the covariance ¢(-) is a valid isotropic covariance in dimension
d (that is there exists a positive semi-definite function ¢y : R? — R such that c(||ul|) = cq(u)),

conditions analogous but not the same as (3.10) are required. We state them now.

Theorem 3.5.1 If a covariance cq(+) is isotropic, its corresponding spectral density function fq is
also isotropic. That is, there exists a positive function f: R — RT such that fg(w) = f(||w]2).

A covariance c(-) is a valid isotropic covariance in R? iff there exists a positive function f(-;d)
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defined in R such that

() = (2m) /2 /0 T 2 0 1 (0) pr d)dp (3.11)

where J,, is the order n Bessel function of the first kind.

PROOF. To give us some idea of where this result came from, we assume the first statement is true
and prove the second statement for the case the dimension d = 2.
By the spectral representation theorem we know that if ¢(uy,u,) is a valid covariance then there

exists a positive function fs such that

c(ul, 'LLQ) = /2 fg (wl,WQ) exp(z’wlul + iwqu)dwldwg.
R

Next we change variables moving from Euclidean coordinates to polar coordinates (see https://
en.wikipedia.org/wiki/Polar_coordinate_system), where s = \/w? + w5 and 6 = tan 1w /ws.

In this way the spectral density can be written in terms of fo(wq,w2) = fp2(r,8) and we have

o) 21
c(uy,ug) = / / rfpa(s,0)exp(isuy cos b + isug sin f)dsdo.
o Jo

We convert the covariance in terms of polar coordinates c(uy, uz) = cpa(r,Q) (where u; = rcos {2

and ug = rsin Q) to give

oo 2w
cpa(r,Q)) = / / sfpa(s,0)exp [isr (cosQcos + sin Qsin 0)] dsdf
o Jo

= /00 /27r sfpa(s,0)exp [isrcos (2 — 6Q)] dsdf. (3.12)
o Jo

So far we have not used isotropy of the covariance, we have simply rewritten the spectral represen-
tation in terms of polar coordinates.

Now, we consider the special case that the covariance is isotropic, this means that there exists
a function ¢ such that cps(r, Q) = ¢(r) for all r and Q. Furthermore, by the first statement of the

theorem, if the covariance is isotropic, then there exists a positive function f : RT™ — R™ such that
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fra(s,0) = f(s) for all s and 6. Using these two facts and substituting them into (3.12)) gives

oo 21
c(r) = /0 /0 sf(s)exp [isrcos (2 — 0Q)] dsdb

_ /O sf(s) /0 7 exp [iscos (9 — 60)] do ds.

=2mJo(s)

For the case, d = 2 we have obtained the desired result. Note that the Bessel function Jy(-) is
effectively playing the same role as the exponential function in the general spectral representation

theorem. 0

The above result is extremely useful. It allows one to construct a valid isotropic covariance
function in dimension d with a positive function f. Furthermore, it shows that an isotropic covari-
ance ¢(r) may be valid in dimension in d = 1,...,3, but for d > 3 it may not be valid. That is
for d > 3, there does not exist a positive function f(-;d) which satisfies . Schoenberg showed

that an isotropic covariance ¢(r) was valid in all dimensions d iff there exists a representation

c(r) = /000 exp(—r*t?)dF(t),

where F' is a probability measure. In most situations the above can be written as

e(r) = /000 exp(—rztz)f(t)dt,

where f : RT™ — RT. This representation turns out to be a very fruitful method for gener-
ating parametric families of isotropic covariances which are valid on all dimensions d. These
include the Matern class, Cauchy class, Powered exponential family. The feature in common
to all these isotropic covariance functions is that all the covariances are strictly positive and
strictly decreasing. In other words, the cost for an isotropic covariance to be valid in all di-
mensions is that it can only model positive, monotonic correlations. The use of such covariances
have become very popular in modelling Gaussian processes for problems in machine learning (see
http://www.gaussianprocess.org/gpml/chapters/RW1.pdf).

For an excellent review see 7, Section 2.5.
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3.6 Exercises

Exercise 3.5 Which of these sequences can used as the autocovariance function of a second order

stationary time series?
(i) ¢«(—=1)=1/2, ¢(0) =1, ¢(1) = 1/2 and for all |k| > 1, ¢(k) = 0.
(ii) c(—=1)=—1/2, ¢(0) =1, ¢(1) = 1/2 and for all |k| > 1, ¢(k) = 0.

(iii) c¢(=2) = —0.8, ¢(—1) = 0.5, ¢(0) = 1, ¢(1) = 0.5 and ¢(2) = —0.8 and for all |k| > 2,
c(k) = 0.

Exercise 3.6 (i) Show that the function c(u) = exp(—alu|) where a > 0 is a positive semi-

definite function.

(ii) Show that the commonly used exponential spatial covariance defined on R?, c(ui,ug) =
exp(—a\/u% + u%), where a > 0, is a positive semi-definite function.

Hint: One method is to make a change of variables using Polar coordinates. You may also

want to harness the power of Mathematica or other such tools.
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Chapter 4

Linear time series

Prerequisites

e Familarity with linear models in regression.
e Find the polynomial equations. If the solution is complex writing complex solutions in polar

form x + iy = re’, where 6 is the phased and r the modulus or magnitude.

Objectives

e Understand what causal and invertible is.
e Know what an AR, MA and ARMA time series model is.

e Know how to find a solution of an ARMA time series, and understand why this is impor-
tant (how the roots determine causality and why this is important to know - in terms of

characteristics in the process and also simulations).

e Understand how the roots of the AR can determine ‘features’ in the time series and covariance

structure (such as pseudo periodicities).

4.1 Motivation

The objective of this chapter is to introduce the linear time series model. Linear time series models

are designed to model the covariance structure in the time series. There are two popular sub-
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groups of linear time models (a) the autoregressive and (a) the moving average models, which can
be combined to make the autoregressive moving average models.

We motivate the autoregressive from the perspective of classical linear regression. We recall one
objective in linear regression is to predict the response variable given variables that are observed.

To do this, typically linear dependence between response and variable is assumed and we model Y;

as
p
Y= Zanij + €4,
j=1
where ¢; is such that Ele;|X;;] = 0 and more commonly &; and X;; are independent. In linear

regression once the model has been defined, we can immediately find estimators of the parameters,
do model selection etc.

Returning to time series, one major objective is to predict /forecast the future given current and
past observations (just as in linear regression our aim is to predict the response given the observed

variables). At least formally, it seems reasonable to represent this as

P
Xe=> ¢iXijten, teL (4.1)
j=1
where we assume that {e;} are independent, identically distributed, zero mean random variables.
Model (4.1)) is called an autoregressive model of order p (AR(p) for short). Further, it would appear
that

p
B(X| X1, Xep) = ) 6K, (4.2)
j=1

Le. the expected value of X; given that X;_1,..., X;_, have already been observed), thus the past
values of X; have a linear influence on the conditional mean of X;. However not necessarily
true.

Unlike the linear regression model, is an infinite set of linear difference equations. This
means, for this systems of equations to be well defined, it needs to have a solution which is mean-
ingful. To understand why, recall that is defined for all t € Z, so let us start the equation at
the beginning of time (¢ = —oo) and run it on. Without any constraint on the parameters {¢;},

there is no reason to believe the solution is finite (contrast this with linear regression where these
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issues are not relevant). Therefore, the first thing to understand is under what conditions will the
AR model have a well defined stationary solution and what features in a time series is the
solution able to capture.

Of course, one could ask why go through to the effort. One could simply use least squares to
estimate the parameters. This is possible, but there are two related problems (a) without a proper
analysis it is not clear whether model has a meaningful solution (for example in Section we
show that the least squares estimator can lead to misspecified models), it’s not even possible to
make simulations of the process (b) it is possible that E(e;|X;—p) # 0, this means that least squares
is not estimating ¢; and is instead estimating an entirely different set of parameters! Therefore,
there is a practical motivation behind our theoretical treatment.

In this chapter we will be deriving conditions for a strictly stationary solution of . Under
these moment conditions we obtain a strictly stationary solution of . In Chapter @] we obtain
conditions for to have both a strictly stationary and second order stationary solution. It is
worth mentioning that it is possible to obtain a strictly stationary solution to under weaker

conditions (see Theorem [13.0.1)).

How would you simulate from the following model? One simple method for understanding a model

is to understand how you would simulate from it:

Xi=p1 Xe1+ X1 +e t=...,—-1,0,1,....

4.2 Linear time series and moving average models

4.2.1 Infinite sums of random variables

Before defining a linear time series, we define the MA(g) model which is a subclass of linear time
series. Let us supppose that {e;} are iid random variables with mean zero and finite variance. The

time series {X;} is said to have a MA(q) representation if it satisfies

q
Xy = Z Yigr—j,
Jj=0

where E(e;) = 0 and var(e;) = 1. It is clear that X} is a rolling finite weighted sum of {;}, therefore

{X:} must be well defined. We extend this notion and consider infinite sums of random variables.
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Now, things become more complicated, since care must be always be taken with anything involving

infinite sums. More precisely, for the sum

[e.e]
Xo= ) ey,
j=—o00
to be well defined (has a finite limit), the partial sums S, = Zyzfn Yjer—; should be (almost
surely) finite and the sequence S,, should converge (ie. |S,, — Sn,| — 0 as nj,ng — 00). A random
variable makes no sense if it is infinite. Therefore we must be sure that X; is finite (this is what
we mean by being well defined).

Below, we give conditions under which this is true.

Lemma 4.2.1 Suppose 322 [;] < 0o and {X:} is a strictly stationary time series with E[X¢| <
co. Then {Y:}, defined by

o0
Y, = Z i X,

j=—o0

is a strictly stationary time series. Furthermore, the partial sum converges almost surely, Y, ; =
Z;‘:in V; Xe—j = Yy If var(Xy) < oo, then {Y;} is second order stationary and converges in mean

square (that is E(Y,; — Y;)? = 0).

PROOF. See Brockwell and Davis (1998)), Proposition 3.1.1 or [Fuller| (1995), Theorem 2.1.1 (page
31) (also |[Shumway and Stoffer| (2006)), page 86). O

Example 4.2.1 Suppose {X;} is a strictly stationary time series with var(X;) < oo. Define {Y;}

as the following infinite sum
e .
Yi=> i Xl
=0

where |p| < 1. Then {Y;} is also a strictly stationary time series with a finite variance.

We will use this example later in the course.

Having derived conditions under which infinite sums are well defined, we can now define the

general class of linear and MA(0co) processes.
Definition 4.2.1 (The linear process and moving average (MA)(c0)) Suppose that {e:} are
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iid random variables, Y22 |1;] < oo and E(|e]) < oo.

(i) A time series is said to be a linear time series if it can be represented as
o0
Xo= ) ey,
j=—o0

where {e:} are iid random variables with finite variance. Note that since that as these sums

are well defined by equation {X:} is a strictly stationary (ergodic) time series.

This is a rather strong definition of a linear process. A more general definition is {X:} has

the representation

[o¢]
Xy = Z Yigr—j,

j=—o0

where {e;} are uncorrelated random variables with mean zero and variance one (thus the

independence assumption has been dropped).

(ii) The time series {X;} has a MA(oo) representation if it satisfies
oo
Xi =Y ey (4.3)
j=0

[

The difference between an MA(oco) process and a linear process is quite subtle. A linear process
involves both past, present and future innovations {e;}, whereas the MA(oo) uses only past and
present innovations.

A very interesting class of models which have MA(co) representations are autoregressive and

autoregressive moving average models. In the following sections we prove this.

!Note that late on we show that all second order stationary time series {X;} have the representation
oo
X = Z%’Zt—j, (4.4)
j=1

where {Z;, = Xy — Px, ,.x, ,,..(X4)} (where Px, | x, ,,..(X;) is the best linear predictor of X, given the
past, X;_1, Xy_o,...). In this case {Z;} are uncorrelated random variables. It is called Wold’s representation
theorem (see Section. The representation in has many practical advantages. For example Krampe
et al.| (2016|) recently used it to define the so called “MA bootstrap”.
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4.3 The AR(p) model

In this section we will examine under what conditions the AR(p) model has a stationary solution.

4.3.1 Difference equations and back-shift operators

The autoregressive model is defined in terms of inhomogenuous difference equations. Difference
equations can often be represented in terms of backshift operators, so we start by defining them
and see why this representation may be useful (and why it should work).

The time series {X;} is said to be an autoregressive (AR(p)) if it satisfies the equation
Xt — ¢1Xt_1 — ... — ¢pXt—p = &¢, te Z, (45)

where {e;} are zero mean, finite variance random variables. As we mentioned previously, the
autoregressive model is a system of difference equation (which can be treated as a infinite number

of simultaneous equations). For this system to make any sense it must have a solution.

Remark 4.3.1 (What is meant by a solution?) By solution, we mean a sequence of numbers

{4 }52_ . which satisfy the equations in . It is tempting to treat as a recursion, where
we start with an intial value x; some time far back in the past and use to generate {x¢} (for

a given sequence {e;}¢). This is true for some equations but not all. To find out which, we need to

obtain the solution to .

Example Let us suppose the model is
X =¢X4_1+¢e fort €,

where g, are iid random variables and ¢ is a known parameter. Let e = 0.5, 3 = 3.1, ¢4 = —1.2

etc. This gives the system of equations
ro = ¢x1+0.5, x3=dx2+ 3.1, and x4 = ¢px3— 1.2

and so forth. We see this is an equation in terms of unknown {x;};. Does there exist a {x} which
satisfy this system of equations? For linear systems, the answer can easily be found. But more

complex systems the answer is not so clear. Our focus in this chapter is on linear systems.
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To obtain a solution we write the autoregressive model in terms of backshift operators:
X — ¢1BXt — .= ¢poXt =&, = ¢(B)Xt = &t

where ¢(B) =1 - 3%, ¢;B7, B is the backshift operator and is defined such that B¥X; = X;_.
Simply rearranging ¢(B)X; = &, gives the ‘solution’ of the autoregressive difference equation to
be X; = ¢(B) 'e;, however this is just an algebraic manipulation, below we investigate whether it
really has any meaning.

In the subsections below we will show:

o Let ¢p(2) =1— Z?:l $;2’ be a pth order polynomial in z. Let z1,..., 2, denote the p roots
of ¢(z). A solution for (7.31]) will always exist if none of the p roots of ¢(z) lie on the unit

circle i.e. |zj| # 1 for 1 < j <p.
e If all the roots lie outside the unit circlei.e. |z;| > 1for 1 < j <p, then {x;} can be generated

by starting with an initial value far in the past x; and treating (7.31]) as a recursion

Xt = ¢1Xt_1 + ...+ ¢pXt—p + &¢.

A time series that can be generated using the above recursion is called causal. It will have a

very specific solution.

e If all the roots lie inside the unit circle i.e. |zj| < 1 for 1 < j < p, then we cannot directly
treat (7.31]) as a recursion. Instead, we need to rearrange (7.31)) such that X;_, is written in

terms of {X;—;};_; and &
Xt_p = gf);l [—¢p_1Xt_p+1 — .= ¢1Xt_1 + Xt] — (f);lz’;‘t. (4.4)

{z;} can be generated by starting with an initial value far in the past x; and treating (|7.31))

as a recursion.

e If the roots lie both inside and outside the unit circle. No recursion will generate a solution.

But we will show that a solution can be generated by adding recursions together.

To do this, we start with an example.
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4.3.2 Solution of two particular AR(1) models

Below we consider two different AR(1) models and obtain their solutions.

(i) Consider the AR(1) process

(i)

X, =05X;1+e, teZ (4.5)

Notice this is an equation (rather like 322 +2x+ 1 = 0, or an infinite number of simultaneous
equations), which may or may not have a solution. To obtain the solution we note that
X =05X,1+¢ and Xy = 0.5X;_2 + €,-1. Using this we get X; = &, + 0.5(0.5X;_2 +
er—1) = ¢ + 0.5e54-1 + 0.52X;_5. Continuing this backward iteration we obtain at the kth
iteration, X; = Z?ZO(O.S)jet_j + (0.5)**1X; 4. Because (0.5)**1 — 0 as k — oo by taking
the limit we can show that X; = Zj’;o(Ob)j&_j is almost surely finite and a solution of
. Of course like any other equation one may wonder whether it is the unique solution
(recalling that 322 + 2z + 1 = 0 has two solutions). We show in Section that this is the
unique stationary solution of .

Let us see whether we can obtain a solution using the difference equation representation. We
recall, that by crudely taking inverses, the solution is X; = (1 — 0.5B) 'e;. The obvious
question is whether this has any meaning. Note that (1 — 0.5B)"! = Z?’;O(O.5B)j, for

|B| < 2, hence substituting this power series expansion into X; we have

Xy =(1-05B)""e; = (D _(05B))e; = (D _(0.5B%))ey = i(o.s)jgt_j,
=0

J=0 J=0 J

which corresponds to the solution above. Hence the backshift operator in this example helps
us to obtain a solution. Moreover, because the solution can be written in terms of past values

of &¢, it is causal.

Let us consider the AR model, which we will see has a very different solution:
Xt = 2Xt,1 + &¢. (46)

Doing what we did in (i) we find that after the kth back iteration we have X; = Z?:o e+

2F+1 X, ;.. However, unlike example (i) 2¥ does not converge as k — oo. This suggest that if
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we continue the iteration X; = » 22, 2Jgy_; is not a quantity that is finite (when &; are iid).
Therefore X; = Z?io 2J €¢—; cannot be considered as a solution of 1' We need to write

(4.6)) in a slightly different way in order to obtain a meaningful solution.

Rewriting (4.6) we have X;_1 = 0.5X; — 0.5¢;. Forward iterating this we get X; 1 =
—(0.5) Z§:0(0.5)j€t+j — (0.5)*1 X, . Since (0.5)kT! — 0 as k — oo we have

Xi1=—(05) ) (0.5)ep4;
=0

as a solution of (4.6).

Let us see whether the difference equation can also offer a solution. Since (1 — 2B)X; = ¢,

using the crude manipulation we have X; = (1 — 2B) 'e;. Now we see that

oo
(1-2B)"' =) (2B)) for [B] < 1/2.
§=0
Using this expansion gives the solution X; = Z;io 2/ BIX;, but as pointed out above this
sum is not well defined. What we find is that ¢(B) ‘e, only makes sense (is well defined) if

-1

the series expansion of ¢(B)~" converges in a region that includes the unit circle |B| = 1.

What we need is another series expansion of (1 — 2B)~! which converges in a region which
includes the unit circle |B| = 1 (as an aside, we note that a function does not necessarily
have a unique series expansion, it can have difference series expansions which may converge
in different regions). We now show that a convergent series expansion needs to be defined in
terms of negative powers of B not positive powers. Writing (1 — 2B) = —(2B)(1 — (2B)™!),
therefore

0o

(1-2B)" = —(2B)' S (2B)7,
=0

=

which converges for |B| > 1/2. Using this expansion we have

Xi== (05" BT e = =3 (0.5 e i,
=0 =0

which we have shown above is a well defined solution of (4.6)).
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In summary (1 — 2B)~! has two series expansions
1 > .
3B - JZ;(QB)‘J
which converges for |B| < 1/2 and
1 > .
iy = S

which converges for |B| > 1/2. The one that is useful for us is the series which converges

when |B| = 1.

It is clear from the above examples how to obtain the solution of a general AR(1). This solution

is unique and we show this below.

Exercise 4.1 (i) Find the stationary solution of the AR(1) model
Xt = 0.8Xt_1 + &

where ¢ are iid random variables with mean zero and variance one.
(ii) Find the stationary solution of the AR(1) model

5
Xy = Zthl + &t

where g; are iid random wvariables with mean zero and variance one.
(iii) [Optional] Obtain the autocovariance function of the stationary solution for both the models
in (i) and (i1).
Uniqueness of the stationary solution the AR(1) model (advanced)

Consider the AR(1) process X; = ¢X;_1 + €¢, where |¢| < 1. Using the method outlined in (i), it
is straightforward to show that X; = Z;io & €¢—j is its stationary solution, we now show that this
solution is unique. This may seem obvious, but recall that many equations have multiple solutions.

The techniques used here generalize to nonlinear models too.
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We first show that X = > 222 @’er_; is well defined (that it is almost surely finite). We note
that |X;| < 3772, |¢7| - |es—j]. Thus we will show that > %0 |¢7| - |et—j| is almost surely finite,
which will imply that X; is almost surely finite. By montone convergence we can exchange sum
and expectation and we have E(|X¢[) < E(lim,—e0 Y5 |Per—j|) = limyyoo > o |7 |Eler—;]) =
E(leol) X520 |¢7| < oo. Therefore since E|X;| < oo, > %0 ¢'er—; is a well defined solution of
Xt = oXi—1 + e

To show that it is the unique, stationary, causal solution, let us suppose there is another (causal)
solution, call it Y;. Clearly, by recursively applying the difference equation to Y;, for every s we

have

S
V=) e j+ Vi
7=0

Evaluating the difference between the two solutions gives Y; — X; = A; — Bs where A; = ¢°Y;_ 1
and Bs = Z;’i si1 & e¢—j for all s. To show that Y; and X coincide almost surely we will show that
for every € > 0, > o2, P(|As — Bs| > €) < 0o (and then apply the Borel-Cantelli lemma). We note
if |[As — Bs| > €), then either |As| > /2 or |Bs| > €/2. Therefore P(|As — Bs| > ¢) < P(|As| >
£/2)+P(|Bs| > €/2). To bound these two terms we use Markov’s inequality. It is straightforward to
show that P(|Bs| > ¢/2) < C¢®/e. To bound E|A;|, we note that |Ys| < |¢|-|Ys—1|+|es], since {3}
is a stationary solution then E|Y;|(1 — |¢|) < E|eg|, thus E|Y:| < Elet|/(1 — |¢]) < oco. Altogether
this gives P(|As — Bs| > €) < C¢®/e (for some finite constant C'). Hence ) oo P(|As — Bs| > ¢) <
Y52, C¢®/e < 0o. Thus by the Borel-Cantelli lemma, this implies that the event {|As — Bs| > ¢}
happens only finitely often (almost surely). Since for every ¢, {|As—Bs| > €} occurs (almost surely)
only finitely often for all ¢, then Y; = X; almost surely. Hence X; =} 22 @'er—; is (almost surely)

the unique causal solution.

4.3.3 The solution of a general AR(p)

Let us now summarise our observation for the general AR(1) process X; = ¢X;—1 + ¢4 If 9| < 1,
then the solution is in terms of past values of {e;}, if on the other hand |¢| > 1 the solution is in
terms of future values of {g;}.

In this section we focus on general AR(p) model
Xy — 91 Xpo1— .. — prthp =g, teE, (47)
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Generalising this argument to a general polynomial, if the roots of ¢(B) are greater than one,
then the power series of ¢(B)~! (which converges for | B| = 1) is in terms of positive powers (hence
the solution ¢(B) 'e; will be in past terms of {g;}). On the other hand, if the roots are both less

than and greater than one (but do not lie on the unit circle), then the power series of ¢(B)~! will

1

be in both negative and positive powers. Thus the solution X; = ¢(B)~"e; will be in terms of both

past and future values of {¢;}. We summarize this result in a lemma below.

Lemma 4.3.1 Suppose that the AR(p) process satisfies the representation ¢(B)X; = &, where
none of the roots of the characteristic polynomial lie on the unit circle and E|e;| < co. Then {X;}

has a stationary, almost surely unique, solution

Xt = Z Yiet—j

JEZL
where Y(z) =3 ey Yjz) = @(2)~1 (the Laurent series of ¢(z)~1 which converges when |z| =1).

We see that where the roots of the characteristic polynomial ¢(B) lie defines the solution of the
AR process. We will show in Sections 77 and that it not only defines the solution but also

determines some of the characteristics of the time series.

Exercise 4.2 Suppose { X} satisfies the AR(p) representation

P
X = Z O;Xi—j + e,
j=1

where 3 30_ |¢;] <1 and Ele| < co. Show that { X} will always have a causal stationary solution

(i.e. the roots of the characteristic polynomial are outside the unit circle).

4.3.4 Obtaining an explicit solution of an AR(2) model

A worked out example

Suppose {X;} satisfies
Xt = 0.75Xt_1 — 0.125Xt_2 + &4,
where {e;} are iid random variables. We want to obtain a solution for the above equations.
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It is not easy to use the backward (or forward) iterating techique for AR processes beyond
order one. This is where using the backshift operator becomes useful. We start by writing X; =
0.75X;-1 —0.125X; 9+ as ¢(B) Xt = ¢, where ¢(B) = 1 —0.75B +0.125B2, which leads to what
is commonly known as the characteristic polynomial ¢(z) = 1 — 0.75z 4 0.1252%. If we can find a
power series expansion of ¢(B)~!, which is valid for |B| = 1, then the solution is X; = ¢(B) 'e.

We first observe that ¢(z) = 1 — 0.752 + 0.12522 = (1 — 0.52)(1 — 0.25z). Therefore by using

partial fractions we have

I 1 -1 2
#(z) (1 -0.52)(1—0.252) (1—0.5z) + (1—-0.252)"

We recall from geometric expansions that

o0 o0
) 2 o
J <2, ——— =2 0.25)727 < 4.
(1_052 ]Zo iz |2 <2, =077 jZ()( Yol 2] <

Putting the above together gives

1
(1—0.52)(1 — 0.252)

= i{_(os)j +2(0.25)7} 27 2] < 2.
j=0

The above expansion is valid for [z| = 1, because > 7%, | — (0.5)7 4+ 2(0.25)/| < oo (see Lemma

4.3.2)). Hence

Xy ={(1-05B)(1-0.25B)} ', = () _{—(0.5) +2(0.25)'} BY)e; = Z{ (0.5)7 +2(0.25) Y&,
Jj=0 7=0

which gives a stationary solution to the AR(2) process (see Lemma4.2.1)). Moreover since the roots
lie outside the unit circle the solution is causal.
The discussion above shows how the backshift operator can be applied and how it can be used

to obtain solutions to AR(p) processes.

The solution of a general AR(2) model

We now generalise the above to general AR(2) models

Xi=(a+b)Xi—1 —abXi_o + ¢4,
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the characteristic polynomial of the above is 1 — (a + b)z + abz? = (1 — az)(1 — bz). This means

the solution of X; is
X; = (1 - Ba)"'(1 — Bb) g,

thus we need an expansion of (1 — Ba)~'(1 — Bb)~!. Assuming that a # b, and using partial

fractions we have

1 1 b a
(1—za)(1—2b) b—a\l—bz 1—az
Cases:

(1) |a|] <1 and |b| < 1, this means the roots lie outside the unit circle. Thus the expansion is

o [e.e]

1 1 . o
(1—za)(1—20)  (b—a) (ijbvzz —a]Z:aJZJ%

0 0

which leads to the causal solution

1
X, —
! b—a<

(2) Case that |a| > 1 and |b| < 1, this means the roots lie inside and outside the unit circle and

i G aﬂ'+1)5tj). (4.8)
=0

J

we have the expansion

1 1 b a
(1—za)(1—2b) b—a(l—bz_(az)((az)l—l))

which leads to the non-causal solution

1 > ° .
Xt = b_ a(]go b]+1€t7j + ;a_]€t+1+j). (4.10)

A

2Later we show that the non-causal X;, has the same correlation as an AR(2) model whose characteristic
polynomial has the roots a~! and b, since both these roots lie out side the unit this model has a causal
solution. Moreover, it is possible to rewrite this non-causal AR(2) as an MA infinite type process but where
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Returning to (4.10]), we see that this solution throws up additional interesting results. Let
us return to the expansion in (4.9) and apply it to X,

1 1 b 1
X, = =
T T-Ba(-Bb "' b-a| 1-bB" TBU-aiB )"
N——
causal AR(1) noncausal AR(1)

1
I — (Y + Zi11)

where Y; = bY; 1 +¢; and Zy1 = a ' Z; 9 + €441. In other words, the noncausal AR(2)
process is the sum of a causal and a‘future’ AR(1) process. This is true for all noncausal
time series (except when there is multiplicity in the roots) and is discussed further in Section
?7?.

We mention that several authors argue that noncausal time series can model features in data

which causal time series cannot.

(iii) @ = b < 1 (both roots are the same and lie outside the unit circle). The characteristic

polynomial is (1 — az)2. To obtain the convergent expansion when |z| = 1 we note that
- d(1—az)~!
(1—az)"2= (—1)%. Thus

J=0

This leads to the causal solution
w .
Xy = (1)) jai e
j=1

In many respects this is analogous to Matern covariance defined over R? (and used in spatial

statistics). However, unlike autocovarianced defined over R? the behaviour of the autocovari-

the innovations are no independent but uncorrelated instead. I.e. we can write X; as
(1—a 'B)(1 -bB)X; =&,

where &; are uncorrelated (and are a linear sum of the iid varepsilon;), which as the solution

Xi=+ i p (i (B — ai“)gt_j). (4.11)

=0
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ance at zero is not an issue.

Exercise 4.3 Show for the AR(2) model X; = ¢1X1—1 + ¢p2Xi—2 + € to have a causal stationary

solution the parameters ¢1, pa must lie in the region defined by the three conditions
Pot+d1 <1, Pa—1 <1 |po] <1
Exercise 4.4  (a) Consider the AR(2) process
Xt = ¢1Xi—1 + P2 Xi—2 + &y,

where {e} are iid random variables with mean zero and variance one. Suppose the absolute

of the roots of the characteristic polynomial 1 — ¢1z — ¢92? are greater than one. Show that

|p1] + |p2| < 4.

(b) Now consider a generalisation of this result. Consider the AR(p) process
Xi = o1 Xp—1+ 2 Xio+ ... pXip + &

Suppose the absolute of the roots of the characteristic polynomial 1 — ¢p12 — ... — ¢p2P are

greater than one. Show that |p1] + ...+ |pp| < 2P.

4.3.5 History of the periodogram (Part II)

We now return to the development of the periodogram and the role that the AR model played in
understanding its behaviour.
The general view until the 1920s is that most time series were a mix of periodic function with

additive noise (where we treat Y; as the yearly sunspot data)

P
Y, = Z[Aj cos(t92;) + Bjsin(t8);)] + e.
j=1
In the 1920’s, Udny Yule, a statistician, and Gilbert Walker, a Meterologist (working in Pune,

India) believed an alternative model could be used to explain the features seen in the periodogram.

Yule fitted an Autoregressive model of order two to the Sunspot data and obtained the AR(2)
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model
Xt = 1.381Xt_1 — 06807Xt—2 + &¢.

We simulate a Gaussian model with exactly this AR(2) structure. In Figure plot of the sunspot
data together realisation of the AR(2) process. In Figure we plot the periodogram of the sunspot
data and a realisation from the fitted AR(2) process. One can fit a model to any data set. What

sunspot
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Figure 4.1: The periodogram of the Sunspot data is the top plot and the periodogram of
the fitted AR(2) model is the lower plot. They do not look exactly the same, but the AR(2)
model is able to capture some of the periodicities.

makes this model so interesting, is that the simple AR(2) models, model suprisingly well many of
the prominent features seen in the sunspot data. From Figures and [4.2] we see how well the
AR(2) which is full stochastic can model a periodicities.

To summarize, Schuster, and Yule and Walker fit two completely different models to the same

103



sunspot

ar2

50 100

0

rrrrrrrrrorrrrororr T T T T T T T T T T T 170
0.00 32.55 7595 119.35 162.75 206.15 249.55 292.95

Time

rrrrrrrrrorrrrororr T T T T T T T T T T T 170
0.00 32.55 7595 119.35 162.75 206.15 249.55 292.95

Time

Figure 4.2: Top: Sunspot, Lower: a realisation from the AR(2) process. Lines correspond
to period of P = 27/0.57 = 10.85 years.

data set and both models are able to mimic the periodocities observed in the sunspot data. While
it is obvious how a superimposition of sines and cosines can model periodicities it is not so clear
how the AR(2) can achieve a similar effect.

In the following section we study the coefficient of the AR(2) model and how it can mimic the

periodicities seen in the data.

4.3.6 Examples of “Pseudo” periodic AR(2) models

We start by studying the AR(2) model that Yule and Walker fitted to the data. We recall that the

fitted coeflicients were

Xt = 1.381Xt_1 — 06807Xt—2 + ;.
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This corresponds to the characteristic function ¢(z) = 1 — 1.381z + 0.6822. The roots of this
polynomial are A\; = 0.77 !exp(i0.57) and Ay = 077 !exp(—i0.57). Cross referencing with the
periodogram in Figure 4.1, we observe that the peak in the periodogram is at around 0.57 also.
This suggests that the phase of the solution (in polar form) determines the periodicities. If the
solution is real then the phase is either 0 or 7 and X; has no (pseudo) periodicities or alternates
between signs.

Observe that complex solutions of ¢(z) must have conjugations in order to ensure ¢(z) is real.
Thus if a solution of the characteristic function corresponding to an AR(2) is A\; = 7 exp(if), then

A2 = rexp(—if). Based on this ¢(z) can be written as
$(z) = (1 — rexp(if)z)(1 — rexp(—if)) = 1 — 2r cos(8)z + 1222,
this leads to the AR(2) model
Xt =2rcos(0) X1 — X9+ &y

where {e;} are iid random variables. To ensure it is causal we set |r| < 1. In the simulations below

we consider the models
Xt = 2rcos(m/3) X1 — X9+ &y
and
Xt =2rcos(0) X1 — 2 X o+ &

for r = 0.5 and r = 0.9.The latter model has completely real coefficients and its characteristic
function is ¢(z) = (1 —r2).

In Figures and [4.4] we plot a typical realisation from these models with n = 200 and
corresponding periodogram for the case § = w/3. In Figures and we plot the a typical
realisation and corresponding periodogram for the case 8 = 0

From the realisations and the periodogram we observe a periodicity centered about frequency
/3 or 0 (depending on the model). We also observe that the larger r is the more pronounced the

period. For frequency 0, there is no period it is simply what looks like trend (very low frequency
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Figure 4.3: Realisation for X; = 2rcos(n/3)X; 1 — r?’X; 5 + &;. Blue = r = 0.5 and red =
r=0.9.
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Figure 4.4: Periodogram for realisation from X; = 2rcos(7/3)X;_1 — r*X;_o + ;. Blue =
r=20.5and red =r = 0.9.

behaviour). But the AR(2) is a completely stochastic system (random), it is strange that exhibits
behaviour close to period. We explain why in the following section.

We conclude this section by showing what shape the periodogram is trying to mimic (but not
so well!). In will be shown later on that the expectation of the peridodogram is roughly equal to

the spectral density function of the AR(2) process which is

1 1
|1 — g1 — ¢oei29|2 |1 — 27 cos feiw + r2e2iw|2”

f(w)

Plots of the spectral density for § = /3, # = 0 and r = 0.5 and 0.9 are given in Figures @ and
Observe that the shapes in Figures [£.4) and match those in Figures [£.7) and But the
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Figure 4.5: Realisation for X; = 2rX, 1 — 1r?X;_5 + &;. Blue = r = 0.5 and red = r = 0.9.
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Figure 4.6: Periodogram for realisation from X; = 2rX; 1 — r?X,_ 9 + &, Blue =r = 0.5
and red = r =0.9.

periodogram is very rough whereas the spectral density is smooth. This is because the periodogram
is simply a mirror of all the frequencies in the observed time series, and the actual time series do
not contain any pure frequencies. It is a mismatch of cosines and sines, thus the messiness of the

periodogram.
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Figure 4.7: Spectral density for X; = 2rcos(r/3)X; 1 —r?X; o +¢&;. Blue = r = 0.5 and red

=r=20.9.
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4.3.7 Derivation of “Pseudo” periodicity functions in an AR(2)

We now explain why the AR(2) (and higher orders) can characterise some very interesting behaviour

(over the rather dull AR(1)). For now we assume that X; is a causal time series which satisfies the

AR(2) representation

Xi =01 X4 1+ Xy o+ &4

where {e;} are iid with mean zero and finite variance. We focus on the case that the characteristic

polynomial is complex with roots Ay = rexp(if) and Ao = rexp(—if). Thus our focus is on the
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AR(2) model
X;=2rcos(0)X¢_1 — 12X 0+ Ir| < 1.

By using equation 1) witha=Xand b=\

1 =/ S
Xy = —— Z ()\]'H — )\J'H) Et—j
A—A o

We reparameterize A\ = re? (noting that |r| < 1). Then

1
27 sin 6

Z 2rit sin ((5 + 1)0) &1
=0

(4.12)

We can see that X, is effectively the sum of cosines/sines with frequency 6 that have been modulated

by the iid errors and exponentially damped. This is why for realisations of autoregressive processes

you will often see periodicities (depending on the roots of the characteristic). Thus to include

periodicities in a time series in an These arguments can be generalised to higher order autoregressive

models.

Exercise 4.5 (a) Obtain the stationary solution of the AR(2) process

7 2
Xi=-Xi1—=X;_
t 3 t—1 3 t—2 + &t

where {e,} are iid random variables with mean zero and variance o*.

Does the solution have an MA(co) representation?

(b) Obtain the stationary solution of the AR(2) process

4%x+/3 42
= 5 Xio1 — ?Xt—Z + &,

Xy

where {e} are iid random variables with mean zero and variance o*.

Does the solution have an MA(co) representation?

(c) Obtain the stationary solution of the AR(2) process

Xy = X1 —4X_9 + &y,
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where {&;} are iid random variables with mean zero and variance o>.

Does the solution have an MA(co) representation?

Exercise 4.6 Construct a causal stationary AR(2) process with pseudo-period 17. Using the R
function arima.sim simulate a realisation from this process (of length 200) and make a plot of the

periodogram. What do you observe about the peak in this plot?

4.3.8 Seasonal Autoregressive models

A popular autoregessive model that is often used for modelling seasonality, is the seasonal autore-
gressive model (SAR). To motivate the model consider the monthly average temperatures in College
Station. Let {X;} denote the monthly temperatures. Now if you have had any experience with
temperatures in College Station using the average temperature in October (still hot) to predict the
average temperature in November (starts to cool) may not seem reasonable. It may seem more

reasonable to use the temperature last November. We can do this using the following model
Xt = ¢Xi—12 + ey,

where |¢| < 1. This is an AR(12) model in disguise, The characteristic function ¢(z) = 1 — ¢z12
has roots \; = p~1/12 exp(i2mj/12) for j = 0,1,...,11. As there are 5 complex pairs and two real
terms. We would expect to see 7 peaks in the periodogram and spectral density. The spectral

density is

1
11— geil2w]2’

flw) =

A realisation from the above model with ¢ = 0.8 and n = 200 is given in Figure The
corresponding periodogram and spectral density is given in Figure We observe that the

periodogram captures the general peaks in the spectral density, but is a lot messier.

4.3.9 Solution of the general AR(co) model (advanced)

The AR(00) model generalizes the AR(p)

o
X = Z%’thj + &t
i=1
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Figure 4.10: Left: Periodogram of realisation. Right Spectral density of model.

where {e;} are iid random variables. AR(c0) models are more general than the AR(p) model and
are able to model more complex behaviour, such as slower decay of the covariance structure.
In order to obtain the stationary solution of an AR(oc), we need to define an analytic function

and its inverse.

Definition 4.3.1 (Analytic functions in the region Q) Suppose that z € C. ¢(z) is an ana-
lytic complex function in the region ), if it has a power series expansion which converges in €2, that
is ¢(2) = 252 057

If there exists a function ¢(z) = P, ¢;27 such that ¢(2)¢(z) = 1 for all z € Q, then ¢(2)

is the inverse of ¢(z) in the region Q.

Example 4.3.1 (Analytic functions) (i) Clearly a(z) = 1 — 0.5z is analytic for all z € C,
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and has no zeros for |z| < 2. The inverse is ﬁ = 2;?‘;0(0.5z)f is well defined in the region

|z| < 2.

(ii) Clearly a(z) = 1—2z is analytic for all z € C, and has no zeros for |z| > 1/2. The inverse is

a(lz) = (—22)71(1 - (1/22)) = (—22)_1(23?’;0(1/(22))j) well defined in the region |z| > 1/2.

(iii) The function a(z) = m is analytic in the region 0.5 < z < 2.

(iv) a(z) = 1 — z, is analytic for all z € C, but is zero for z = 1. Hence its inverse is not well

defined for regions which involve |z| =1 (see Example [4.7).
(v) Finite order polynomials such as ¢(z) = Z?:o ¢;27 for Q = C.
(vi) The expansion (1 —0.5z)"1 = Z;’io(Oﬁz)j for @ ={z;|z| <2}.

We observe that for AR processes we can represent the equation as ¢(B)X; = &;, which formally
gives the solution X; = ¢(B) 'e;. This raises the question, under what conditions on ¢(B)~! is
#(B)~le; a valid solution. For ¢(B) 'e; to make sense ¢(B)~! should be represented as a power
series expansion. Below, we state a technical lemma on ¢(z) which we use to obtain a stationary

solution.

Lemma 4.3.2 (Technical lemma) Suppose that ¥(z) = > 50 ;27 is finite on a region that

j=—o00

includes [z| =1 (we say it is analytic in the region |z[ =1). Then 222 |ih;] < co.

An immediate consequence of the lemma above is that if ¢(z) = E;‘;_Oo ;27 is analytic in
the region and {X;} is a strictly stationary time series, where E|X;| we define the time series
Vi = ¢(B)X: = >252 o ¥jXi—j. Then by the lemma above and Lemma {Y;} is almost
surely finite and strictly stationary time series. We use this result to obtain a solution of an

AR(o0) (which includes an AR(p) as a special case).

Lemma 4.3.3 Suppose ¢(z) =1+ ZJO’;I ¢j and P(z) =Y 72

= —oo 52! are analytic functions in a

region which contains |z| = 1 and ¢(2)y(2)~ =1 for all |z| = 1. Then the AR(cc) process

00
Xt = Z (f)th_j + &¢.
1

Jj=
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has the unique solution

o
Xt = Z VYjgt—j.
Jj=—00
We can immediately apply the lemma to find conditions under which the AR(p) process will admit

a stationary solution. Note that this is generalisation of Lemma [4.3.1

Rules of the back shift operator:

(i) If a(z) is analytic in a region Q which includes the unit circle |z| = 1 in its interior and {Y};} is

a well defined time series, then X; defined by Y; = a(B)X; is a well defined random variable.

(ii) The operator is commutative and associative, that is [a(B)b(B)|X; = a(B)[b(B)X] =
[b(B)a(B)]X; (the square brackets are used to indicate which parts to multiply first). This

may seem obvious, but remember matrices are not commutative!

(iii) Suppose that a(z) and its inverse ﬁ are both have solutions in the region € which includes

the unit circle |z| = 1 in its interior. If a(B)X; = Z;, then X; = ﬁzt.

The magic backshift operator

A precise proof of Lemma [£.3.3] and the rules of the back shift operator described above is beyond
these notes. But we briefly describe the idea, so the backshift operator feels less like a magic trick.

Equation (4.7)) is an infinite dimension matrix operation that maps (¢2-sequences to f2-sequences)
where I' : /5 — o and I'(z) = e with 2 = (..., 2_1,%0,21,...). Thus z = I'"le. The objectives is to
find the coefficients in the operator I'~!. It is easier to do this by transforming the operator to the
Fourier domain with the Fourier operator F': fo — L2[0, 27| and F* : L]0, 27] — ¢5. Thus FT'F*
is an integral operator with kernel K (\,w) = ¢(e™)8,—x. It can be shown that the inverse operator
(FT1F*) has kernel K—}(\,w) = ¢(e™)715,-5. One can then deduce that the coefficients of '~
are the Fourier coefficients fo% (™)~ te~¥¥dw, which correspond to the expansion of ¢(z)~! that

converges in the region that include |z| = 1 (the Laurent series in this region).

AR(c0) representation of stationary time series (Advanced)

If a time series is second order stationary and its spectral density function f(w) = (27)~1 >, o5 c(r)e™™

is bounded away from zero (is not zero) and is finite on [0,7]. Then it will have form of AR(c0)
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representation

[e.9]
Xt = Zant_j + &¢,
j=1
the difference is that {e;} are uncorrelated random variables and may not be iid random

variables. This result is useful when finding the best linear predictors of X; given the past.

4.4 Simulating from an Autoregressive process

Simulating from a Gaussian AR process

We start with the case that the innovations, {e;}, are Gaussian. In this case, by using Lemma
[4.5.1)(ii) we observe that all AR processes can be written as the infinite sum of the innovations. As
sums of iid Gaussian random variables are Gaussian, then the resulting time series is also Gaussian.
We show in Chapter [6] that given any causal AR equation, the covariance structure of the time
series can be deduced. Since normal random variables are fully determined by their mean and

variance matrix, using the function mvnorm and var[X

7p] = X, we can simulate the first p elements

in the time series X, = (X1,...,Xp). Then by simulating (n — p) iid random variables we can

generate X; using the causal recursion
p
Xt = E ¢th—] + Et.
=1

Remark 4.4.1 Any non-causal system of difference equations with Gaussian innovations can al-

ways be rewritten as a causal system. This property is unique for Gaussian processes.

A worked example

We illustrate the details with with an AR(1) process. Suppose X; = ¢1X;—1 +¢; where {&;} are iid
standard normal random variables (note that for Gaussian processes it is impossible to discriminate

between causal and non-causal processes - see Section therefore we will assume |¢;| < 1). We

will show in Section equation (6.1)) that the autocovariance of an AR(1) is

r - j ¢71‘
o(r) = ¢ = :
1 ; 1 1 _ (;5%
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Therefore, the marginal distribution of X; is Gaussian with variance (1 — ¢?)~!.

Therefore, to
simulate an AR(1) Gaussian time series, we draw from a Gaussian time series with mean zero and
variance (1 — ¢?)~!, calling this X;. We then iterate for 2 < ¢, X; = ¢ X¢—1 +&;. This will give us
a stationary realization from an AR(1) Gaussian time series.

Note the function arima.sim is a routine in R which does the above. See below for details.

Simulating from a non-Gaussian causal AR model

Unlike the Gaussian AR process it is difficult to simulate an exact non-Gaussian model, but we
can obtain a very close approximation. This is because if the innovations are non-Gaussian the
distribution of X; is not simple. Here we describe how to obtain a close approximation in the case
that the AR process is causal.

A worked example We describe a method for simulating an AR(1). Let {X;} be an AR(1) process,

X = ¢1X;_1 + &4, which has stationary, causal solution
m .
Xt = Z qb{&‘t_j.
§=0

To simulate from the above model, we set Xl = 0. Then obtain the iteration Xt = ¢1Xt_1 + & for

t > 2. We note that the solution of this equation is
t .
Xt = Z qb{ﬁt_j.
§=0

We recall from Lemma that | X; — X;| < |1 E?io |¢{€,j|, which converges geometrically fast
to zero. Thus if we choose a large n to allow ‘burn in’ and use {X;;t > n} in the simulations we
have a simulation which is close to a stationary solution from an AR(1) process. Using the same

method one can simulate causal AR(p) models too.

Building AR(p) models One problem with the above approach is the AR(p) coefficients {¢;} should

be chosen such that it corresponds to a causal solution. This is not so simple. It is easier to build

a causal AR(p) model from its factorisation:

¢(B) =[]t —xB).

J=1

115



Thus ¢(B)X; = &; can be written as
(B)X, = (1= \pB)(1 = A1 B)...(1— \B)X, = &,

Using the above representation X; can be simulated using a recursion. For simplicity we assume

p=2and ¢(B)Xy = (1 — A2 B)(1 — \1B)X; = &;. First define the AR(1) model
(1-MB)Yiy=¢ =Y =(1-MB) .
This gives
(1—-XB)X; = (1-MB) e =Y,

Thus we first simulate {Y7 ;+}; using the above AR(1) method described above. We treat {Y; .} as

the innovations, and then simulate
(I =XB)X; =Yy,

using the AR (1) method described above, but treating {Y] ;}+ as the innovations. This method can
easily be generalized for any AR(p) model (with real roots). Below we describe how to do the same

but when the roots are complex

Simulating an AR(2) with complex roots Suppose that X; has a causal AR(2) representation. The

roots can be complex, but since X; is real, the roots must be conjugates (A\; = rexp(if) and

Ao = rexp(—i6)). This means X; satisfies the representation
(1 —2rcos(0)B + 12B*) Xy = &

where |r| < 1. Now by using the same method described for simulating an AR(1), we can simulate
an AR(2) model with complex roots.
In summary, by using the method for simulating AR(1) and AR(2) models we can simulate any

AR(p) model with both real and complex roots.
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Simulating from a fully non-causal AR model

Suppose that {X;} is an AR(p) model with characteristic function ¢(B), whose roots lie inside the

unit circle (fully non-causal). Then we can simulate X; using the backward recursion
Xip =0, [~p1Xt—ps1 — ... — 1 Xe1 + X — ¢, 'er (4.13)

Simulating from a non-Gaussian non-causal AR model

We now describe a method for simulating AR(p) models whose roots are both inside and outside the
unit circle. The innovations should be non-Gaussian, as it makes no sense to simulate a non-causal
Gaussian model and it is impossible to distinguish it from a corresponding causal Gaussian model.

The method described below was suggested by former TAMU PhD student Furlong Li.

Worked example To simplify the description consider the AR(2) model where ¢(B) = (1-\ B)(1—

w1 B) with |A;| < 1 (outside unit circle) and |p;| > 1 (inside the unit circle). Then
(1-=MB)(1—mB)X; =¢e.
Define the non-causal AR(1) model
(1—mB)Y1: = ey

And simulate {Y; ;} using a backward recursion. Then treat {Y] .} as the innovations and simulate

the causal AR(1)
(1—mB)X; =Y

using a forward recursion. This gives an AR(2) model whose roots lie inside and outside the unit

circle. The same method can be generalized to any non-causal AR(p) model.

Exercise 4.7 In the following simulations, use non-Gaussian innovations.

(i) Simulate a stationary AR(4) process with characteristic function

o(z)=(1-0.8 exp(iig)z] [1 -0.8 exp(—i?g)z} [1 - 1.5 exp(i?)z] [1 - 1.5 exp(—i%r)z .
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(i) Simulate a stationary AR(4) process with characteristic function

o(z) = |1— 0.8exp(i?g)z] [1 -0.8 exp(—i?g)z} [1 - gexp(izg)z} [1 — %exp(—i%r)z .

Do you observe any differences between these realisations?

R functions

Shumway and Stoffer| (2006) and David Stoffer’s website gives a comprehensive introduction to time
series R-functions.

The function arima.sim simulates from a Gaussian ARIMA process. For example,
arima.sim(list (order=c(2,0,0), ar = c(1.5, -0.75)), n=150) simulates from the AR(2) model

X; =1.5X;_ 1 —0.75X;_o + &+, where the innovations are Gaussian.

4.5 The ARMA model

Up to now, we have focussed on the autoregressive model. The MA(q) in many respects is a much
simpler model to understand. In this case the time series is a weighted sum of independent latent

variables

Xi=ci+bigi1+ ... +0,0i_g=e + Zq: Oje—j. (4.14)
j=1

We observe that X; is independent of any X;_; where |j| > ¢ + 1. On the contrast, for an AR(p)
model, there is dependence between X; and all the time series at all other time points (we have
shown above that if the AR(p) is causal, then it can be written as an MA(co) thus the dependency at
all lags). There are advantages and disadvantages of using either model. The MA(q) is independent
after ¢ lags (which may be not be viewed as realistic). But for many data sets simply fitting an
AR(p) model to the data and using a model selection criterion (such as AIC), may lead to the
selection of a large order p. This means the estimation of many parameters for a relatively small
data sets. The AR(p) may not be parsimonious. The large order is usually chosen when the
correlations tend to decay slowly and/or the autcorrelations structure is quite complex (not just
monotonically decaying). However, a model involving 10-15 unknown parameters is not particularly

parsimonious and more parsimonious models which can model the same behaviour would be useful.
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A very useful generalisation which can be more flexible (and parsimonious) is the ARMA(p, q)

model, in this case X; has the representation

p q
X — Z Qi Xy = €1+ Z (9]'875_]'.
i=1 j=1

Definition 4.5.1 (Summary of AR, ARMA and MA models) (i) The autoregressive AR(p)
model: {X;} satisfies

P
Xt = Z i Xt—i + et (4.15)

i=1
Observe we can write it as ¢(B) X = &

(i) The moving average M A(q) model: {X;} satisfies

q
Xy =¢e + Z QjEt_j. (4.16)
j=1

Observe we can write X; = 0(B)e;

(iii) The autoregressive moving average ARM A(p, q) model: {X,;} satisfies
p q
X =Y ¢iXei=c+ Y ey (4.17)
i=1 j=1

We observe that we can write X; as ¢(B)X; = 0(B)e;.

We now state some useful definitions.

Definition 4.5.2 (Causal and invertible) Consider the ARMA(p,q) model defined by

P q
X+ ) X =) b,
=1 i=1

where {e,} are iid random variables with mean zero and constant variance.

(i) An ARMA process is said to be causal if it has the representation

00
Xt = Z bj{-:t_j.
7=0
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(ii) An ARMA(p,q) process X¢ + E§:1 ViXi—j = DL 0:e¢ (where {e,} are uncorrelated ran-
dom variables with mean zero and constant variance) is said to be invertible if it has the

representation

o0
X = Zant_j + &¢.
j=1

We have already given conditions underwhich an AR(p) model (and consequently) and ARMA(p, q)
model is causal. We now look at when an MA(q) model is invertible (this allows us to write it as
an AR(oco) process).

A worked example Consider the MA(1) process

Xt =&+ 98t,1,

where {g;} are iid random variables. Our aim is understand when X; can have an AR(co) repre-
sentation. We do this using the backshift notation. Recall Be; = ;1 substituting this into the
MA(1) model above gives

Xt = (14 60B)e:.
Thus at least formally
et =(14+6B) ' X;.
We recall that the following equality holds

(1+6B)" = i(—e)JBj,
Jj=0

when |#B| < 1. Therefore if |0] < 1, then

ee=(1+BO X, =) (-0BIX, =) (-0/X, ;.
=0 j=0
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Rearranging the above gives the AR(oc0) representation

o0
Xy = Z(_H)th—j + &,
j=1

but observe this representation only holds if |f| < 1.

Conditions for invertibility of an MA(q) The MA(q) process can be written as

q
X = Zeje’it_j + &t
j=1

It will have an AR(o00) representation if the roots of the polynomial 8(z) = 1+ 231:1 0;z7 lie outside
the unit circle. Then we can write (1 4+ 327, 0;z)~1 = >0 ¢;z? (i.e. all the roots are greater

than one in absolute) and we have
(o.9]
Xy = Z(Zth,j + &¢.
j=1

Causal and invertible solutions are useful in both estimation and forecasting (predicting the
future based on the current and past).
Below we give conditions for the ARMA to have a causal solution and also be invertible. We

also show that the coefficients of the MA(c0) representation of X; will decay exponentially.

Lemma 4.5.1 Let us suppose Xy is an ARMA(p, q) process with representation given in Definition
51,

(i) If the roots of the polynomial ¢(z) lie outside the unit circle, and are greater than (14 9) (for

some § > 0), then Xy almost surely has the solution
o0
Xt = Z bjt?t,j, (418)
j=0

where 3, [bj| < oo (we note that really b; = bj(¢,0) since its a function of {¢;} and {0;}).

Moreover for all j,

b < Kpl (4.19)
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for some finite constant K and 1/(1+0) < p < 1.

(ii) If the roots of ¢(z) lie both inside or outside the unit circle and are larger than (14 9) or less
than (14 8)~! for some § > 0, then we have

Xt: Z bjt‘tfj, (4.20)

j=—00

(a vector AR(1) is not possible), where
ja5] < Kpli (421)

for some finite constant K and 1/(1+0) < p < 1.

(iii) If the absolute value of the roots of 0(z) = 1+37%_, 0;27 are greater than (1+0), then

can be written as

o
Xy = Zant_j + &¢. (422)
j=1
where
la;] < Kpf (4.23)

for some finite constant K and 1/(1+9§) < p < 1.

To compare the behaviour or an AR and ARMA models we simulate from and AR(3) and and
ARMA(3,2) where both models have the same autoregressive parameters. We simulate from the

AR(3) model (two complex roots, one real root)
(1—2-0.8cos(n/3)B + 0.8°B%)(1 — 0.6B)X; = &
and the ARMA(3,2) model
(1—2-0.8cos(n/3)B + 0.8°B%)(1 — 0.6B)X; = (14 0.5B — 0.5B%)¢;

The realisations and corresponding periodogram are given in Figures and Observe that
the AR(3) model has one real root A = 0.6, this gives rise to the perceived curve in Figure m
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Figure 4.11: Realisation from Left: AR(3) and Right: ARMA(3,2)
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Figure 4.12: Periodogram from realisation from Left: AR(3) and Right: ARMA(3,2)
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Figure 4.13: Spectral density from Left: AR(3) and Right: ARMA(3,2)
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and relatively amplitudes at low frequencies in the corresponding periodogram (in Figure 4.12)). In
contrast, the ARMA model has exactly the same AR part as the AR(3) model, but the MA part
of this model appears to cancel out some of the low frequency information! The corresponding

spectral density of the AR(3) and ARMA(3,2) model are

1
JAR) = T G oos o 1 08220 21— 0,602
and
s ) 11+ 0.5¢™ — 0.5e2 |2
ARMA\W

" |1 — 1.6 cos e + 0.82e2[2[1 — 0.6¢ |2

respectively. A plot of these spectral densities is given in Figure We observe that the peri-
odogram maps the rough character of the spectral density. This the spectral density conveys more
information than then simply being a positive function. It informs on where periodicities in the
time series are most likely to lie. Studying we observe that MA part of the ARMA spectral
density appears to be dampening the low frequencies. Code for all these models is given on the

course website. Simulate different models and study their behaviour.

4.6 ARFIMA models

We have shown in Lemma[4.5.1] that the coefficients of an ARMA processes which admit a stationary
solution decay geometrically. This means that they are unable to model “persistant” behaviour
between random variables which are separately relatively far in time. However, the ARIMA offers a
solution on how this could be done. We recall that (1—B)X; = &; is a process which is nonstationary.
However we can no replace (1 — B)¢ (where d is a fraction) and see if one can obtain a compromise

between persistance (long memory) and nonstatonary (in the sense of differencing). Suppose
(1 — B)dXt = &t.

If 0 < d < 1/2 we have the expansions

1-B)=> 4B (1-B)"=) ¢;B
j=0 Jj=0
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where

__rG=4d _
YTIGE g P

I'(j+d)
L'(j+ 1)T'(d)
and I'(1 + k) = kI'(k) is the Gamma function. Note that > 2%, % < oo but > jeo¥; = oo. This

means that X; has the stationary solution

00
Xt = Z wjgt—j'
7=0

Noting to show that the above is true requires weaker conditions than those given in Lemma [4.2.1
It above process does not decay geometrically fast, and it can be shown that the sample covariance

is such that c(r) ~ |r|>**=! (hence is not absolutely summable).

4.7 Unit roots, integrated and non-invertible processes

4.7.1 Unit roots

If the difference equation has a root which is one, then an (almost sure) stationary solution of
the AR model does not exist. The simplest example is the ‘random walk’ X; = Xy 1 + & (¢(2) =
(1—2)). This is an example of an Autoregressive Integrated Moving Average ARIMA(0, 1,0) model
(1-B)X;=¢s.

To see that it does not have a stationary solution, we iterate the equation n steps backwards;
X = Z?:o et—j+ Xi—n. Stn = Z?:o g¢—; is the partial sum, but it is clear that the partial sum
St.n does not have a limit, since it is not a Cauchy sequence, ie. |S;,, — S¢.m| does not have a limit.
However, given some initial value X, for ¢ > 0 the so called “unit process” X; = X;_1 + & is well
defined. Notice that the nonstationary solution of this sequence is X; = Xg + 22:1 €¢—j which has
variance var(X;) = var(Xp) +¢ (assuming that {e;} are iid random variables with variance one and
independent of Xj).

We observe that we can ‘stationarize’ the process by taking first differences, i.e. defining

Yi=Xy — X41 =64,

Unit roots for higher order differences The unit process described above can be generalised to tak-

ing d differences (often denoted as an ARIMA(0, d, 0)) where (1—B)?X; = ¢; (by taking d-differences

we can remove d-order polynomial trends). We elaborate on this below.
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To stationarize the sequence we take d differences, i.e. let Y; o = X; and for 1 <4 < d define

the iteration
Yii=Yio1— Y151

and Y; = Y; g will be a stationary sequence. Note that this is equivalent to

d! .
Y - I — —1 ]Xf‘.
' ;J!(d—ﬁ!( N X

The ARIMA(p, d, q) model The general ARIMA(p,d, q) is defined as (1 — B)¢(B)X; = 0(B)e,

where ¢(B) and 0(B) are p and ¢ order polynomials respectively and the roots of ¢(B) lie outside
the unit circle.

Another way of describing the above model is that after taking d differences (as detailed in
(ii)) the resulting process is an ARMA(p, q) process (see Section [4.5|for the definition of an ARMA
model).

To illustrate the difference between stationary ARMA and ARIMA processes, in Figure

Suppose (1 — B)¢(B)X; = ¢; and let ¢(B) = (1 — B)¢(B). Then we observe that ¢(1) = 0.
This property is useful when checking for unit root behaviour (see Section .

More exotic unit roots

The unit root process need not be restricted to the case that the characteristic polynomial
associated the AR model is one. If the absolute of the root is equal to one, then a stationary

solution cannot exist. Consider the AR(2) model
X =2cos0X;_1 — Xi_9 + &4

The associated characteristic polynomial is ¢(B) = 1 — 2cos(d)B + B2 = (1 — eB)(1 — e ¥ B).

Thus the roots are e and e~ both of which lie on the unit circle. Simulate this process.

4.7.2 Non-invertible processes

In the examples above a stationary solution does not exist. We now consider an example where
the process is stationary but an autoregressive representation does not exist (this matters when we

want to forecast).
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Consider the MA(1) model X; = & — e,—1. We recall that this can be written as X; = ¢(B)ey
where ¢(B) = 1— B. From Example M(w) we know that ¢(z)~! does not exist, therefore it does

not have an AR(oco) representation since (1 — B)™1X; = &; is not well defined.

ar2l

T T T T T T T T T T
0 100 200 300 400 0 100 200 300 400

(a) Xy = 15X 1 —0.75X; 9+ ¢ (b) (1 = B)Y; = X;, where X; is defined in (a)

Figure 4.14: Realisations from an AR process and its corresponding integrated process, using
N(0,1) innovations (generated using the same seed).

4.8 Simulating from models

4.9 Some diagnostics

Here we discuss some guidelines which allows us to discriminate between a pure autoregressive
process and a pure moving average process; both with low orders. And also briefly discuss how to

identify a “unit root” in the time series and whether the data has been over differenced.

4.9.1 ACF and PACF plots for checking for MA and AR be-
haviour

The ACF and PACF plots are the autocorrelations and partial autocorrelations estimated from the
time series data (estimated assuming the time series is second order stationary). The ACF we came
across is Chapter 1, the PACF we define in Chapter [6], however roughly it is the correlation between

two time points after removing the linear dependence involving the observations inbetween. In R
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the functions are acf and pacf. Note that the PACF at lag zero is not given (as it does not make
any sense).

The ACF and PACF of an AR(1), AR(2), MA(1) and MA(2) are given in Figures [4.15{4.18

We observe from Figure and (which give the ACF of and AR(1) and AR(2) process)
that there is correlation at all lags (though it reduces for large lags). However, we see from the
PACF for the AR(1) has only one large coefficient at lag one and the PACF plot of the AR(2) has
two large coefficients at lag one and two. This suggests that the ACF and PACF plot can be used
to diagnose autoregressive behaviour and its order.

Similarly, we observe from Figures and (which give the ACF of and MA(1) and MA(2)
process) that there is no real correlation in the ACF plots after lag one and two respectively, but

the PACF plots are more ambigious (there seems to be correlations at several lags).
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Figure 4.15: ACF and PACF plot of an AR(1), X; = 0.5X;_1 + &, n = 400

4.9.2 Checking for unit roots

We recall that for an AR(1) process, the unit root corresponds to X; = X;—1 +¢&; i.e. ¢ =1. Thus
to check for unit root type behaviour we estimate ¢ and see how close ¢ is to one. We can formally
turn this into a statistical test Hy: ¢ =1 vs. Hy : |¢| < 1 and there several tests for this, the most
famous is the Dickey-Fuller test. Rather intriguingly, the distribution of $ (using the least squares
estimator) does not follow a normal distribution with a \/n-rate!

Extending the the unit root to the AR(p) process, the unit root corresponds to (1—B)¢(B)X; =
e+ where ¢(B) is an order (p — 1)-polynomial (this is the same as saying X; — X;_1 is a stationary

AR(p — 1) process). Checking for unit root is the same as checking that the sum of all the AR
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Figure 4.16: ACF and PACF plot of an AR(2), n = 400
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Figure 4.17: ACF and PACF plot of an MA(1), X; = &; + 0.8¢;_1, n = 400

coefficients is equal to one. This is easily seen by noting that ¢(1) = 0 where ¢(B) = (1 — B)¢(B)

or

(1-B)p(B)X: = Xi — (01 — 1) X341 — (P2 — ¢1) Xi—2 — (Pp—1 — Pp—2) Xt—pt1 + Pp—1Xi—p = 1.

Thus we see that the sum of the AR coefficients is equal to one. Therefore to check for unit root
behaviour in AR(p) processes one can see how close the sum of the estimate AR coefficients 2521 aj
is to one. Again this can be turned into a formal test.

In order to remove stochastic or deterministic trend one may difference the data. But if the
data is over differenced one can induce spurious dependence in the data which is best avoided

(estimation is terrible and prediction becomes a nightmare). One indicator of over differencing is
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Figure 4.18: ACF and PACF plot of an MA(2), n = 400
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Figure 4.19: ACF of differenced data Y; = X; — X;_;. Left X; = ¢, Right X; = 1.5X,_1 —
0.75X;_9 + ;.

the appearance of negative correlation at lag one in the data. This is illustrated in Figure |4.19
where for both data sets (difference of iid noise and differenced of an AR(2) process) we observe a

large negative correlation at lag one.

4.10 Appendix

Representing an AR(p) model as a VAR(1) Let us suppose X; is an AR(p) process, with the rep-

resentation

p
Xt = Z (f)th_j + &¢.
7j=1
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For the rest of this section we will assume that the roots of the characteristic function, ¢(z), lie
outside the unit circle, thus the solution causal. We can rewrite the above as a Vector Autoregressive

(VAR(1)) process
X, =AX, | +¢g (4.24)

where

: (4.25)

X, =(Xt,...,Xs—py1) and €} = (4,0,...,0). It is straightforward to show that the eigenvalues of

A are the inverse of the roots of ¢(z) (since

P P
det(A — 2I) = 2 — Z@Zp_i =2 (1~ Z@Z—i)),
=1 i=1

—ro(=1)

thus the eigenvalues of A lie inside the unit circle. It can be shown that for any |Apme(4)| <6 < 1,
there exists a constant Cs such that |[|A7||spee < Cs5d7 (see Appendix . Note that result is
extremely obvious if the eigenvalues are distinct (in which case the spectral decomposition can be
used), in which case ||| A7||spec < Cs|Amaz(A)[? (note that || Alspec is the spectral norm of A, which

is the largest eigenvalue of the symmetric matrix AA").

We can apply the same back iterating that we did for the AR(1) to the vector AR(1). Iterating
(13.4)) backwards k times gives

k—1
X, = Z Ajgtfj +ANX, .
j=0

Since AR X, 4 lle < [|A¥ | specl| Xl 5 0 we have

m .
X,=) Ae ;.
=0

131



We use the above representation to prove Lemma

PROOF of Lemma We first prove (i) There are several way to prove the result. The proof
we consider here, uses the VAR expansion given in Section ?7; thus we avoid using the Backshift
operator (however the same result can easily proved using the backshift). We write the ARMA

process as a vector difference equation
X, =AX, 1 +¢g (4.26)
where Xj = (X, ..., Xi—py1), £ = (6 + 227_; 0j1-5,0,...,0). Now iterating (4.26)), we have
©© .
Xt = Z A]§t_j, (4.27)
=0

concentrating on the first element of the vector X, we see that

i q
Xy = Z[Az]l,l(gt—i + Z Oict—i—j).
1=0 j=1

Comparing with the above it is clear that for j > ¢, aj = [A7]11 + Y ¢, 6;[A77"]1,1. Observe
that the above representation is very similar to the AR(1). Indeed as we will show below the A’
behaves in much the same way as the ¢’ in AR(1) example. As with ¢/, we will show that A’
converges to zero as j — oo (because the eigenvalues of A are less than one). We now show that
X < K072 p’|et—;| for some 0 < p < 1, this will mean that |a;| < Kp’. To bound |X;| we use
(14.27))

oo
Xt < 1Xoll2 < D 1A [speclles— s 2.
j=0

Hence, by using Gelfand’s formula (see Appendix we have ||| A7 || spec < Cpp? (for any [Amax(A)] <

p < 1, where Apax(A) denotes the largest maximum eigenvalue of the matrix A), which gives the

corresponding bound for |a;|.

To prove (ii) we use the backshift operator. This requires the power series expansion of Z(é))

If the roots of ¢(z) are distinct, then it is straightforward to write ¢(z)~! in terms of partial
fractions which uses a convergent power series for |z| = 1. This expansion immediately gives the

the linear coefficients a; and show that |a;| < C(146)~! for some finite constant C'. On the other
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hand, if there are multiple roots, say the roots of ¢(z) are A1,..., A\s with multiplicity mq,...,ms
(where ij:l ms = p) then we need to adjust the partial fraction expansion. It can be shown that
la;| < C|j|™axsImsl(1 4 §)~13l. We note that for every (1 +6)~! < p < 1, there exists a constant
such that [j|™axsImsl(1 4 )=l < Cpll, thus we obtain the desired result.

To show (iii) we use a similar proof to (i), and omit the details. O

Corollary 4.10.1 An ARMA process is invertible if the roots of 6(B) (the MA coefficients) lie
outside the unit circle and causal if the roots of ¢(B) (the AR coefficients) lie outside the unit
circle.

An AR(p) process and an MA(q) process is identifiable (meaning there is only one model associ-
ated to one solution). However, the ARMA is not necessarily identifiable. The problem arises when
the characteristic polynomial of the AR and MA part of the model share common roots. A simple
example is Xy = &, this also satisfies the representation Xy — ¢ X1 = e¢ — ¢per—1 etc. Therefore it

is mot possible to identify common factors in the polynomials.

One of the main advantages of the invertibility property is in prediction and estimation. We will
consider this in detail below. It is worth noting that even if an ARMA process is not invertible, one

can generate a time series which has identical correlation structure but is invertible (see Section

6.4).
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Chapter 5

A review of some results from

multivariate analysis

5.1 Preliminaries: Euclidean space and projections

In this section we describe the notion of projections. Understanding linear predictions in terms of
the geometry of projections leads to a deeper understanding of linear predictions and also algorithms

for solving linear systems. We start with a short review of projections in Fuclidean space.

5.1.1 Scalar/Inner products and norms

Suppose Zy,...,Z, € R? where p < d. There are two important quantities associated with the

space R%:

e The Euclidean norm: ||z|2 = \/2?21 x?

When we switch to random variables the L2-norm changes to the square root of the variance.

e The scalar/inner product

d
(ToZp) = D TajTe;.
j=1

If z, and z;, are orthogonal then the angle between them is 90 degrees and (z,,z;) = 0. It is

clear that (z,z) = HEH%
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When we switch to random variables, the inner product becomes the variance covariance.

Two random variables are uncorrelated if their covariance is zero.

Let X = sp(zy,...,x,) denote the space spanned by the vectors z;,...,z,. This means if z €

»
sp(zy, ..., x,), there exists coefficients {a;}_; where z =37%_, a;z;.
5.1.2 Projections

Let y € R?. Our aim is to project y onto sp(zy, ... ,gp). The projection will lead to an error which

is orthogonal to sp(zy,...,z,). The projection of y onto sp(zy,...,z,

) 1s the linear combination

z= Z?Zl ajz; which minimises the Euclidean distance (least squares)

2

j=1 ) j=1 j=1

The normal equations in (5.1) can be put in matrix form

p
/ L
Yz, =y iz, =0
=1

= X'Xa =Xy (5.2)
where X’ = (zy,...,z,). This leads to the well known solution
a=(X'X)"'Xy. (5.3)

The above shows that the best linear predictors should be such that the error y — Z§:1 ajz; and
z, are orthogonal (90 degrees). Let X = sp(zy,...,z,), to simplify notation we often use the
notation Py (y) to denote the projection of y onto X. For example, Px(y) = Z?:l ajz;, where
(y — Px(y),zy) = 0 for all 1 < ¢ < p. We will often use this notation to simplify the exposition
below.

Since the projection error y — Py (y) contains no linear information on X, then
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e All information on the Inner product between y and x, is contained in its projection:

(y,20) = y'zg = (Px(y),zy) 1<L<p

e FEuclidean distance of projection error:

5.1.3 Orthogonal vectors

We now consider the simple, but important case that the vectors {gj }§:1 are orthogonal. In this

case, evaluation of the coefficients o = (a1, ..., qp) is simple. From (5.4 we recall that

a=(X'X)"'Xy. (5.4)
If {gj }:;:1 are orthogonal, then X’X is a diagonal matrix where

(X'X) = diag ()21, ..., 22,) -
Since
d
(Xy)i = @iy
j=1

This gives the very simple, entry wise solution for a;

d
D=1 %Y

R Y
=1 "ij

5.1.4 Projecting in multiple stages

Suppose that z;,...,2,,2,.1 € RY. Let X, = sp(zy,. .. y2p) and Xp 41 = sp(2y, - -+, 2,4q). Observe
that X, is a subset of X;,1. With a little thought it is clear that X1 = sp(Xy, 2,1 — Px,(2,41))-

In other words, z,,,; — Px,(2,1) is the additional information in z,,, that is not contained in X,.
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Ifz,., €Xp, then .y — Px,(z,,1) =0.
Let y € R?. Our aim is to project y onto X, 11, but we do it in stages. By first projecting onto

Xp, then onto X,41. Since z.

1 — Px,(2,41) is orthogonal to X, (this is by the very definition of

Px,(z,,1)) we can write

I
I

PXp (y) + Ppo—PXp(ng)(Q) +e

The coefficient o can deduced by minimising the Euclidean distance of the above;

ly = Px, (1) = al@ps1 = Px, (2p41)]] -

Differentiating with respect to a leads to the normal equation

(y — Px,(y) — a(zpi1 — Px,(2p41)), (@pi1 — Px, (2p41))) =0

= <y - a(§p+1 — Px, @p-s-l))a @p-s-l - PXp(ip-i-l))) =0,

where the last line is because Px,(z,1)) is orthogonal to (z,.; — Px,(z,;1)). Thus solving the

above gives

<ﬂ7 Lpi1 — PXp (£p+1)>
H£p+1 - PXp@pH)H%

Therefore we can write y as

y = [Px,(y) —aPx,(z,,1))] +az,. +e (5.5)

If @ =0, then z,,, does not contain any additional information of y over what is already in X,.
The above may seem a little heavy. But with a few sketches using R? as an example will

make the derivations obvious. Once you are comfortable with projections in Euclidean space, the

same ideas transfer to projections of random variables where the innerproduct in the space is the

covariances (and not the scalar product).
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5.1.5 Spaces of random variables

The set-up described above can be generalized to any general vector space. Our focus will be on
spaces of random variables. We assume the random variables in the appropriate probability space.

We then define the (Hilbert) space of random variables
H ={X;X is a (real) random variables where var(X) < oo}.

This looks complicated, but in many ways it is analogous to Euclidean space. There are a few
additional complications (such as showing the space is complete, which we ignore). In order to
define a projection in this space project, we need to define the corresponding innerproduct and

norm for this space. Suppose X,Y € H, then the inner-product is the covariance
(X,Y) =cov(X,Y).
The norm is clearly the variance
IX13 = (X, X) = cov(X, X).

Most properties that apply to Euclidean space also apply to H. Suppose that Xi,..., X, are
random variables in H. We define the subspace sp(Xi, ..., X,)

P
sp(X1,...,Xn) = ¢ Y;where Y = Zanj )
j=1

i.e. all all random variables Z € H which can be expressed as a linear combination of {X;}7_;.
Now just as in Euclidean space you can project any y € R? onto the subspace spanned by the

vectors Zy, ..., Z,, we can project Y € H onto X = sp(Xi,...,X,). The projection is such that

P
Px(Y) =) a;X;,
j=1
where the o/ = (o, ..., ap) are such that

p p
<X5,Y—Zanj> :COV(Xg,Y—Zanj) =0 1 S] Sp.
7=1 7=1
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Using the above we can show that « satisfies
o = [var(X)] teov(X,Y).

where Y = (X1,...,X,)" (out of slopiness we will often use say we project onto Y rather than
project onto the space spanned by Y which is sp(X7,..., X,)).
The properties described in Section apply to H too:

e Inner product between Y and X, is contained in the projection:

(Y, Xy) = cov(Y, Xy) = cov (Px(Y), Xy) 1< <p. (5.6)

e The projection error

cov(Y — Px(Y),Y) = var[Y — Px(Y)].

This is rather formal. We now connect this to results from multivariate analysis.

5.2 Linear prediction

Suppose (Y, X), where X = (X7,..., X)) is a random vector. The best linear predictor of Y given
X is given by

p
Y = Z B;iX;
j=1

where 3 = 2)_(1)(2)(1/, with 8 = (B1,...,5p) and Xx x = var(X), Xxy = cov[X,Y]. The corresond-

ing mean squared error is

2

p
E(Y =) 8X| = BEY?)-SyxSikSxy.
j=1

Reason To understand why the above is true, we need to find the 6 which minimises

2

p
E(Y =) 0,X;] ,
j=1
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we assume that X; has zero mean. Differentiating the above wrt 6; leads to the normal equations
P
2 (B(YX;) - ) 6,E(X;X;) i=1,...,p.
j=1

Equating to zero (since we want to find the #; which minimises the above) is

p
E(YX,)-> 0; B(X;X;) =0 i=1,...,p
—— = —_————
=cov(Y,X;) =cov(X;,X;)

Writing the above as a matrix equation gives the solution

B = var (X) ' cov (V,X) = D% Dxy.

Substituting the above into the mean squared error gives

2
p
E(y-Y8X;| = E¥?-2EYY)+EY?).
j=1

Using that

where e is uncorrelated with {X}, thus it is uncorrelated with Y. This means E[YY] = E[Y?).
Therefore
2

p
E(y - 8X;| = EY?-EY? =E{Y? - fvar(X)8
j=1

= E(?) - Syx2Sxy.

5.3 Partial correlation

Suppose X = (Xi,...,Xy)" is a zero mean random vector (we impose the zero mean condition
to simplify notation but it’s not necessary). The partial correlation is the covariance between

X; and X, conditioned on the other elements in the vector. In other words, the covariance
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between the residuals of X; and X after removing their linear dependence on X _;; (the vector
not containing X; and X;) and the residual of X; conditioned on X _;;). To obtain an expression
for this correlation we simplify notation and let X = X;, Z = X; and Y = X _y

The notion of partial correlation can also easily be understood through projections and linear
prediction (though there are other equivalent derivations). We describe this below. Let Py (X)

denote the projection of the random variable X onto the space spanned by Y. L.e. Py (X) minimises

the MSE E[X — o’Y]2. The partial correlation between X and Z given Y is

ey — cov(X — Py(X),Z - Py (%)) .
2 Vvar(X — Py (X))var(Z — Py(2))

By using the results in the previous section we have
Py(X) = dyyY and Py(Z) =ayyY
where
axy = [var(Y)] " tcov(X,Y) and azy = [var(Y)] " tcov(Z,Y). (5.7)

Using (5.7)) we can write each of the terms in py 7y in terms of the elements of the variance matrix:

ie.

cov(X — Py(X),Z — Py(Z)) = cov(X,Z)—cov(X,Y) [var(Y)] tcov(Z,Y)
var(X — Py(X)) = var(X) — cov(X,Y) [var(Y)] tcov(X,Y)

var(Z — Py(Z)) = var(Z) —cov(Z,Y) [var(Y)] tcov(Z,Y).

Relating partial correlation and the regression cofficients We show how the above is related to the

coefficients in linear regression. Using the two-stage projection scheme described in (5.5)), but
switching from Euclidean space (and scalar products) to random variables and covariances we can

write

X = P(X)+Bz:x(Z—Py(Z)) +tex

and Z = Py(Z)+ Bxsz(X — Pr(X)) + ez, (5.8)
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where

cov(X,Z — Py(Z2))

Byoy = cov(Z,X — Py(X))
var(Z — Py (Z)) '

var(X — Py (X))

and Bxsz =

Since Z — Py (Z) is orthogonal to Y (and thus cov(Z — Py (Z), Py (X)) = 0) we have

cov(X,Z — Py(Z)) =cov(X — Py(X),Z — Py(Z)).

This is the partial covariance (as it is the covariance of the residials after projecting onto Y'). This

links 87, x and Bxsz to the partial covariance, since

cov(X — Py(X),Z — Py(Z2))
var(Z — Py (Z))

cov(Z — Py(Z),X — Py (X))
var(X — Py (X))

and Bx.z =

Bzsx =

To connect the regression coefficients to the partial correlations we rewrite we rewrite the partial

covariance in terms of the partial correlation:

cov(X — Py(X),Z - Py(2)) = pX’Z|y\/Var(X — Py(X))var(Z — Py(2)).

Substituting the expression for cov(X — Py (X), Z — Py(Z)) into the expression for Sz, x and Sx.z

gives

B var(X — Py (X)) B var(Z — Py (%))
Bzsx = PX,ZY\/Var(Z P (2) and fxsz = pX,Z|Y\/Var(X Py (X)) (5.9)

This leads to the linear regressions

X = (WX)-BzxPy(Z2))+ BzsxZ +ex
~~ ~——
in terms of Y in terms of Z
Z = (P¥(2) - BxszPv(X))+ Bx:zX +ez.
——
in terms of Z in terms of X

For below, keep in mind that var[ex] = var[X — Py z(X)] and varez]| = var[Z — Py x(Z)].
The identity in (5.9) relates the regression coefficients to the partial correlation. In particular,
the partial correlation is zero if an only if the corresponding regression coefficient is zero too.

We now rewrite (5.9) in terms of varfex] = var[X — Py, z(X)] and var[ez] = var[Z — Py x(Z)].
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This requires the following identity

var(X — Py,z(X))  var(X — Py (X))
var(Z — Py x(2))  var(Z — Py(Z))’ (5.10)

a proof of this identity is given at the end of this section. Using this identity together with (5.9)

gives
var(ex var(ey
Bzsx = px.z|y lex) and Bxsz = px z|y (e2) (5.11)
var(ez) var(ex)
and
var(ey) var(ey)
= = 5.12
Px,zly = Bzsx var(zy) Bxsz var(z7) (5.12)

Proof of identity (5.10) We recall that

Xi = Px_,,(Xi)+B5(X; — Px_,  (Xj)) +&

X; = Px_,,(X5)+B;(Xi — Px_,  (Xi)) +¢;.
To relate var(e;) and var(e; —;) we evaluate

Val“(El"fj) = Var(Xl- — szﬁ,j)(Xi))
= var[By(X; — Px_, (Xj))] 4 var(e:)

= %V&I‘[Xj — Pﬁf(i,j) (Xj)] + Var(gz-)

o [COV(Xi7 Xj - PX_(M) (X]))]Q n V&I‘(E')
VaI‘[Xj - PX,(M') (X])} ’
cov(X; — Px_,  (Xi), Xj — Px_,  (X;))]?

_ + var(g;
varlX; — Px_, (%)) ¢

c2.

1]
= ———— 4 var(g;).
Var(sj,_i) v (2)

where ¢;; = cov(X; — Px_, 5 (Xi), X = Px_, (Xj;)). By the same argument we have

VaI'(Ej’fi) m + var(ej)
= p?j = var(ej_;)var(e; —;) — var(e;)var(e; —j).
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Putting these two equations together gives
var(ej _;)var(e;,—;) — var(ej)var(e; —j) = var(e;,—j)var(ej,—;) — var(e;)var(ej ;).
This leads to the required identity

var(g;)  var(e;—j)

var(e;)  var(ej—;)’
and the desired result. OJ

Example 5.3.1 Define the three random vectors X1, Xo and X3, where X1 and Xo are such that
Xi1=X3+¢e Xo=X3+ 69

where €1 is independent of Xo and X3 and €9 is independent of X1 and X3 (and of course they are
independent of each other). Then cov(Xy, X2) = var(Xs) however the partial covariance between
X1 and Xo conditioned on X3 is zero. Le. X3 is driving the dependence between the models, once

it is removed they are uncorrelated and, in this example, independent.

5.4 Properties of the precision matrix

5.4.1 Summary of results

Suppose X' = (X7, ..., Xy) is a zero mean random vector (we impose the zero mean condition to

simplify notation but it is not necessary), where
Y =var[X]and T =¥

> is called the variance matrix, I' is called the precision matrix. Unless stated otherwise all vectors
are column vectors. We summarize the main results above in the bullet points below. We then

relate these quantities to the precision matrix.

e 3, =(Bi1,...,Bia) are the coefficients which minimise E[X; — 3;X_;]?, where
X, =(X1,..., Xi—1, Xi41, ..., Xq) (all elements in X excluding Xj;).
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e 3;_; are the coefficients which minimise E[X; — 8] _;X_(; ;)]*, where X_; ) are all elements

in X excluding X; and X.
e The partial correlation between X; and X; is defined as

cov(€i,—j, €j,—i)

o —corles _ies i) —
Pig (i €3-4) ¢Var(ei7_j)var(€j7_i)’

where

gi—j = Xi—Bi—iX_(ij

Ej,—i = Xj—ﬂj,_iX,(m).

It can be shown that

cov (g —j,€j—i) = cov(X;, X;)— cov(X;, X’_(i’j))var[X_(m)]_lcov(Xj,X_(i’j))
var (g;,—;) = var(X;) — cov(Xj, X'_(i,j))var[X_(iyj)]_lcov(Xi, X—(i,j))
var (ej,—;) = var(Xj;)— cov(Xj, X/_(m.))Var[X_(m)]_lcov(Xj, X_(ij))-
e The regression coefficients and partial correlation are related through the identity

var(g;)

Bij = pij var(s;)’ (5.13)

Let I'; ; denote the (7, j)th entry in the precision matrix I' = 71, Then I'; ; satisifies the following

well known properties

1

Lii = :
E[X; — B;X_;]?

For ¢ 75 ] we have Fi,j = —517]/E[X1 — B;X,Z]Q and

;i = ——> and = —
Bz,] T, Pi.j /7Fiirjj
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5.4.2 Proof of results

Regression and the precision matrix The precision matrix contains many hidden treasures. We

start by showing that the entries of the precision matrix contain the regression coefficients of X;
regressed on the random vector X_; = (X1,...,X;-1, Xi+1,...,Xg). We will show that the ith

row of X1 is

<—ﬁﬂ/0‘i2, —Big/O'iQ, 1/0’12 _Bid/o'i?->

where 03 = E[X; — B/X_]% Zj# Bi;Xij is the best linear predictor of X; given X_; and the ith
entry is 1/02 (notation can be simplified if set 8; = —1). And equivalently the ith column of X!

is the transpose of the vector

(-51‘1/0,2 —Biafo} ... —ﬂ,;d/af.).

Though it may seem surprising at first, the result is very logical.
We recall that the coefficients B; = (8;1,. .., 8iq) are the coeflicients which minimise E[X; —
B;X _;]%. This is equivalent to the derivative of the MSE being zero, this gives rise to the classical

normal equations

B(Xi =Y Bij X)X =Sig— > BijBje=0 1<L<j L
J#i J#i

Further, since X; — Z#i Bi,j X is orthogonal to X; we have

E[(Xi =Y B X)X = B[(Xi =) BiiX;)?).
J#i J#1
Recall that each row in the precision matrix is orthogonal to all the columns in 3 except one. We
show below that this corresponds to precisely the normal equation. It is easiest seen through the

the simple example of a 4 x 4 variance matrix

€11 €12 €13 Ci4
€21 C22 C23 C24
€31 €32 €33 C34

C41 C42 C43 Ca4
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and the corresponding regression matrix

1 —pi2 —pis —Pua
—Ba1 1 —faz —fau
—Bs1 —Bs2 1 P
—Bu =Bz —Paz 1

We recall from the definition of ; that the inner product between ¢ = (c11,c12,¢13,c14) and

By = (1, =i, — iz, —Pua) is

ﬁ1cl1 = <ﬁ1, Cl> = c11 — Pr2ci2 — Bizciz — Pizcis

4 4
= E[(X1 - B X)X =E[(X1 - > B1;X;)%.
=2 =2
Similarly

Bich = (B1,c2) = co1 — Bracaa — Prscas — Biscas

4
= E[(X1 =) fiyX))Xa] =0.
=2

The same is true for the other c; and Bj. Based on these observations, we observe that the

regression coefficients/normal equations give the orthogonal projections and

1 =Bz =Bz —Pua €11 Ci2 €13 Cl4
=P 1 —Paz —Pu Co1 C22 €23 Co4 . 9 9 9 9
= dlag(gla 02,03, 04))
—B31 =B 1 B3 €31 €32 €33 C34
—Ba1 —Baz —Pa3 1 C41 C42 €43 Cad
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where O'JQ- =E[(X; — > 3;X;)?]. Therefore the inverse of X is

1 =Bz =Bz —Pua
_ 1 - _
—B31 =P332 1 =P
—Bn —Paz —Paz 1
1/o?  —piajoi —pi3foi —Bia/oi
| Bafoi 1jod  —Pas/of —Pau/o}
—Bs1/03 —Bs2/oF  1/o  —Bsa/03
—Bu1/o3 —Ba/oi —Pazfoi  1/o}
By a similar argument we have
1 —f21 —fB31 —Ba
_ 1 — _
g | e 0 Giag(o?, 03,03, 0%)
—Bi1z3 =Pz 1 —fus
—Ba —Paa —Pza 1
1/o?  —Bajos —Bs1/03 —Ba/o}
_ —Bi2/ot  1)o3  —Bs2/0%F —Pa2/0}
—B13/0} —Bas/os  1)o3  —Pus/o}
—B14/0? —Bos/0d —Ps4)0? 1/o?

In summary, the normal equations give the matrix multiplication required for a diagonal matrix
(which is is exactly the definition of ¥I" = I, up to a change in the diagonal).

Clearly, the above proof holds for all dimensions and we have

1
i = —,
0;
and
3 r
Tij=——5 =B =1
; A

Writing the partial correlation in terms of elements of the precision matrix By using the identity
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(5.12) (and that f;; = ;) we have

o [var[g]
pij = Bij —Var[;i]. (5.14)

We recall that I';; = V&I‘(Xi — PX% (Xi))_l, Fjj = V&I‘(Xj — PX,j (Xj))_l and Fij = —b’ijfii gives

i = Ly JTa Ty
Y Lii || Ty Tilj;

The above represents the partial correlation in terms of entries of the precision matrix.

5.5 Appendix

Alternative derivations based on matrix identities

The above derivations are based on properties of normal equations and some algebraic manipu-
lations. An alternative set of derivations is given in terms of the inversions of block matrices,

specifically with the classical matrix inversions identities

-1

A B A7ty A7lBpPTicATY —ATiBP!
_ (5.15)
C D —P7tcA™! Pt
Pyt ~P,;'BD!

-D-'cPy' D'+ D 'CP;'BD™!

where P, = (D — CA™!'B) and P, = (A — BD71(C). Or using the idea of normal equations in

projections.

The precision matrix and partial correlation

Let us suppose that X = (X3,..., Xy) is a zero mean random vector with variance . The (i, j)th
element of ¥ the covariance cov(X;, X;) = X;;. Here we consider the inverse of ¥, and what
information the (i, j)th of the inverse tells us about the correlation between X; and X;. Let X%

denote the (4, j)th element of ¥ ™. We will show that with appropriate standardisation, X% is the
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negative partial correlation between X; and X;. More precisely,

i

The proof uses the inverse of block matrices. To simplify the notation, we will focus on the (1, 2)th

element of ¥ and X! (which concerns the correlation between X; and X»).

Remark 5.5.1 Remember the reason we can always focus on the top two elements of X is because
we can always use a permutation matriz to permute the X; and X; such that they become the top

two elements. Since the inverse of the permutation matriz is simply its transpose everything still

holds.

Let X102 = (X1,X2), X _(19) = (X3,...,Xa), X _(12) = var(X (1)), ¢1,2 = cov(X (1,2, X (1,2))

and X 2 = var(X2). Using this notation it is clear that

by C

var(X)=x = [ 0 12 (5.17)
€12 E—(1,2)

By using ((5.15)) we have
-1 _p-1y y-1
w1 P Prasbqy (5.18)
1 1 1 -1 -1 -1 ’
I a2l P A BT e P A )

where P = (312 — 9’1722:%1’2)91,2). Comparing P with (?7), we see that P is the 2 x 2 variance/-
covariance matrix of the residuals of X (; 7) conditioned on X _(; 5y. Thus the partial correlation

between X7 and X5 is

P s

P12 = e
VP11 P2

where P;; denotes the elements of the matrix P. Inverting P (since it is a two by two matrix), we

(5.19)

see that

1 Py —Pio

pl____*
= 2
PiaPys — Pfy —Pi2 Py

(5.20)

Thus, by comparing ({5.18)) and (5.20]) and by the definition of partial correlation given in ({5.19)) we
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have

p.2)
p(l,l)p(2,2)

= —pP1,2-

Let ¥¥ denote the (4, )th element of ¥~!. Thus we have shown (5.16)):

»i

Ty 5.21
0 e 21

In other words, the (i,7)th element of X! divided by the square root of its diagonal gives negative
partial correlation. Therefore, if the partial correlation between X; and X; given X;; is zero, then

»ii = 0.

The precision matrix and the coefficients in regression

The precision matrix, ¥ !, contains many other hidden treasures. For example, the coefficients of
Y1 convey information about the best linear predictor X; given X _; = (X1,..., X;—1, Xis1,..., Xq)
(all elements of X except X;). Let

Xi= ZBi,ij + &,
J7#
where {f; ;} are the coefficients of the best linear predictor. Then it can be shown that

P
Ty

1
[Xi — Zj;éi 51',ij]2.

Bij = and X" = (5.22)

The precision matrix and the mean squared prediction error

We start with a well known expression, which expresses the prediction errors in terms of the
determinant of matrices.

We recall that the prediction error is

E[Y - Y]? =0y — Syx S5k Sxy (5.23)
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with oy = var[Y]. Let

5 var [Y] EYX

Yxy Xxx

We show below that the prediction error can be rewritten as

> _ det(X)
EY —YP? =0y — Sy xXvi Zxy = ———"—.
[ " =0y — SyxIxExy Aot (D)
Furthermore,
1 1
-1\ _ _
), = = =

oy — SyxSxkExy E[Y —Y]2

Proof of (5.25)) and ([5.26]) To prove this result we use

A B L
det = det(D)det (A— BD™'C).
C D
Applying this to (5.27)) gives
det(E) = det(sz) (O’y — Zyxz;(lexy)
= det(Y) = det(Sxy)E[Y — V]2

thus giving (5.25]).

To prove ((5.26)) we use the following result on the inverse of block matrices

-1

A B A~ 4+ ATIBPICATY —ATIBP?
C D ~PtcA™! Pt
Pyt ~P,'BD™!

-D-'cpPy' D'+ D7'CP;'BD!

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

where P, = (D — CA™!'B) and P, = (A — BD~'C). This block inverse turns out to be crucial in

deriving many of the interesting properties associated with the inverse of a matrix. We now show

that the the inverse of the matrix 3, ¥~! (usually called the precision matrix) contains the mean

squared error.
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Comparing the above with ([5.24]) and (5.23)) we see that

1 1

-1y _
(E )11 - o —1 - 12
oy —Xyxdyy2Xxy E[Y -Y]

which immediately proves (5.26)).

The Cholesky decomposition and the precision matrix

We now represent the precision matrix through its Cholesky decomposition. It should be mentioned
that Mohsen Pourahmadi has done a lot of interesting research in this area and he recently wrote
a review paper, which can be found here.

We define the sequence of linear equations

t—1

Xe=) BiXj+e, t=2,... .k (5.30)
j=1

where {f;;;1 < j <t—1} are the coefficeints of the best linear predictor of X; given X1,..., X;_1.
Let 07 = var[e;] = B[X; — Z;;l Bt X;]? and oF = var[X;]. We standardize 1) and define

¢ t—1
1
Z%,ij = X — Z/Bt,ij ; (5.31)
7=1 j=1
where we set v,y = 1/0; and for 1 < j <t —1, v ; = —f;/0;. By construction it is clear that
var(LX) = Iy, where
71,1 0 0 e 0 0
Y21 Y22 0 ... 0 0
L=1 1 132 13 ... 0 0 (5.32)
Ye1 VE2 VE3  --- Vkk—1 Vkk

and LL = X! (see Pourahmadi, equation (18)), where ¥ = var(X}). Let ¥ = var[X}], then

k
»i = Z YisVjs (note many of the elements will be zero).
s=1
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Remark 5.5.2 (The Cholesky decomposition of a matrix) All positive definite matrices ad-
mit a Cholesky decomposition. That is H'H = Sigma, where H is a lower triangular matriz. Sim-
ilarly, Sigma™' = LL', where L is a lower triangular matriz and L = H~'. Therefore we observe

that if ¥ = var(X) (where X is a p-dimension random vector), then
var (LX) = I'SL = UH'HL = I,

Therefore, the lower triangular matriz L “finds” a linear combination of the elements X such that

the resulting random wvector is uncorrelated.

We use apply these results to the analysis of the partial correlations of autoregressive processes

and the inverse of its variance/covariance matrix.

A little bit more indepth: general vector spaces

First a brief definition of a vector space. X is called an vector space if for every z,y € X and
a,b € R (this can be generalised to C), then axz + by € X. An inner product space is a vector
space which comes with an inner product, in other words for every element =,y € X we can defined
an innerproduct (z,y), where (-,-) satisfies all the conditions of an inner product. Thus for every
element x € X we can define its norm as ||z|| = (x,z). If the inner product space is complete
(meaning the limit of every sequence in the space is also in the space) then the innerproduct space

is a Hilbert space (see wiki).

Example 5.5.1 (i) The Euclidean space R™ described above is a classical example of a Hilbert

space. Here the innerproduct between two elements is simply the scalar product, (x,y) =
Z:‘L:1 LiYi.

(ii) The subset of the probability space (2, F, P), where all the random variables defined on 2
have a finite second moment, ie. E(X?) = JoX w)2dP(w) < oo. This space is denoted as

L3(), F, P). In this case, the inner product is <X, Y) =E(XY).

(iii) The function space L*[R, ], where f € L?[R, ] if f is mu-measureable and

/ (@) Pdu(z) < oo
R
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is a Hilbert space. For this space, the inner product is defined as

(f.) = /R F(@)g(x)du(z).

It is straightforward to generalize the above to complex random variables and functions defined

on C. We simply need to remember to take conjugates when defining the innerproduct, ie. (X,Y) =

cov(X,Y) and (f,9) = [o f(2)g9(2)du(z).

In this chapter our focus will be on certain spaces of random variables which have a finite variance.

Basis

The random variables {X;, X; 1,..., X1} span the space X! (denoted as sp(Xy, Xy_1,...,X1)), if

for every Y € X}, there exists coefficients {a; € R} such that

t
Y =) ;X1 (5.33)
j=1
Moreover, Sp(Xt, X¢—1,...,X1) = A} if for every {a; € R}, 23:1 ajXit1-j € XL, We now
define the basis of a vector space, which is closely related to the span. The random variables
{X4,..., X1} form a basis of the space X!, if for every Y € X}' we have a representation (5.33)) and
this representation is unique. More precisely, there does not exist another set of coefficients {¢;}
such that Y = 2221 ¢;X¢y1—j. For this reason, one can consider a basis as the minimal span, that

is the smallest set of elements which can span a space.

Definition 5.5.1 (Projections) The projection of the random variable Y onto the space spanned
bysp(X¢, Xi—1,...,X1) (often denoted as Px, x, ... x,(Y)) is defined as Px, x, ... x,(Y) = Z;zl i X414,
where {c;} is chosen such that the difference Y —P(x, x, |  x,)(Y?) is uncorrelated (orthogonal/per-
pendicular) to any element in Sp(Xy, Xi—1,...,X1). In other words, Px, x, .. x,(Y:) is the best

linear predictor of Y given Xy,..., X1.

Orthogonal basis

An orthogonal basis is a basis, where every element in the basis is orthogonal to every other element

in the basis. It is straightforward to orthogonalize any given basis using the method of projections.
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To simplify notation let X,,_; = Px, , . x,(X¢). By definition, X; — X;;_; is orthogonal to
the space sp(X¢—1, X¢—1,...,X1). In other words X; — X;;_; and X (1 < s < t) are orthogonal
(cov(Xs, (X¢ — Xy¢—1)), and by a similar argument X; — X,;_; and X — X,|,_; are orthogonal.

Thus by using projections we have created an orthogonal basis X1, (X2 —Xy1), .., (Xt = Xy—1)
of the space sp(X1, (X2 — Xo1),..., (X¢ — Xyp—1)). By construction it clear that Sp(Xi, (X2 —
Xoj1), -+ (Xt — Xy4—1)) is a subspace of 5p(X¢, ..., X1). We now show that
SP(X1, (X2 — Xop1), -+ o (Xy — Xyp1)) = 8D(Xy, ..., X0).

To do this we define the sum of spaces. If U and V' are two orthogonal vector spaces (which
share the same innerproduct), then y € U @ V, if there exists a w € U and v € V such that
y = u+v. By the definition of A}, it is clear that (X; — Xy;_1) € &, but (X; — Xy,_1) ¢ XL .
Hence X! = sp(X; — Xij—1) @ X} |. Continuing this argument we see that X' = sp(X; — Xijt—1) @
sp(Xi—1 — Xy—1)p—2)®, ..., ®sp(X1). Hence sp(Xy, ..., X1) = sp(Xe — Xyp—1, ..., X2 — Xoj1, X1).

Therefore for every Px, . x,(Y)= Z;Zl a; Xt 41—, there exists coefficients {b;} such that

t t—1
PXt,.--,X1 (Y) = PXt*Xt\t717~--,X2*X2|1,Xl (Y) = Z PXt+17j*Xt+17j\t7j (Y) = Z bj(Xt+1—j - Xt+1fj|tfj) + 01 X7,
Jj=1 Jj=1

where b; = E(Y(X; — X;;1))/E(X; — X;;-1))*. A useful application of orthogonal basis is the
ease of obtaining the coefficients b;, which avoids the inversion of a matrix. This is the underlying

idea behind the innovations algorithm proposed in Brockwell and Davis (1998), Chapter 5.

Spaces spanned by infinite number of elements (advanced)

The notions above can be generalised to spaces which have an infinite number of elements in their
basis. Let now construct the space spanned by infinite number random variables {X;, X;_1,...}.
As with anything that involves co we need to define precisely what we mean by an infinite basis.
To do this we construct a sequence of subspaces, each defined with a finite number of elements
in the basis. We increase the number of elements in the subspace and consider the limit of this
space. Let X" = 5p(Xy,...,X_,), clearly if m > n, then X" C X, ™. We define X, *°, as
X, = Up A", in other words if Y € X, °°, then there exists an n such that ¥ € A",
However, we also need to ensure that the limits of all the sequences lie in this infinite dimensional
space, therefore we close the space by defining defining a new space which includes the old space and

also includes all the limits. To make this precise suppose the sequence of random variables is such
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that Yy € &, °, and E(Yj, —Y,,)? — 0 as s1,52 — co. Since the sequence {Y;} is a Cauchy sequence
there exists a limit. More precisely, there exists a random variable Y, such that E(Ys —Y)? — 0 as
s — 00. Since the closure of the space, X, " contains the set X, ™ and all the limits of the Cauchy

sequences in this set, then Y € X, >°. We let

X7® =85p(Xy, Xi_1,...), (5.34)

The orthogonal basis of sp(X;, X;_1,...)

An orthogonal basis of Sp(X¢, X;—1,...) can be constructed using the same method used to orthog-
onalize sp(Xy, X;—1,...,X1). The main difference is how to deal with the initial value, which in the
case of 8p(X¢, X¢—1,...,X1) is X;. The analogous version of the initial value in infinite dimension
space Sp(X¢, X¢—1,...) is X_, but this it not a well defined quantity (again we have to be careful
with these pesky infinities).

Let X;_1(1) denote the best linear predictor of X; given X;_1, X;_9,.... As in Section it is
clear that (X;—X;_1(1)) and X for s < t—1 are uncorrelated and thoo = @(Xt—Xt_l(l))@ﬁ,
where F = 8p(X¢, X¢—1,...). Thus we can construct the orthogonal basis (X;—X;_1(1)), (X¢—1—
Xi—2(1)),... and the corresponding space sp((X¢ — X¢—1(1)), (X¢—1 — X¢—2(1)),...). It is clear that
Sp((Xe—Xi—1(1)), (X1 — Xi—2(1)), . ..) € Sp(X4, Xi—1,...). However, unlike the finite dimensional
case it is not clear that they are equal, roughly speaking this is because Sp((X; — X;—1(1)), (X¢—1 —
Xi—2(1)),...) lacks the inital value X_o,. Of course the time —oo in the past is not really a well
defined quantity. Instead, the way we overcome this issue is that we define the initial starting
random variable as the intersection of the subspaces, more precisely let X o = Mo _ A, .
Furthermore, we note that since X, — X,,_1(1) and X (for any s < n) are orthogonal, then

Sp((Xt — X¢—1(1)), (X1 — Xt¢—2(1)),...) and X_ are orthogonal spaces. Using X_.,, we have
@EZO@((‘X}*]’ - Xt*jfl(l)) DA = @(Xta Xt*h i )
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Chapter 6

The autocovariance and partial

covariance of a stationary time series

Objectives
e Be able to determine the rate of decay of an ARMA time series.
e Be able ‘solve’ the autocovariance structure of an AR process.

e Understand what partial correlation is and how this may be useful in determining the order

of an AR model.

6.1 The autocovariance function

The autocovariance function (ACF) is defined as the sequence of covariances of a stationary process.
Precisely, suppose {X;} is a stationary process with mean zero, then {c(r) : k € Z} is the ACF of
{X:} where ¢(r) = cov(Xo, X;). The autocorrelation function is the standardized version of the
autocovariance and is defined as

_c(r
p(r) = %

~—

Clearly different time series give rise to different features in the ACF. We will explore some of these

features below.
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Before investigating the structure of ARMA processes we state a general result connecting linear

time series and the summability of the autocovariance function.

Lemma 6.1.1 Suppose the stationary time series X; satisfies the linear representation Z?’;foo Vi€t—j.
The covariance is c(r) = 322 Vjbjtr.
(i) If S o liy| < 00, then ¥y le(k)] < ox.
(i1) If S35 o liiy] < oo, then Xy [k - e(k)| < oc.
(iii) If Z;‘ioo 1;]? < 0o, then we cannot say anything about summability of the covariance.

PROOF. It is straightforward to show that
c(k) = var[e/] Z V.
J

Using this result, it is easy to see that >, [e(k)| < 325 D2 ;] - [kl thus 3 [e(k)| < oo, which
proves (i).

The proof of (ii) is similar. To prove (iii), we observe that >, 1;]? < oo is a weaker condition
then » . [¢;| < oo (for example the sequence ¢); = | 4|1 satisfies the former condition but not the

latter). Thus based on the condition we cannot say anything about summability of the covariances.

O

First we consider a general result on the covariance of a causal ARMA process (always to obtain

the covariance we use the MA(o0) expansion - you will see why below).

6.1.1 The rate of decay of the autocovariance of an ARMA process

We evaluate the covariance of an ARMA process using its MA(co) representation. Let us suppose
that {X;} is a causal ARMA process, then it has the representation in (4.20)) (where the roots of
¢(z) have absolute value greater than 1+ J). Using (4.20) and the independence of {e;} we have

o0 o]
cov(Xy, X7) = COV(Z Q1 Et—j1 5 Z AjaEr—js)

Jj1=0 72=0
oo oo
= Y ajaj,c0v(er—j,6r—j) = Y aja; s var(e) (6.1)
j=0 Jj=0
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(here use the MA(0c0) expansion). Using (4.21]) we have

< < jt—]
lcov(Xy, Xr)| < var(e)C2 Y plp Tl < C2p1T1 N = p27 = 2 1” — (6.2)
j=0 j=0

forany 1/(1+9) <p<1.

The above bound is useful, it tells us that the ACF of an ARMA process decays exponentially
fast. In other words, there is very little memory in an ARMA process. However, it is not very
enlightening about features within the process. In the following we obtain an explicit expression for
the ACF of an autoregressive process. So far we have used the characteristic polynomial associated
with an AR process to determine whether it was causal. Now we show that the roots of the
characteristic polynomial also give information about the ACF and what a ‘typical’ realisation of

a autoregressive process could look like.

6.1.2 The autocovariance of an autoregressive process and the
Yule-Walker equations

Simple worked example Let us consider the two AR(1) processes considered in Section We

recall that the model
Xt = 0.5Xt_1 + &
has the stationary causal solution
o0 .
Xy =) 05/g_;.
§=0

Assuming the innovations has variance one, the ACF of X, is

1 0.5%
)= — -
xO =105 1-052
The corresponding autocorrelation is
px (k) = 0.5%1.
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Let us consider the sister model

Y;E = 2Y;€—1 + &,

this has the noncausal stationary solution

o0

Yi=—Y (0.5 e 4.
§=0
Thus process has the ACF
0.5 052+l
a0 =1"07 «l=7"35
The corresponding autocorrelation is
px (k) = 0.5F,

Comparing the two ACFs, both models have identical autocorrelation function.

Therefore, we observe an interesting feature, that the non-causal time series has the same
correlation structure of its dual causal time series. For every non-causal time series there exists
a causal time series with the same autocovariance function. The dual is easily constructed. If an
autoregressive model has characteristic function ¢(z) =1 — Z§:1 $;27 with roots A1, ..., \p. If all
the roots lie inside the unit circle, then ¢(z) corresponds to a non-causal time series. But by flipping
the roots )\1_1, ce Ay 1 all the roots now lie outside the unit circle. This means the characteristic
polynomial corresponding to A, . .. Ay ! leads to a causal AR(p) model (call this ¢(z)). More over
the characteristic polynomial of the AR(p) models associated with ¢(z) and ¢(z) have the same

autocorrelation function. They are duals. In summary, autocorrelation is ‘blind’ to non-causality.

Another worked example Consider the AR(2) model

X; = 2rcos(0)Xy_1 — r*Xy_o + &4, (6.3)

where {e;} are iid random variables with mean zero and variance one. We assume 0 < r < 1

(which imposes causality on the model). Note, that the non-casual case (r > 1) will have the

1

same autocovariance as the causal case with r flipped to r~". The corresponding characteristic
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polynomial is 1 — 27 cos(6)z 4222, which has roots r~! exp(=£if). By using (6.11]), below, the ACF

is
(k) = rl¥l [C1 exp(ikf) + C1 exp(—ik6)] .
Setting C7 = aexp(ib), then the above can be written as
c(k) = ar™ (exp(i(b + k6)) + exp(—i(b+ k0))) = 2ar*! cos (k6 + b) (6.4)

where the above follows from the fact that the sum of a complex number and its conjugate is two
times the real part of the complex number.

Consider the AR(2) process
Xt = 1.5Xt,1 — 0-75Xt72 + &¢, (65)

where {&;} are iid random variables with mean zero and variance one. The corresponding character-
istic polynomial is 1—1.524-0, 7522, which has roots y/4/3 exp(in/6). Using 1) the autocovariance

function of {X,} is
= |K| T
c(k) = a(~/3/4)" cos (kz6 + b) .

We see that the covariance decays at an exponential rate, but there is a periodicity within the
decay. This means that observations separated by a lag k = 12 are more closely correlated than
other lags, this suggests a quasi-periodicity in the time series. The ACF of the process is given
in Figure Notice that it decays to zero (relatively fast) but it also undulates. A plot of a
realisation of the time series is given in Figure notice the quasi-periodicity of about 27/12. To
measure the magnitude of the period we also give the corresponding periodogram in Figure (6.2
Observe a peak at the frequency about frequency 27/12 ~ 0.52. 'We now generalise the results in

the above AR(1) and AR(2) examples. Let us consider the general AR(p) process

p
Xt = Z ¢th_j + &¢.
j=1

Suppose the roots of the corresponding characteristic polynomial are distinct and we split them
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Figure 6.1: The ACF of the time series X; = 1.5X; 1 — 0.75X,_5 + &
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Figure 6.2: Left: A realisation from the time series X; = 1.5X; 1 — 0.75X;_5 + &;. Right:
The corresponding periodogram.
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into real and complex roots. Because the characteristic polynomial is comprised of real coefficients,

the complex roots come in complex conjugate pairs. Hence let us suppose the real roots are {\; };:1

g»p: _7,72{2 The covariance in ((6.10]) can be written as

and the complex roots are {\j, A;}

(p—2)/2

,
(k) =Y CixF+ > ayn|7F cos(k; + b;)
j=1 j=r+1
where for j > r we write \; = |\j|exp(if;) and a; and b; are real constants. Notice that as the

example above the covariance decays exponentially with lag, but there is undulation. A typical

realisation from such a process will be quasi-periodic with periods at 6,1, ..,0(,_,)/2, though the

p—)

magnitude of each period will vary.

Exercise 6.1 Recall the AR(2) models considered in Ezercise . Now we want to derive their
ACF functions.

(i) (a) Obtain the ACF corresponding to

7 2
Xi=-Xy 1 —=-X;_
t 3 t—1 3 t—2 + &¢,

where {&;} are iid random variables with mean zero and variance o>.

(b) Obtain the ACF corresponding to

4x+/3 42
X1 — 5 Xi—2 + e,

X, —
t 5 5

where {&;} are iid random variables with mean zero and variance o>.

(¢) Obtain the ACF corresponding to

Xe = X1 — 44Xy 0 + &4,

where {&¢} are id random variables with mean zero and variance o>,

(i) For all these models plot the true ACF in R. You will need to use the function ARMAacft.
BEWARE of the ACF it gives for non-causal solutions. Find a method of plotting a causal

solution in the non-causal case.

Exercise 6.2 In Exercise you constructed a causal AR(2) process with period 17.
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Load Shumway and Stoffer’s package astsa into R (use the command install.packages("astsa")

and then library("astsa").
Use the command arma.spec to make a plot of the corresponding spectral density function. How

does your periodogram compare with the ‘true’ spectral density function?

Derivation of the ACF of general models (advanced)

Worked example Let us suppose that X; satisfies the model X; = (a + b)Xy—1 — abX;—2 + &¢. We

have shown that if |a| < 1 and |b| < 1, then it has the solution

oo
X, = (Z (bj+1 _ aj+1)€t_j).
By matching the innovations it can be shown that for » > 0

(bj-i-l _ aj-l—l)(bj-i-l-i-r _ aj+1+r)_ (6.6)

M

<
Il
o

COV(Xt, Xt+r) =

Even by using the sum of a geometric series the above is still cumbersome. Below we derive the
general solution, which can be easier to interprete.

General AR(p) models

Let us consider the zero mean AR(p) process {X;} where
P
Xi=> ¢jXij+er (6.7)
j=1

From now onwards we will assume that {X;} is causal (the roots of ¢(z) lie outside the unit circle).

Evaluating the covariance of above with respect X;_j (k < 0) gives the sequence of equations

p
cov(Xi X)) = > jeov(Xij, Xip). (6.8)
j=1

It is worth mentioning that if the process were not causal this equation would not hold, since &;
and X;_j are not uncorrelated. Let ¢(r) = cov(Xp, X, ) and substituting into the above gives the

sequence of difference equations
P
c(k) = ¢je(k—j)=0, k>0 (6.9)
j=1
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The autocovariance function of {X;} is the solution of this difference equation. Solving (6.9)) is
very similar to solving homogenuous differential equations, which some of you may be familar with
(do not worry if you are not).

Recall the characteristic polynomial of the AR process ¢(z) = 1 — ?:1 quzj = 0, which has
the roots A1,...,A,. In Section we used the roots of the characteristic equation to find the
stationary solution of the AR process. In this section we use the roots characteristic to obtain the

solution (6.9). We show below that if the roots are distinct (the roots are all different) the solution

of is
p
=S o, (6.10)
j=1

where the constants {C}} are chosen depending on the initial values {c(k) : 1 < k < p}. If A; is
real, then Cj is real. If \; is complex, then it will have another root A;y;. Consequently, C; and
Cj4+1 will be complex conjugations of each other. This is to ensure that {c(k)} is real.

Example p = 2 Suppose the roots of ¢(z) = 1 — ¢12 — ¢p2? are complex (and this conjugates). Then

Ikl

c(k) = CoATF oo = oM L ox” (6.11)

Proof of (6.10) The simplest way to prove 1) is to use the plugin method (guess a solution and
plug it in). Plugging c(k) = >0, Cj/\j_k into gives

—ij@-c(k—j) = ZO (A ¢ Z@ )

which proves that it is a solution. ]

Non-distinct roots In the case that the roots of ¢(z) are not distinct, let the roots be Aq,..., As

with multiplicity mq,...,ms (3 7_; mg = p). In this case the solution is

=> AP, (k)
j=1
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where Pp,; (k) is m;th order polynomial and the coefficients {C;} are now ‘hidden’ in P, (k).

6.1.3 The autocovariance of a moving average process
Suppose that {X;} satisfies
q
Xy =¢e+ Zajag,j.
j=1

The covariance is

Z?:() 0291—16 k= —-q,---,4

0 otherwise

cov(Xe, Xyk) =

where 8y = 1 and 6, = 0 for ¢ < 0 and 7 > g. Therefore we see that there is no correlation when

the lag between X; and X;_j is greater than q.

6.1.4 The autocovariance of an ARMA process (advanced)

We see from the above that an MA(g) model is only really suitable when we believe that there
is no correlaton between two random variables separated by more than a certain distance. Often
autoregressive models are fitted. However in several applications we find that autoregressive models
of a very high order are needed to fit the data. If a very ‘long’ autoregressive model is required
a more suitable model may be the autoregressive moving average process. It has several of the
properties of an autoregressive process, but can be more parsimonuous than a ‘long’ autoregressive
process. In this section we consider the ACF of an ARMA process.

Let us suppose that the causal time series {X;} satisfies the equations

p q
Xi — Z $iXi—i =&t + Z Ojet—;.
i—1 =1

We now define a recursion for ACF, which is similar to the ACF recursion for AR processes. Let
us suppose that the lag k is such that k£ > ¢, then it can be shown that the autocovariance function

of the ARMA process satisfies

P
cov(Xy, Xp—) — Z picov(X—iy, X¢—x) =0 k>q.
i=1
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On the other hand, if £ < ¢, then we have

P q q
cov(Xy, Xyx) — Z picov(Xi—i, Xok) = Z Ojcov(er—j, Xe—p) = Z Ojcov(er—j, Xi—k).
i=1 j=1 j=k
We recall that X; has the MA(co) representation X; = E;io aje—; (see (4.20))), therefore for
k < j < g we have cov(e—;, X¢—) = a;j_gvar(e;) (where a(z) = 0(2)$(z)~1). Altogether the above

gives the difference equations
q
= var(ey) ZGJ-aj_k for1<k<g
j=k

p
c(k) = ¢ic(k — i)
i=1
P
c(k) = ¢ic(k —i) = 0, for k> g,
i=1
where ¢(k) = cov(Xp, Xi). Since the above is a is homogenuous difference equation, then it can be

shown that the solution is
c(k) =Y APy, (k),
=1

where Ai,...,As with multiplicity mq,...,ms (3 ,ms = p) are the roots of the characteristic
polynomial 1 — Z?:l quzj . The coefficients in the polynomials P, are determined by initial
condition.

Further reading: |Brockwell and Davis| (1998]), Chapter 3.3 and Shumway and Stoffer| (2006),
Chapter 3.4.

6.1.5 Estimating the ACF from data

Suppose we observe {Y;}};, to estimate the covariance we can estimate the covariance c(k) =

cov(Yp, Yy) from the the observations. One such estimator is
n—|k|

Bk =+ 3 (Y~ V) Vi — Vo, (612)
t=1
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since B[(Y; — Yy) (Y5 — Ya)] = ¢(k). Of course if the mean of Y; is known to be zero (Y; = Xy),

then the simpler covariance estimator is

n—|k|

. 1

Cn(k;) = ﬁ Z XtXt+|k|'
t=1

The sample autocorrelation is the ratio

~ oy Calr)

Thus for r = 0, we have p,(0) = 1. Most statistical software will have functions that evaluate the
sample autocorrelation function. In R, the standard function is acf. To illustrate the differences

between the true ACF and estimated ACF (with sample size n = 100) we consider the model
X, =2-0.9cos(n/3)X;_1 —0.9°X;_o + ;.

We make a plot of the true ACF and estimated ACF in Figure ?7. As a contrast we consider the
estimated and true ACF of the MA model

X =¢e;+2-0.9cos(m/3)er_1 — 0.9%;_o. (6.13)

This plot is given in Figure [6.4]

Observe that estimated autocorrelation plot contains a blue line. This blue line corresponds to
+1.96/+/n (where n is the sample size). These are the error bars, which are constructed under the
assumption the data is actually iid. We show in Section if {X;} are iid random variables then
forall h >1

Vnen(h) 3 N(0,1). (6.14)

This gives rise to the critical values £1.96//n.
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Figure 6.4: The MA(2) model. Left: Estimated ACF based on n = 100. Right: True ACF

6.2 Partial correlation in time series

6.2.1 A general definition

In Section we introduced the notion of partial correlation for multivariate data. We now apply

this notion to time series.

Definition 6.2.1 Suppose that {X;}+ is a time series. The partial covariance/correlation between
X; and Xiyp41 is defined as the partial covariance/correlation between Xy and Xiyp11 after con-

ditioning out the ‘inbetween’ time series Y' = (Xey1,..., Xiyk). We denote this as pyiir+1(k),
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where

_cov(Xe — Py (Xe), Xiphar — Py(Xigka1))
Vvar(Xy — Py (X)) var(Xep g1 — Py (Xigrt1)) 7

k(1)

with

cov(Xy — Py (Xe), Xepk+1 — Pr(Xetn+1))
= cov(Xy, Xigppa1) — cov(Xy, Y) [var(Y)] Leov(Xigps1, Y)
var(X; — Py (Xy))

I
<

var

(
ar(X;) — cov(Xy, Y) [var(Y)] teov(X,, Y)
(Xetr+1 — Py (Xegrs1))

(

= var(Xigpps1) — cov(Xppps1, Y) [var(Y)] teov(Xyphr1, Y).

The above expression is horribly unwieldy. But many simplifications can be made once we impose

the condition of second order stationarity.

6.2.2 Partial correlation of a stationary time series

If the time series is stationary, then the shift ¢ becomes irrelevant (observe cov(Xy, X¢iri11) =
c(k+ 1), cov(X, X¢) = ¢(0) etc). We can center everything about ¢ = 0, the only term that is

relevant is the spacing k and define

cov(Xo — Py (Xo), Xp+1 — Py (Xk+1))
Vvar(Xo — Py (Xo))var(Xg 11 — Py (Xp41))

Pk+1lk+1 =

where Y/ = (X1, Xo, ..., Xy),

cov(Xy = Py(Xy), Xpyhs1 — Pr(Xepng1)) = ek +1) — cov(Xo, Y) [var(Y)]cov(Xpy1,Y)
var(Xo — Py(Xo)) = ¢(0) — cov(Xo,Y) [var(Y)] tcov(Xo,Y)
var(Xp11 — Py (Xiy1)) = ¢(0) — cov(XkH,Z)'[Var(z)]_lcov(XkH,X).

But there exists another interesting trick that will simplify the above. The value of the above
expression is that given the autocovariance function, one can evaluate the above. However, this

involves inverting matrices. Below we simplify the above expression even further, and in Section
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we show how partial correlation can be evaluated without inverting any matrices. We first

note that by stationarity

cov(Xo,Y") = (e(1),¢(2)...,c(k+1))

and cov(X,4+1,Y") = (c(k+1),¢(2)...,c(1)).

Thus the two vectors cov(Xp,Y') and cov(Xky1,Y’) are flips/swaps of each other. The flipping

action can be done with a matrix transformation cov(Xy,Y) = Excov(Xy11,Y) where

000 ... 01

000 ... 10
Ey =

We now describe some useful implications of this result.

Time reversibility property of stationary time series For stationary time series, predicting into the

future and predicting into the past leads to the same set of prediction coefficients (they are
just flipped round). More precisely, the projection of Xj,; onto the space spanned by Y =
(X1, Xo,...,Xk), is the best linear predictor of Xj,1 given Xj. We will denote the projection
of X} onto the space spanned by Y' = (X1, Xo,..., X}) as Py (Xg4+1). Thus

k
Py (Xjq1) = Y'var[Y] eov[Xpp1, Y] = Y5 e = ) e X1,
j=1

where ¥ = var(Y) and ¢, = cov(Xy41,Y ). But by flipping/swapping the coefficients, the same

construction can be used to predict into the past Xj:

k k
Py(Xo) = 60 X5 =Y Srit1—i Xetr1—j- (6.15)
j=1 j=1
Proof of equation (6.15)
Py(Xo) = Y'(var[Y] 'cov[Xo,Y]).
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However, second order stationarity implies that cov[Xy,Y]) = Excov[X41,Y]) = Ekc, Thus

Py(Xo) = (;'Epcov[Xgyi1,Y])

k
= Y'S ' Erey =Y'EN e =Y drpr1—i Xer1—j.
j=1

Thus proving ([6.15)). O

With a little thought, we realize the partial correlation between X; and X;,; (where k > 0) is
the correlation Xo—Px(Xo) = XO_Z?:l ¢k,ij and Xk—i—l_PX(Xk—i-l) = Xk+1 _Z;?:l ¢k,ij+1—j,

some algebra gives

cov(Xe — Py(Xe), Xpsnr1 — Py (Xpgnr1)) = ¢(0) — GBSy e

var(Xo — Py(Xo)) = var(Xpi1 — Py(Xgs1)) = var(Xo) — &35 ¢y

The last line of the above is important. It states that the variance of the prediction error in the past
Xo — Py (Xo) has the same as the variance of the prediction error into the future Xj1 — Py (Xg41)-
This is because the process is stationary.

Thus the partial correlation is

c(k+1) — . EpS; ey

6.16
0) — 4 ey (6:19)

pk‘-ﬁ-l“ﬁ =

In the section below we show that pjij;4+1 can be expressed in terms of the best fitting AR(k +1)

parameters (which we will first have to define).

6.2.3 Best fitting AR(p) model

So far we have discussed time series which is generated with an AR(2). But we have not discussed
fitting an AR(p) model to any stationary time series (not necessarily where the true underlying
data generating mechanism is an AR(p)), which is possibly more important. We will show that the
partial correlation is related to these fitted parameters. We state precisely what we mean below.

Suppose that the stationary time series is genuinely generated with the causal AR(p) model

p
Xi=> ¢iXij+e (6.17)
j=1
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where {g;} are iid random variables. Then the projection of X; onto Y = (X;_p,..., X¢—1) is
P
Py(Xe) = ¢;Xij.
j=1

Since Y does not contain any (linear information) about the innovations {e;};. This means that
{Xt—j}é-):l are independent of ¢;. However, because 1} is the true model which generates the
data, ¢; is independent of all {X;_;} for j > 1. But this is by virtue of the model and not the

projection. The project can only ensure that X; — Py (X;) and Y are uncorrelated.

The best fitting AR(p) Now let us suppose that {X;} is a general second order stationary time

series with autocovariance {c(r)},. We consider the projection of X; onto ¥ = (X;—p,..., X¢—1)

(technically onto sp(Xi,..., X)) this is
P
Py (X)) =Y ¢piXij.
j=1

By construction X;— Py (X;) and Y are uncorrelated but X;— Py (X}) is not necessarily uncorrelated
with {X;_;} for 7 > (p+1). We call {¢,;} the best fitting AR(p) coefficients, because if the
true model were an AR(p) model ¢, ; = ¢;. The best fitting AR(p) model is very important in
applications. It is often used to forecast the time series into the future. Note we have already
alluded to ?:1 ¢p,jXi—; in the previous section. And we summarize these results again. Since
> 51 ¢p,jXi—j is a projection onto Y, the coefficients {¢,;}_, are

@p = [var(Y)] teov(Xy, Y) = Eglgp,

where [Xp];, = c¢(t—7) and ¢, = (¢(1),¢(2), ..., c(p)) (observe stationarity means these are invariant

to shift).

6.2.4 Best fitting AR(p) parameters and partial correlation

We now state the main result which connects the best fitting AR(p) parameters with partial cor-
relation. The partial correlation at lag (p + 1) is the last best fitting AR(p) coefficient ¢py1 pt1.

More precisely

Potilp+1 = Pptiptl- (6.18)
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It is this identity that is used to calculate (from the true ACF) and estimate (from the estimated
ACF) partial correlation (and not the identity in (6.16)), which is more cumbersome).

Proof of identity (6.18)) To prove this result. We return to the classical multivariate case (in Sec-

tion [5.3). In particular the identity (5.12)) which relates the regression coefficients to the partial

correlation:

var(go.x,,....X, 1)

var (€41 Xo,.... X, )

Pptip+l = Pprijpt1 \/

where

€0|X1,.... Xpt1 — Xo — PX1,~.,XP+1(X0) and Ep+1|Xo,... Xp — Xpi1 — PXO,...,Xp (Xp+1)-

Now the important observation. We recall from the previous section that the variance of the
prediction error in the past, Xo— Px, ... x,,, (Xo) is the same as the variance of the prediction error

into the future, X1 — Px,,... x,(Xp+1). Therefore var(aO‘Xl,MXpH) = var(€p+1|X0’m,Xp) and

Pptilp+1 = Pptifpt1-

This proves equation (6.18]). O

Important observation Relating the AR(p) model to the partial correlations

Suppose the true data generating process is an AR(pp), and we fit an AR(p) model to the data.
If p < pg, then

Px, e (X0) Z $pj Xi—j-
and pp|, = ¢pp. If p=po, then

Px, poxi (X)) = Z¢]Xt —j
and ¢pg po = Ppy = Ppo- For any p > po, we have

Px,_ prr Xt— 1 (Xe) = ZQS]Xt J
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Thus the coefficient is p,, = ¢pp = 0.
Thus for AR(p) models, the partial correlation of order greater than p will be zero. We visualize

this property in the plots in the following section.

6.2.5 The partial autocorrelation plot

Of course given the time series {X;}}; the true partial correlation is unknown. Instead it is
estimated from the data. This is done by sequentially fitting an AR(p) model of increasing order to
the time series and extracting the parameter estimator (;Abp+17p+1 = pplp and plotting p,, against p.
To illustrate the differences between the true ACF and estimated ACF (with sample size n = 100)

we consider the model
X, =2-0.9cos(n/3)X;_1 — 0.9°X,_5 + &4

The empirical partial estimated partial autocorrelation plot (n = 100) and true correlation is given

in Figures As a contrast we consider the estimated (n = 100) and true ACF of the MA model
Xt =¢e14+2-09cos(n/3)er—1 — 0.9%¢;_5.

The plot is given in Figure

Estimated PACF True PACF

00
00

Partial ACF

-04
1

5 10 1s 20 5 10 15 20

Lag lag

Figure 6.5: The AR(2): Left Estimated PACF (n = 100). Right: True PACF plot. n = 100

Observe that the partial correlation plot contains a blue line. This blue line corresponds to

+1.96/+/n (where n is the sample size).
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Figure 6.6: The MA(2): Left Estimated PACF (n = 100). Right: True PACF plot. n = 100

This blue line can be used as an aid in selecting the Autoregressive order (under certain condi-
tions on the time series). We show in the next lecture that if {X;} is a linear time series with an

AR(p) representation, then for h > p
\/ﬁﬁh\h 2} N(Ov 1)7 (619)

which gives the critical values £1.96//n. But do not get too excited. We show that this result
does not necessarily hold for non-linear time series. More precisely, the distribution will not be

asymptotically pivotal.

6.2.6 Using the ACF and PACF for model identification

Figures and [6.6] are very useful in identifying the model. We describe what we should

observe below.

Using the ACF for model identification

If the true autocovariances after a certain lag are zero ¢, it may be appropriate to fit an MA(q)
model to the time series. The [~1.96n~1/2,1.96n~'/2] error bars for an ACF plot cannot be reliably
used to determine the order of an MA(g) model.

On the other hand, the autocovariances of any AR(p) process will only decay to zero as the lag

increases (it will not be zero after a certain number of lags).
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Using the PACF for model identification

If the true partial autocovariances after a certain lag are zero p, it may be appropriate to fit an
AR(p) model to the time series.

Of course, in practice we only have the estimated partial autocorrelation at hand and not the
true one. This is why we require the error bars. In Section we show how these error bars are
derived. The surprisingly result is that the error bars of a PACF can be used to determine the
order of an AR(p) process. If the order of the autoregressive process is p, then for lag r > p, the
partial correlation is such that 57«7« = N(0,n~'/2) (thus giving rise to the [~1.96n"1/2, 1.96n=1/?]
error bars). But It should be noted that there will be correlation between the sample partial

correlations.

Exercise 6.3 (The partial correlation of an invertible MA(1)) Let ¢:+ denote the partial cor-
relation between X1 and Xi. It is well known (this is the Levinson-Durbin algorithm, which we
cover in Chapter@) that ¢4 can be deduced recursively from the autocovariance funciton using the

algorithm:
Step 1 ¢1,1 = C(l)/C(O) and 7“(2) = E[XQ — X2|1]2 = E[XQ — ¢1,1X1]2 = C(O) — (bl?lc(l).

Step 2 Forj=t

o — e(t) = 32521 b gelt — §)
Gt = Gi—1) — Ot,iPt—1,1—j 1<j<t—1,

andr(t+1) = r(t)(1- gbft)

(i) Using this algorithm and induction to show that the PACF of the MA(1) process Xy = e; +

Oci—1, where |0] < 1 (so it is invertible) is

(=) 6%
1 — g2(t+1)

Pt =

Exercise 6.4 (Comparing the ACF and PACF of an AR process) Compare the below plots:

(i) Compare the ACF and PACF of the AR(2) model X; = 1.5X;_1 — 0.75X;_9 + &4 using
ARIMAacf (ar=c(1.5,-0.75) ,ma=0,30) and ARIMAacf (ar=c(1.5,-0.75) ,ma=0,pacf=T,30).
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(ii) Compare the ACF and PACF of the MA(1) model X; = €;,—0.5¢; using ARIMAacf (ar=0,ma=c(-1.5),30)
and ARIMAacf (ar=0,ma=c(-1.5) ,pacf=T,30).

(ii) Compare the ACF and PACF of the ARMA(2,1) model Xy —1.5X;_1 +0.75X;_o = ¢, — 0.5¢;
using ARIMAacf (ar=c(1.5,-0.75) ,ma=c(-1.5),30) and
ARIMAacf (ar=c(1.5,0.75) ,ma=c(-1.5) ,pacf=T,30).

Exercise 6.5 Compare the ACF and PACF plots of the monthly temperature data from 1996-2014.
Would you fit an AR, MA or ARMA model to this data?

Rcode

The sample partial autocorrelation of a time series can be obtained using the command pact.
However, remember just because the sample PACF is not zero, does not mean the true PACF is

non-zero.

6.3 The variance and precision matrix of a stationary

time series

Let us suppose that {X;} is a stationary time series. In this section we consider the variance/co-
variance matrix var(X,) = X, where X, = (X1,...,X,,). We will consider two cases (i) when
X, follows an MA(p) models and (ii) when X; follows an AR(p) model. The variance and inverse
of the variance matrices for both cases yield quite interesting results. We will use classical results
from multivariate analysis, stated in Chapter

We recall that the variance/covariance matrix of a stationary time series has a (symmetric)

Toeplitz structure (see wiki for a definition). Let X,, = (X1,...,X})’, then

c(0) c(1) 0 Ce(n—2) ¢(n—1)
Yp = var(Xp,) = o <(0) C(_l) c(n—3) c(n—2)
c(n—1) ¢(n—2) ¢(1) ¢(0)
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6.3.1 Variance matrix for AR(p) and MA (p) models

(i) If {X;} satisfies an MA(p) model and n > p, then ¥, will be bandlimited, where p off-
diagonals above and below the diagonal will be non-zero and the rest of the off-diagonal will

be zero.

(i) If {X:} satisfies an AR(p) model, then ¥, will not be bandlimited.

Precision matrix for AR(p) models

We now consider the inverse of ¥,,. Warning: note that the inverse of a Toeplitz is not necessarily

Toeplitz. Suppose that the time series {X;}; has a causal AR(p) representation:

P
X = Z¢th—j + &
j=1
where {e;} are iid random variables with (for simplicity) variance 02 = 1. Let X,, = (X1,...,X,)
and suppose n > p.

Important result The inverse variance matrix ¥, ! is banded, with n non-zero bands off the diagonal.

Proof of claim We use the results in Chapter [5| Suppose that we have an AR(p) process and we
consider the precision matrix of X,, = (Xi,...,X,), where n > p. To show this we use the Cholesky

decomposition given in ([5.30f). This is where

».l=1r,L
where L,, is the lower triangular matrix:
P10 0 .0 0 ... 0 0 0o ... 0
2,1 2,0 0 0o ... 0 0 0 0
Ly = ' (6.20)
_(Zsp,p _¢p7p—1 v —<Z>p,1 ¢p70 co 0 0 0 Ce 0
~bnn —Pnp—1 . ... cii —Ona —On3 —Pn2 i bnpo

where {¢y }§:1 are the coefficients of the best linear predictor of X, given {X,_; ?;i (after stan-

dardising by the residual variance). Since X; is an autoregressive process of order p, if ¢ > p,
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then

¢; 1<j<p
br,j =

This gives the lower triangular p-bandlimited matrix

V1,0 0 ... 0 0 ... 0 0 0 ... 0
—72,1 72,0 0 0 0 0 0O ... 0
—¢p —Pp—1 ... —O1 1 ... 0 0O 0 ... 0
Ln = : : D : D S (6.21)
0 0 ... —¢p —Pp1 ... =1 1 0 ... 0
0 0 0 _¢p —p2 —¢1 1 0
0 0 0 0 0 0 0 1

Observe the above lower triangular matrix is zero after the pth off-diagonal.

Since ;! = L,L!, and L, is a p-bandlimited matrix, ¥,! = L, L/, is a bandlimited matrix
with the p off-diagonals either side of the diagonal non-zero. Let ¥% denote the (i, j)th element of
Z,;l. Then we observe that X(7) = 0 if |i — j| > p. Moreover, if 0 < |i — j| < p and either i or j is
greater than p. Further, from Section we observe that the coefficients (%9 are the regression

coefficients of X; (after accounting for MSE).

Exercise 6.6 Suppose that the time series {X;} has the causal AR(2) representation
Xt = 01 Xp—1+ 92 X2 + &t

Let X!, = (X1,...,X,) and ¥, = var(X,,). Suppose L,L' =1 where L, is a lower triangular

n

matric.
(i) What does Ly, looks like?

(ii) Using Ly evaluate the projection of X; onto the space spanned by {Xi—;} z0.
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Remark 6.3.1 Suppose that X; is an autoregressive process Xy = E§:1 ¢ Xi—j+er where varje;] =
o2 and {&;} are uncorrelated random variables with zero mean. Let ¥, = var|X ] where X, =

(X1,...,Xm). If m > p then

— yymm _ 0_72

and det(S,,) = det(X,)amP).

Exercise 6.7 Prove Remark[6.3.1.

6.4 The ACF of non-causal time series (advanced)

Here we demonstrate that it is not possible to identify whether a process is noninvertible /noncausal
from its covariance structure. The simplest way to show result this uses the spectral density

function, which will now define and then return to and study in depth in Chapter

Definition 6.4.1 (The spectral density) Given the covariances c(k) (with 3", |c(k)|? < oo) the

spectral density function is defined as
flw) = Z c(k) exp(ikw).
k

The covariances can be obtained from the spectral density by using the inverse fourier transform

1 2

c(k) = o /. (w) exp(—ikw).

Hence the covariance yields the spectral density and visa-versa.

For reference below, we point out that the spectral density function uniquely identifies the autoco-
variance function.

Let us suppose that {X;} satisfies the AR(p) representation

p
X = Z O Xi—i + &t
i=1

where var(e;) = 1 and the roots of ¢(z) =1 — ?:1 $;2’ can lie inside and outside the unit circle,

but not on the unit circle (thus it has a stationary solution). We will show in Chapter [L0| that the
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spectral density of this AR process is

1

1) = T G e B

(6.22)

e Factorizing f(w).

Let us supose the roots of the characteristic polynomial ¢(2) = 14327, ¢;27 are {); Yt

thus we can factorize ¢(z) 1+ >0, ¢zt = "_1(1 = ;2). Using this factorization we have

(6.22)) can be written as

fw) = ! (6.23)

P 11—\ exp(iw) 2

As we have not assumed {X;} is causal, the roots of ¢(z) can lie both inside and outside the
unit circle. We separate the roots, into those outside the unit circle {A\o ;1 = 1,...,p1}

and inside the unit circle {Arj,;52 = 1,...,p2} (p1 +p2 = p). Thus

¢(z) = [T =202 [] (1 =Ar1p2)]
J1=1 jo=1
b1 2]
= (="M P [T =202 [ (1 = A5 (6.24)
Jji=1 jo=1

Thus we can rewrite the spectral density in ((6.25))

flw) = ! ! . (6.25)

H§22=1 AL | ?11=1 I1- Ao, exp(iw)|[? H?;:l 11— /\[_,}2 exp(iw)|[?

Let

1
folw) = :
=1 1= 20 exp(iw) T3,

11— )\I_}2 exp(iw)|?”

Then f(w) = [T5—1 [Arl 7 fo(w).
e A parallel causal AR(p) process with the same covariance structure always exists.

We now define a process which has the same autocovariance function as {X;} but is causal.
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Using (6.24)) we define the polynomial

o(2) = [[] A =202 [T (1= A7 },2)] (6.26)
Jji=1 j2=1

By construction, the roots of this polynomial lie outside the unit circle. We then define the

AR(p) process
$(B)X; = &, (6.27)

from Lemma we know that {)N(t} has a stationary, almost sure unique solution. More-

over, because the roots lie outside the unit circle the solution is causal.

By using the spectral density of {X;} is f(w). We know that the spectral density
function uniquely gives the autocovariance function. Comparing the spectral density of {Xt}
with the spectral density of {X;} we see that they both are the same up to a multiplicative
constant. Thus they both have the same autocovariance structure up to a multiplicative
constant (which can be made the same, if in the definition the innovation process has
variance [[%7_; (A1, 7).

Therefore, for every non-causal process, there exists a causal process with the same autoco-

variance function.
By using the same arguments above, we can generalize to result to ARMA processes.

Definition 6.4.2 An ARMA process is said to have minimum phase when the roots of ¢(z) and
0(z) both lie outside of the unit circle.

Remark 6.4.1 For Gaussian random processes it is impossible to discriminate between a causal
and non-causal time series, this is because the mean and autocovariance function uniquely identify
the process.

Howewver, if the innovations are non-Gaussian, even though the autocovariance function is ‘blind’
to non-causal processes, by looking for other features in the time series we are able to discriminate

between a causal and non-causal process.
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6.4.1 The Yule-Walker equations of a non-causal process

Once again let us consider the zero mean AR(p) model

P
Xy = Z O;Xi—j + ety
j=1
and var(e;) < co. Suppose the roots of the corresponding characteristic polynomial lie outside the
unit circle, then {X;} is strictly stationary where the solution of X; is only in terms of past and
present values of {e;}. Moreover, it is second order stationary with covariance {c(k)}. We recall
from Section equation that we derived the Yule-Walker equations for causal AR(p)

processes, where

E(X;X;_1) Z(;s] (Xt Xi_p) = c(k
7j=1

= 0. (6.28)

H M*@

Let us now consider the case that the roots of the characteristic polynomial lie both outside
and inside the unit circle, thus X; does not have a causal solution but it is still strictly and second
order stationary (with autocovariance, say {c(k)}). In the previous section we showed that there
exists a causal AR(p) gg(B))A(:t — &, (where ¢(B) and ¢(B) = 1 — Z§:1 ¢;2’ are the characteristic
polynomials defined in and (6.26)). We showed that both have the same autocovariance

structure. Therefore,
p ~
=D _djclk— i) =
j=1

This means the Yule-Walker equations for { X;} would actually give the AR(p) coefficients of {X;}.
Thus if the Yule-Walker equations were used to estimate the AR coefficients of {X;}, in reality we

would be estimating the AR coefficients of the corresponding causal {X;}.

6.4.2 Filtering non-causal AR models

Here we discuss the surprising result that filtering a non-causal time series with the corresponding

causal AR parameters leaves a sequence which is uncorrelated but not independent. Let us suppose
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that

P
Xt = Z O Xi—j + &,
j=1
where ¢; are iid, E(e;) = 0 and var(e;) < oo. It is clear that given the input X3, if we apply the
filter X; — E?:l ¢ Xi—; we obtain an iid sequence (which is {e;}).
Suppose that we filter { X;} with the causal coefficients {gz~5j}, the output &, = X3 —E?Zl qszt,j
is not an independent sequence. However, it is an uncorrelated sequence. We illustrate this with an

example.

Example 6.4.1 Let us return to the AR(1) example, where Xy = ¢ X1 + ;. Let us suppose that

¢ > 1, which corresponds to a non-causal time series, then X; has the solution
- E —Et+j+1-
J
=0

The causal time series with the same covariance structure as X; 18 )?t = é)?tq + & (which has

backshift representation (1 —1/(¢B)) Xy = e¢). Suppose we pass X; through the causal filter

. 1 1 (1-3B)
= 1--B)X;=X;— X4 1=———2-5
Et ( (Z) ) t t ¢ t—1 B(l—(z)%)et

1
= ¢€t+ qu] 15t+j

FEvaluating the covariance of the above (assuming wlog that var(e) = 1) is

. 1 1.1 =1
COV(Et,é‘H_T) = _7(1 — ?)g Z gbi
§=0

Thus we see that {€;} is an uncorrelated sequence, but unless it is Gaussian it is clearly not inde-
pendent. One method to study the higher order dependence of {&;}, by considering it’s higher order

cumulant structure etc.

The above above result can be generalised to general AR models, and it is relatively straightforward

to prove using the Cramer representation of a stationary process (see Section Theorem ?77).

186



Exercise 6.8 (i) Consider the causal AR(p) process
Xt = 1.5Xt_1 — 0.75Xt—2 + &¢.

Derive a parallel process with the same autocovariance structure but that is non-causal (it

should be real).

(i) Simulate both from the causal process above and the corresponding non-causal process with

non-Gaussian innovations (see Section @) Show that they have the same ACF function.

(iii) Find features which allow you to discriminate between the causal and non-causal process.
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Chapter 7

Prediction

Prerequisites

e The best linear predictor.

e Difference between best linear predictors and best predictors.

[Need to explain]

e Some idea of what a basis of a vector space is.

Objectives

e Understand that prediction using a long past can be difficult because a large matrix has to

be inverted, thus alternative, recursive method are often used to avoid direct inversion.

e Understand the derivation of the Levinson-Durbin algorithm, and why the coefficient, ¢,

corresponds to the partial correlation between X; and X;41.

e Understand how these predictive schemes can be used write space of sp(Xy, X;—1,...,X1) in

terms of an orthogonal basis sp(X; — Px, | x, 5,..x1(X¢t), ..., X1).

e Understand how the above leads to the Wold decomposition of a second order stationary

time series.

e To understand how to approximate the prediction for an ARMA time series into a scheme
which explicitly uses the ARMA structure. And this approximation improves geometrically,

when the past is large.
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One motivation behind fitting models to a time series is to forecast future unobserved observa-
tions - which would not be possible without a model. In this chapter we consider forecasting, based

on the assumption that the model and/or autocovariance structure is known.

7.1 Using prediction in estimation

There are various reasons prediction is important. The first is that forecasting has a vast number
of applications from finance to climatology. The second reason is that it forms the basis of most
estimation schemes. To understand why forecasting is important in the latter, we now obtain the
“likelihood” of the observed time series { X;}* ;. We assume the joint density of X,, = (X1,..., X,,)

is fn(z,;0). By using conditioning it is clear that the likelihood is

fn(z,:0) = fi(x150) fo(xo|z1;0) f3(w3|wo, 215 60) . .. fu(zp|Tpn—1,...,21;6)

Therefore the log-likelihood is

0g fn(z,;0) = log f1(w1) + Y log fy(wi|zi1, ..., 21;0).
=1

The parameters may be the AR, ARMA, ARCH, GARCH etc parameters. However, usually the
conditional distributions f;(x¢|xi—1,...,21;0) which make up the joint density f(z;0) is completely
unknown. However, often we can get away with assuming that the conditional distribution is
Gaussian and we can still consistently estimate the parameters so long as the model has been
correctly specified. Now, if we can “pretend” that the conditional distribution is Gaussian, then

all we need is the conditional mean and the conditional variance
E(Xt’Xt_l, e ,Xl; 0) =E (Xt|Xt_1, e ,Xl; 9) and V(Xt|Xt_1, e ,Xl, 9) = var (Xt‘Xt—la e ,X1; 9) .

Using this above and the “Gaussianity” of the conditional distribution gives

(xy — E(xy|zi—n, ... ,331,9))2
V(l‘t‘ﬂft_h..-,l’l,e) ‘

1
logft(xt“rt—h cee 7:1:1;0) = _ilog V(mt’xt—h ce. 7‘T179) -
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Using the above the log density

n

(:Et — E(Cﬁt‘l’t_l, .

1
log fn(z,,;0) = ~5 Z <log V(zgzi—1,...,21,0) +
=1

Thus the log-likelihood

n

(Xi — B(Xy| X1,

V(act\xt_l, ..

. ,x’:;)ew) |

1
E(Xn,H) = —5 Z <10gV(Xt’Xt_1, N ,Xl,e) +

£ V(XX 1,

ooy X1,0))2
57)

Therefore we observe that in order to evaluate the log-likelihood, and estimate the parameters, we

require the conditonal mean and the conditional variance

E(Xt’Xt_l,...,Xl;e) and V(Xt|Xt_1,...,X1;0).

This means that in order to do any form of estimation we need a clear understanding of what the

conditional mean (which is simply the best predictor of the observation tomorrow given the past)

and the conditional variance is for various models.

Note:

e Often expressions for conditional mean and variance can be extremely unwieldy. Therefore,

often we require approximations of the conditonal mean and variance which are tractable (this
is reminiscent of the Box-Jenkins approach and is till used when the conditional expectation

and variance are difficult to estimate).

Suppose we “pretend” that the time series {X;} is Gaussian. Which we can if it is linear,
even if it is not. But we cannot if the time series is nonlinear (since nonlinear time series
are not Gaussian), then the conditional variance var(X¢|X;_1,...,X1) will not be random
(this is a well known result for Gaussian random variables). If X is nonlinear, it can be

conditionally Gaussian but not Gaussian.

If the model is linear usually the conditonal expectation E(X;|X;—1,...,X1;6) is replaced
with the best linear predictor of X; given X;_1,...,X;. This means if the model is in fact
non-causal the estimator will give a causal solution instead. Though not critical it is worth

bearing in mind.
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7.2 Forecasting for autoregressive processes

Worked example: AR(1) Let

X1 = 0Xi + 41

where {e;}; are iid random variable. We will assume the process is causal, thus |¢| < 1. Since {X;}
are iid random variables, X;_; contains no information about &;. Therefore the best linear (indeed

best predictor) of Xy given all the past information is contained in X}
X (1) = o X,
To quantify the error in the prediction we use the mean squared error
0? = E[Xi11 — X;(1)]? = E[X41 — 6X4]? = var[e;1].
X(1) gives the one-step ahead prediction. Since
Xipo = ¢Xis1 + 42 = O° Xy + det1 + Er40

and {e;} are iid random variables, then the best linear predictor (and best predictor) of X; o given

Xt is

Xi(2) = ¢ X3(1) = ¢* Xy 41

Observe it recurses on the previous best linear predictor which makes it very easy to evaluate. The

mean squared error in the forecast is
E[X;13 — Xi(2))” = Elgers1 + e12)” = (1 + ¢°)varfe].
Using a similar strategy we can forecast r steps into the future:

Xt(T) = gszt(r — ].) = QSTXt
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where the mean squared error is

r—1 r—1
E[Xir — Xo(r)? =E[Y_ ¢'ersr i)’ = varls] > _ o™
=0 i=0

Worked example: AR(2) We now extend the above prediction strategy to AR(2) models (it is

straightfoward to go to the AR(p) model). It is best understood using the vector AR representation
of the model. Let

Xit1 = 01 X + 92 Xi—1 + €141

where {e;}; are iid random variables and the characteristic function is causal. We can rewrite the

AR(2) as a VAR(1)

Xit1 B o1 P2 Xy N Et+1
X 1 0 X1 0
=X = X, +e.

This looks like a AR(1) and motivates how to forecast into the future. Since €41 is independent

of {X¢_j};j>0 the best linear predictor of X;;; can be obtained using

X X,
X,(1) = t+1 _ o1 P2 ¢

X 1 0 Xio
A EARNEY
The mean squared error is E[X;(1) — X;41]2 = o2. To forecast two steps into the future we use that
Xig = X, + Py +5440
Thus the best linear predictor of X o is

X:(2) = [9°X,](1) = 01(2) Xt + $2(2) X1,

where [](1) denotes the first entry in the vector and (¢1(2), ¢2(2)) is the first row vector in the
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matrix ®2. The mean squared error is a
E(¢rers1 + erg2)? = (14 ¢7)var(ey).
We continue this iteration to obtain the r-step ahead predictor
Xi(r) = [@X,(r — D]y = [2" X, ]q1) = 1(1) Xt + ¢a(r) X1,

as above (¢1(r), ¢2(r)) is the first row vector in the matrix ®”. The mean squared error is

r—1 2
E(Xiyr — Xi(r))? = E (Z[(I)i](l,l)et+ri>
i=0

= var[st]' ([q)i](l,l))2-

|
—

~
I
o

7.3 Forecasting for AR(p)

The above iteration for calculating the best linear predictor easily generalises for any AR(p) process.

Let
X1 =1 Xe + 0o Xy 1+ ...+ GpXip1—p + €141

where {e;}; are iid random variables and the characteristic function is causal. We can rewrite the

AR(p) as a VAR(1)

Xit1 b1 P2 B3 ... Pp Xt €141
X 1 0 O 0 Xi 1 0
= 0O 1 0 0 + 0
0
Xt pi1 0 0 0 0 Xy 0
=X = X, +e.
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Therefore the r step ahead predictor is
P
Xi(r) = [@X,(r = D]y = [ X )y = D 65(r) Xir1-5
=1

as above (¢1(r), ¢2(r), ..., ¢p(r)) is the first row vector in the matrix ®”. The mean squared error

is

r—1 2
E(Xpyr — Xi(r))? = E <Z[‘I’i](1,1)6t+r—i>
=0
r—1

= var(e] Z([q)i](l,l))z

=0

r—1
= varlel] Y ¢1(i)?
=0

The above predictors are easily obtained using a recursion. However, we now link {¢;(r)}/_,

to the underlying AR (and MA) coefficients.

Lemma 7.3.1 Suppose X; has a causal AR(p) representation
Xep1 =1 Xo + 2 Xe1 + ... + ¢pXt+1_p + €41

and

Xey1 = 1—2@3] e = ijetj

is its MA(oo) representation. Then the predictive coefficients are

p_j min(prjfl)
T) = Z ¢j+s¢)rflfs = Z ¢uwr71+j7u r>1
s=0 u=0

and the best r-ahead predictor is

D p—J
r) = ZXt—i-l—j Z Gjtrstr—1-s r>1
=1 —0

194



The mean squared error is
r—1
E[Xeir — Xo(r)]? = varlel] Y o7
i=0

with Yo =1,

7.4 Forecasting for general time series using infinite

past

In the previous section we focussed on time series which had an AR(p) representation. We now
consider general time series models and best linear predictors (linear forecasts) for such time series.
Specifically, we focus predicting the future given the (unrealistic situation) of the infinite past. Of
course, this is an idealized setting, and in the next section we consider linear forecasts based on the
finite past (for general stationary time series). A technical assumption we will use in this section is
that the stationary time series {X;} has both an AR(cc0) and MA(co) representation (its spectral

density bounded away from zero and is finite):

oo o0
Xy = Z%‘&tﬂ—j = Zant+1—j + et (7.1)
=0 j=1

where {&;} are iid random variables (recall Definition [4.5.2). A technical point is that the assump-
tion on {e;} can be relaxed to uncorrelated random variables if we are willing to consider best linear

predictor and not best predictors. Using ([7.2), it is clear the best linear one-ahead predictor is
o0
Xo(1) = a; X1 (7.2)
j=1

and the mean squared error is E[X;11 — X;(1)]> = 0. Transfering the ideas for the AR(p) model

(predicting r steps ahead), the best linear predictor r-steps ahead for the general time series is

Xi(r) =) () Xip1; =1 (7.3)
j=1
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But analogous to Lemma we can show that
o
¢j(r) - Zaj—‘rswr—l—s r> 1.
s=0
Substituting this into (7.3) gives
o0 o0
Xi(r) = Xip15 Y ajiathr1-s T =1
j=1 5=0

This is not a particularly simple method for estimating the predictors as one goes further in the
future. Later in this section we derive a recursion for prediction. First, we obtain the mean squared
error in the prediction.

To obtain the mean squared error, we note that since X, X;_1, X;_o,... is observed, we can

obtain e, (for 7 < t) by using the invertibility condition
o0
Er = XT — ZanT_i.
j=1

This means that given the time series {X;—;}22, (and AR(oco) parameters {a;}) we can obtain all
the innovations {e;_; };";0 and visa versa. Based on this we revisit the problem of predicting Xy
given {X;;7 <t} but this time in terms of the innovations. Using the MA(oo) presentation (since

the time series is causal) of Xy, we have

o) r—1
Xitr = Z Vjrret—5  + Z Vj€itr—j
j=0 j=0
—_— ——

innovations are ‘observed’  future innovations impossible to predict

Thus we can write the best predictor of Xy, given {X;—;}3% as

oo
Xi(r) = Z Yjtret—j (7.4)
=0
o0 o0
= Yjtr (th - Z aithi>
0 i—1

j=

= Y ()X
j=0
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Using the above we see that the mean squared error is
r—1 r—1
E[Xetr — Xo(r)]” = B[} djerrr—g)* = 0* o5,
j=0 j=0

We now show how X;(r) can be evaluated recursively using the invertibility assumption.

Step 1 We use invertibility in (7.2)) to give
oo
Xi(1) = Z @i X414
i=1

and E[X,41 — X;(1)]* = var[e/]

Step 2 To obtain the 2-step ahead predictor we note that

oo
Xito = Z aiXiyo—i+ a1 Xep1 + €140
i=2

[o¢]
= Z a;i Xiyo—i + a1[Xe(1) + er41] + er42,
=2

thus it is clear that

o
Xi(2) = Z a;i Xipo—i + a1 X(1)
=2

and E[X,49 — X4(2)]? = var[e/] (a? +1) = var[es] (1 + v7).

Step 3 To obtain the 3-step ahead predictor we note that

o
Xz = Y aiXppo i+ asXip1 + a1 Xip2 +eeps
i=3

oo
= Z ;i Xiyo—i + ag (Xe(1) + ei41) + a1 (Xi(2) + a16441 + E142) + €143.
=3

Thus

Xi(3) =Y aiXea—i + apXo(1) + a1 X4(2)
=3

and E [Xy3 — Xi(3)]* = varleq] [(a2 + a2)? + a? + 1] = var[eq] (1 + ¢7 + ¢3).
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Step r Using the arguments it can be shown that

00 r—1
Xi(r) = Z a; Xiir_i+ Z a; X¢(r —1).
i=r i=1 M

predicted
observed

And we have already shown that E[X;, — X;(r)]? = o2 E;;é @ZJJZ

Thus the r-step ahead predictor can be recursively estimated.

We note that the predictor given above is based on the assumption that the infinite past is
observed. In practice this is not a realistic assumption. However, in the special case that time
series is an autoregressive process of order p (with AR parameters {qﬁj}?:l) and Xy, ..., Xi_pm is

observed where m > p — 1, then the above scheme can be used for forecasting. More precisely,

p
X(1) = ) ¢ X
j=1

p r—1
Xi(r) = Z¢th+r_j + Z(Z)th(T —j)for2<r<p
— —
Jp J
Xi(r) = Y ¢;Xi(r—j) for r > p. (7.5)

<
I
—

However, in the general case more sophisticated algorithms are required when only the finite

past is known.

7.4.1 Example: Forecasting yearly temperatures

We now fit an autoregressive model to the yearly temperatures from 1880-2008 and use this model
to forecast the temperatures from 2009-2013. In Figure [7.1] we give a plot of the temperature time
series together with its ACF. It is clear there is some trend in the temperature data, therefore we
have taken second differences, a plot of the second difference and its ACF is given in Figure
We now use the command ar.yule(resl,order.max=10) (we will discuss in Chapter [J] how this

function estimates the AR parameters) to estimate the the AR parameters.

Remark 7.4.1 (The Yule-Walker estimator in prediction) The least squares estimator (or
equivalently the conditional likelihood) is likely to give a causal estimator of the AR parameters. But

it is not guaranteed. On the other hand the Yule-Walker estimator is gquaranteed to give a causal
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Figure 7.1: Yearly temperature from 1880-2013 and the ACF.
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Figure 7.2: Second differences of yearly temperature from 1880-2013 and its ACF.

solution. This will matter for prediction. We emphasize here that the least squares estimator cannot
consistently estimate non-causal solutions, it is only a quirk of the estimation method that means
at times the solution may be noncausal.

If the time series { X} is linear and stationary with mean zero, then if we predict several steps
into the future we would expect our predictor to be close to zero (since E(X;) = 0). This is guaran-
teed if one uses AR parameters which are causal (since the eigenvalues of the VAR matrix is less

than one); such as the Yule-Walker estimators. On the other hand, if the parameter estimators do
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not correspond to a causal solution (as could happen for the least squares estimator), the predictors

may explode for long term forecasts which makes no sense.

The function ar.yule uses the AIC to select the order of the AR model. When fitting the
second differences from (from 1880-2008 - a data set of length of 127) the AIC chooses the AR(7)

model
X =—1.1472X; 1 —1.1565X;_o — 1.0784X;_3 — 0.7745X;_4 — 0.6132X; 5 — 0.3515X; ¢ — 0.1575X;_7 + &4,

with var[e;] = 02 = 0.02294. An ACF plot after fitting this model and then estimating the residuals
{e1} is given in Figure We observe that the ACF of the residuals ‘appears’ to be uncorrelated,
which suggests that the AR(7) model fitted the data well. Later we define the Ljung-Box test,
which is a method for checking this claim. However since the residuals are estimated residuals and
not the true residual, the results of this test need to be taken with a large pinch of salt. We will
show that when the residuals are estimated from the data the error bars given in the ACF plot
are not correct and the Ljung-Box test is not pivotal (as is assumed when deriving the limiting

distribution under the null the model is correct). By using the sequence of equations

Series residuals

ACF
04 0.6 08 10
| |

02
|

00

Figure 7.3: An ACF plot of the estimated residuals {&;}.
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Xio7(1) = —1.1472X197 — 1.1565X 126 — 1.0784 X195 — 0.7745X 124 — 0.6132 X103
~0.3515X 192 — 0.1575 X121

X127(2) = —1.1472X197(1) — 1.1565X 197 — 1.0784 X196 — 0.7745X 125 — 0.6132X 94
—0.3515X 193 — 0.1575X 2

X197(3) = —1.1472X197(2) — 1.1565X197(1) — 1.0784X 157 — 0.7745X126 — 0.6132X 125
—0.3515X 194 — 0.1575X 23

Xio7(4) = —1.1472X127(3) — 1.1565X127(2) — 1.0784X127(1) — 0.7745 X127 — 0.6132X 126
~0.3515X 195 — 0.1575 X124

X197(5) = —1.1472X157(4) — 1.1565X127(3) — 1.0784X197(2) — 0.7745X157(1) — 0.6132 X127

—0.3515X 196 — 0.1575 X7 95.

We can use X127(1), . X127(5) as forecasts of Xjag, ..., X132 (we recall are the second differences),
which we then use to construct forecasts of the temperatures. A plot of the second difference
forecasts together with the true values are given in Figure [7.4 From the forecasts of the second
differences we can obtain forecasts of the original data. Let Y; denote the temperature at time ¢

and X; its second difference. Then Y; = —Y;_o + 2Y; 1 + X;. Using this we have

l7127(1) = —Yi96 + 2Yi27 + Xi27(1)
Yier(2) = —Yigr + 2Y127(1) + X127(2)
Vior(3) = —Yigr(1) + 2V127(2) + X127(3)

and so forth.

We note that (??) can be used to give the mse error. For example

E[Xi28 — X127(1)]? = o7

E[X128 — X127(1))* = (1+¢})o}

If we believe the residuals are Gaussian we can use the mean squared error to construct confidence
intervals for the predictions. Assuming for now that the parameter estimates are the true param-

~

eters (this is not the case), and Xy = 3772 ¢;(#)er—; is the MA(o0) representation of the AR(7)
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model, the mean square error for the kth ahead predictor is

thus the 95% CI for the prediction is

k—1

Xy (k) £1.9602 > (6)? ] |
§=0
however this confidence interval for not take into account X;(k) uses only parameter estimators
and not the true values. In reality we need to take into account the approximation error here too.
If the residuals are not Gaussian, the above interval is not a 95% confidence interval for the
prediction. One way to account for the non-Gaussianity is to use bootstrap. Specifically, we rewrite

the AR(7) process as an MA(co) process

0 ~

Xe =Y vj()erj:

j=0

Hence the best linear predictor can be rewritten as
0 ~
Xi(k) = Z%‘(@Etﬂcﬁ
j=k

thus giving the prediction error

k—1

Xipk — Xe(k) = i(P)erin—j-
j=0
We have the prediction estimates, therefore all we need is to obtain the distribution of Z;‘:l pj (&5\)6,5“6, j
This can be done by estimating the residuals and then using bootstraplﬂ to estimate the distribu-

tion of Z?;& %‘(@&Jrk—j, using the empirical distribution of Z?;& zpj(é;)ef ;- From this we can

e

!Residual bootstrap is based on sampling from the empirical distribution of the residuals i.e. construct
1

the “bootstrap” sequence {e;,;_;}; by sampling from the empirical distribution ﬁ(m) == E?:pﬂ I(& <
z) (where & = X; — Z§:1 ¢$jX¢—;). This sequence is used to construct the bootstrap estimator
Zf;é Y (g/bg)er 4k—j- By doing this several thousand times we can evaluate the empirical distribution of
Zf;é Vj ((Z)ef tk—; using these bootstrap samples. This is an estimator of the distribution function of

Z;:é wj($)5t+k7j~
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construct the 95% CI for the forecasts.
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Figure 7.4: Forecasts of second differences.

A small criticism of our approach is that we have fitted a rather large AR(7) model to time

series of length of 127. It may be more appropriate to fit an ARMA model to this time series.

Exercise 7.1 In this ezercise we analyze the Sunspot data found on the course website. In the data
analysis below only use the data from 1700 - 2003 (the remaining data we will use for prediction).

In this section you will need to use the function ar.yw in R.

(i) Fit the following models to the data and study the residuals (using the ACF). Using this

decide which model

X: = p+ Acos(wt)+ Bsin(wt) + & or
~—
AR
Xy = p+ &
AR

is more appropriate (take into account the number of parameters estimated overall).

(ii) Use these models to forecast the sunspot numbers from 2004-2013.
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7.5 One-step ahead predictors based on the finite past

We return to Section and call the definition of the best fitting AR(p) model.

The best fitting AR(p) Let us suppose that {X;} is a general second order stationary time series

with autocovariance {c(r)},. We consider the projection of X; onto Y = (X;—p,..., X¢—1) (techni-

cally we should should say sp(X;—p, ..., X;—1)), this is
P
Py(X) =) dp; X
j=1

where

1£ 9 (76)
Pp.p

where (3,);; = c(i — j) and (r,,); = c(i + 1). We recall that X; — Py (X¢) and Y are uncorrelated
but X; — Py (X}) is not necessarily uncorrelated with {X;_;} for j > (p+1). We call {¢,, ;} the
best fitting AR(p) coefficients, because if the true model were an AR(p) model ¢, ; = ¢;.

Since Xy — Py (X}) is uncorrelated with ¥ = (Xy—,,..., X;—1), the best linear predictor of X;
given Y = (Xy—p,..., X41) is

p
Py(Xy) = Z Pp, i Xi—j
j=1

7.5.1 Levinson-Durbin algorithm

The Levinson-Durbin algorithm, which we describe below forms the basis of several estimation
algorithms for linear time series. These include (a) the Gaussian Maximum likelihood estimator,
(b) the Yule-Walker estimator and (c) the Burg algorithm. We describe these methods in Chapter
[0 But we start with a description of the Levinson-Durbin algorithm.

The Levinson-Durbin algorithm is a method for evaluating {¢, ; }§:1 for an increasing number
of past regressors (under the assumption of second order stationarity). A brute force method is to
evaluate {gbp,j}?:l using , where 3 1 is evaluated using standard methods, such as Gauss-
Jordan elimination. To solve this system of equations requires O(p®) operations. The beauty of the

Levinson-Durbin algorithm is that it exploits the (Toeplitz) structure of ¥, to reduce the number
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of operations to O(p?). It is evaluated recursively by increasing the order of lags p. It was first

proposed in the 1940s by Norman Levinson (for Toeplitz equations). In the 1960s, Jim Durbin

adapted the algorithm to time series and improved it. In the discussion below we switch p to t.
We recall that in the aim in one-step ahead prediction is to predict X,y given X;, Xy—1,..., X1.

The best linear predictor is
t
Xpsge = Py (Xe1) = Xepapn = > 01y Xe1j. (7.7)
j=1

The notation can get a little heavy. But the important point to remember is that as ¢ grows we

are not predicting further into the future. We are including more of the past in the one-step ahead

prediction.
We first outline the algorithm. We recall that the best linear predictor of X;;1 given Xy, ..., X3
is

t
Xy = Z¢t,th+1—j- (7.8)

j=1
The mean squared error is r(t + 1) = E[X41 — Xt+1|t]2. Given that the second order stationary
covariance structure, the idea of the Levinson-Durbin algorithm is to recursively estimate {¢; j;j =
1,...,t} given {¢¢_1;;5 =1,...,t—1} (which are the coefficients of the best linear predictor of X
given Xy 1,...,X7). Let us suppose that the autocovariance function c¢(k) = cov[Xy, Xj] is known.

The Levinson-Durbin algorithm is calculated using the following recursion.
Step 1 ¢1,1 = ¢(1)/¢(0) and 7(2) = E[X2 — Xo1]> = E[X3 — ¢11X1]* = ¢(0) — ¢1,1¢(1).
Step 2 For j =1
c(t) = Y52 b et — j)
r(t)

Gt = Gt—1j — Gt4Pi—1,1—j 1<y <t—1,

Step 3 r(t+1) =r(t)(1 — ¢7,).

We give two proofs of the above recursion.
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Exercise 7.2 (i) Suppose X; = ¢pX_1+¢e; (where |¢p| < 1). Use the Levinson-Durbin algorithm,

to deduce an expression for ¢ ; for (1 <j <t).

(ii) Suppose Xy = ¢ei—1 + & (where |¢p| < 1). Use the Levinson-Durbin algorithm (and possibly
Maple/Matlab), deduce an expression for ¢y for (1 < j <t). (recall from Ezercise[6.5 that

you already have an analytic expression for ¢4 ).

7.5.2 A proof of the Durbin-Levinson algorithm based on projec-
tions

Let us suppose {X;} is a zero mean stationary time series and c(k) = E(X;Xo). Let Px, . x,(X1)

denote the best linear predictor of X; given Xy,..., Xs and Py, x,(X¢+1) denote the best linear

predictor of X341 given X, ..., Xo. Stationarity means that the following predictors share the same
coefficients
t—1 t—1
Xijp—1 = Z br—1,;Xt—j Px,,. xy(Xt41) = Zéf’tfl,thHfj (7.9)
j=1 j=1

t—1
Px,..x(X1) = ) bi1;X
j=1

The last line is because stationarity means that flipping a time series round has the same correlation
structure. These three relations are an important component of the proof.

Recall our objective is to derive the coefficients of the best linear predictor of Px, . x,(X¢+1)
based on the coeflicients of the best linear predictor Px, , . x,(X¢). To do this we partition the
space Sp(Xy,..., X2, X1) into two orthogonal spaces Sp(Xy,..., X2, X1) = sp(Xy,..., X9, X1) &

5p(X1 — Px,,..x,(X1)). Therefore by uncorrelatedness we have the partition

Xivp = Pxooxo(Xe1) + Pxy—py, (1) (Xt41)

t—1

= Z 11, Xer1—5 + G0t (X1 — Px,,... x5 (Xl))J
J=1 by projection onto one variable

by

t—1 -1

= Z -1, Xer1-j + dee | X1 — Z br-1,jXj+1 | - (7.10)
=1 =1

by (7.9)
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We start by evaluating an expression for ¢, (which in turn will give the expression for the other

coefficients). It is straightforward to see that

E(Xi11(X1 — Px,,.. . x, (X1
Py = (E(Xl(— PXt,...,XQ(Xf))Q))) (7.11)
E[(Xt41 — Px,,.. X (Xi41) + Py x0 (Xie41)) (X1 — Py, x, (X1))]
E(X:1 — Px,,.. x,(X1))?
E[(Xt41 — Px,,.. X (Xe41)) (X1 — Px, . x,(X1))]
E(X1 = Px,,..x,(X1))?

Therefore we see that the numerator of ¢;; is the partial covariance between X;y; and X; (see
Section [6.2), furthermore the denominator of ¢;; is the mean squared prediction error, since by

stationarity
E(X1 — Px,...x,(X1))* = E(X; — Px,_,,..x,(X}))* = r(t) (7.12)

Returning to ([7.11]), expanding out the expectation in the numerator and using (7.12)) we have

oy = E(Xi41(X1 — Px,,...x,(X1))) _ c(0) — E[X+1Px,,... x,(X1))] _ c(0) — 22;11 br—1,5c(t — j)
r(t) r(t) r(t) ’
(7.13)

which immediately gives us the first equation in Step 2 of the Levinson-Durbin algorithm. To

obtain the recursion for ¢ ; we use (7.10) to give

t
Xive = E Dt Xit1-j

=1
-1 -1

= E Gt-1,Xe41—5 + P | X1 — E Gr—1,jXj+1
= =1

To obtain the recursion we simply compare coefficients to give

Gt,j = Pt—1,j — PttPt—1,4—j 1<j<t—-1

This gives the middle equation in Step 2. To obtain the recursion for the mean squared prediction
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error we note that by orthogonality of {Xy,..., X2} and X — Px, . x,(X1) we use (7.10) to give

rit+1) = E(Xi41— Xt+1|t)2 =BE[Xi41 — Px,,x, (Xet1) — de4(X1 — P, x, (X1))
= E[Xi41 — Py, x (Xe41)]? + 07, E[X1 — Px,...x,(X1))?
=201 BE[( X1 — Px,,. x0 (Xi41) ) (X1 — Px,,. x,(X1))]

= r(t) 4+ ¢7r(t) — 201 E[Xi1 (X1 — Px,.... x5 (X1))]
=r(t)¢t,t by

= (B[ - o).

This gives the final part of the equation in Step 2 of the Levinson-Durbin algorithm.

7.5.3 Applying the Durbin-Levinson to obtain the Cholesky de-
composition

We recall from Section[5.5|that by sequentially projecting the elements of random vector on the past
elements in the vector gives rise to Cholesky decomposition of the inverse of the variance/covariance
(precision) matrix. This is exactly what was done in when we make the Durbin-Levinson algorithm.

In other words,

X3

Vr(1)

X1—¢1,1X2

var Vr(2) =1,

Xn—=30" b1, Xn—j

Vr(n)

Therefore, if ¥, = var[X,,], where X, = (X1,...,X,), then X! = L, D, L, where

1 0 . cee . 0
—d11 1 0 B
L, = —¢2,2 —p2,1 1 0 ... 0 (7.14)
_¢n—1,n—1 _¢n—1,n—2 _¢n—1,n—3 cee e 1
and D,, = diag(r; ', ry b, .Y,
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7.6 Comparing finite and infinite predictors (advanced)

We recall that
Xt+1|t = PXt, X1 Xt+1 Z ¢t,JXt J»

which is the best linear predictor given the finite past. However, often ¢;; can be difficult to
evaluate (usually with the Durbin-Levinson algorithm) in comparison to the AR(co) parameters.

Thus we define the above approximation

t
Xt = Z ¢ Xi—j.
j=1

How good an approximation )A(t+1|t is of Xy is given by Baxter’s inequality.

Theorem 7.6.1 (Baxter’s inequality) Suppose {X;} has an AR(o0) representation with param-
eters {gbj}}?‘;l such that Z(;; |pj] < oo. Let {gbn,j}?:l denote the parameters of the parameters of

the best linear predictor of X1 given {Xj}z»:l. Then if n is large enough we have

Zr% ¢jl <C Z 1651,

Jj=n+1
where C' is a constant that depends on the underlying spectral density.

We note that since » 22, |¢;] < oo, then 3322 |¢j| — 0 as n — oco. Thus as n gets large

n
> o — il ~ 0.
j=1

We apply this result to measuring the difference between X, ;; and X'H”t

t t e’}
Bl Xy — Xpsrpel €D |y — 0| BIXi 5] SEIXi 1) by — ¢l < CEIX| Y oyl

j=1 j=1 J=t+l

Therefore the best linear predictor and its approximation are “close” for large t.
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7.7 r-step ahead predictors based on the finite past

Let X = (thpa e 7Xt71)

X t+r Z ¢pd X t—j

where

Ppa(r)
: =y lr (7.15)

Gpp(r)

where (X,);; = c(i — j) and (r,,); = c(i + ). This gives the best finite predictor for the time
series at lag r. In practice, one often finds the best fitting AR(p) model, which gives the best finite
predictor at lag one. And then uses the AR prediction method described in Section to predict
forward

Xi(r) = [0X,(r - D]y = [@,X. (r,p) Xi41-5

T M@

where

Gp1 Pp2 P3 ... O

p-p
1 0 0 0
= 0 1 0 0
0
0 0 0 0

If the true model is not an AR(p) this will not give the best linear predictor, but it will given an
approximation of it. Suppose that j > n
For ARMA models

- Op(Pp) TP
QZ)' ; _Cb‘,n X | =
;| (T3 p) i (7)1 X5 0, (pPpIT—p\) -

Lemma 7.7.1 Suppose the MA(oo) and AR(co) parameters satisfy D |75, < 0o and > li%a;| <
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oo for some K > 1. Then

O(%) T<p

p

1
O (P7K|T—p|K> T > p.

> les(rip) — ¢5(7)
j=1
PROOF. If 7 < p

Zl% SOV D B} Sy AT Z% wmf>|=o<1K).

j=1 s=1 p
Ifr>p
n n o0 1
Z’fﬁj(ﬂfp)_%(ﬂfﬂ = ‘Zﬁbﬁs (fp)¥r—s(fp) — Z¢J+8 )i - Sf)’:O<K|_K>‘
j=1 j=1 s=1 prir =l

7.8 Forecasting for ARMA processes

Given the autocovariance of any stationary process the Levinson-Durbin algorithm allows us to
systematically obtain one-step predictors of second order stationary time series without directly
inverting a matrix. In this section we consider the special case of ARMA(p,q) models where the
ARMA coefficients are known.

For AR(p) models prediction is especially easy, if the number of observations in the finite past,
t, is such that p <t¢. For 1 <t < p one would use the Durbin-Levinson algorithm and for ¢t > p we

use
P

X1t = E i Xit1-5-
Jj=1

For ARMA (p,q) models prediction is not so straightforward, but we show below some simple
approximations can be made.

We recall that a causal invertible ARMA(p, ¢) has the representation

Xip1 = Z ¢ Xiy1-5 + Z Oictr1-i + et
Jj=1 =

Then if the infinite past were observed by using equation (7.4)) and the AR(o0) and MA(co) repre-
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sentation of the ARMA model the best linear predictor is
o0
Xy(1) = Z¢j€t+1—j
j=1
(o.9]
= Z a; Xe41—j
j=1

where {1;} and {a;} are the AR(c0) and MA (o00) coefficients respectively. The above representation
does not explictly use the ARMA representation. However since e;—; = Xy—j —X;_;_1(1) it is easily

seen that an alternative representation is

p q
X(1) =) ¢ Xer1j+ >0 (X1 — Xii(1)).
j=1 i=1
However, for finite predictors the actual one-step ahead prediction formula is not so simple. It can

be shown that for ¢ > max(p, q)

P q
Xepie = DX j+ D 0ni(Xip1—i — Xoq_ijes), (7.16)
j=1 i=1

where the coefficients ¢;; which can be evaluated from the autocovariance structure of the MA
process. A proof is given in the appendix. It can be shown that 6;; — 6; as t — oo (see Brockwell

and Davis (1998))), Chapter 5.
The prediction can be simplified if we make a simple approximation (which works well if ¢ is
relatively large). For 1 < ¢ < max(p,q), set )?t+1\t = X; and for ¢ > max(p,q) we define the

recursion

p q
Xegip = > 05X+ Y0 X1 — Xppaoie—s)- (7.17)
= i=1

This approximation seems plausible, since in the exact predictor (7.16)), 6;; — 6;. By iterating

backwards, we can show that

R t—max(p,q) max(p,q)
Xiae = Z ajXip1—;  + b; X (7.18)
j=1 Jj=1

first part of AR(co) expansion
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where |v;| < Cp', with 1/(1 4 §) < p < 1 and the roots of §(z) are outside (1 + ). On the other

hand, the infinite predictor is

0o 0o
E CLth+1,j (since X1 = E CLthJrl,j + 5t+1)-
X =

Remark 7.8.1 We prove for the MA(1) model X; = fe,_1 + &;. The estimated predictor is

)?t|t71 = 0 (Xt—l - X\vt71|t72>
= X — Xt|t71 = -0 (Xt—l - Xt—l\t72> + Xi
t—1
= Z(—H)th—j—1 + (—0)" (Xl — )A(uo) :
§=0

On the other hand, the infinite predictor is

th|t71 = 0 (Xt—l - X\vt71|t72>
= X — )?t|t71 = -0 <Xt—1 - Xt—l\t72> + Xi
t—1
= S0P X+ (=0) (X1 - Ryp).
=0

In summary, we have three one-step ahead predictors. The finite past best linear predictor:

p q t
Xpp = D6 Xep—+ 2 0ia(Xew1-i = Xppamipmi) = Y bt Xep1s (7.19)
j=1 i=1 -

The infinite past predictor:

P
Y biXir1- J+Ze (Xe1-i — Xo—i( Za]XtH s (7.20)
7=1

=1

and the approximate finite predictor:

max(p.q)

Xy = Z¢]Xt+1 ]+Ze (Xps1—i — Xe—i( Z%Xm s+ Z b X,. (7.21)
7=1 =1

These predictors will be very useful in deriving the approximate Gaussian likelihood for the ARMA
model, see Section We give a bound for the differences below.
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Proposition 7.8.1 Suppose {X;} is an ARMA process where the roots of ¢(z) and 0(z) have roots
which are greater in absolute value than 1+9. Let Xy ., X¢(1) and )?t+1\t be defined as in ,

and respectively. Then

E[)A(tﬂ\t - Xy (1)]* < K¢, (7.22)
E[X . — Xe(D)* < Kp' (7.23)

and
|E[Xt+1 - Xt+1|t]2 - 02’ < Kp' (7.24)

for any 1—}r5 < p <1 andvar(g) = o2.

7.9 ARMA models and the Kalman filter

7.9.1 The Kalman filter

The Kalman filter can be used to define a variant of the estimated predictor )?t(l) described in

(7.21]). The Kalman filter construction is based on the state space equation
Xe=FX; 1+V;

where {X;}; is an unobserved time series, F' is a known matrix, var[V;] = @ and {V;}; are indepen-

dent random variables that are independent of X;_ 1. The observed equation
Yi=HX; 1+ W;

where {Y;}; is the observed time series, var[W;] = R, {W}}; are independent that are independent
of X;_1. Moreover {V;}; and {W,} are jointly independent. The parameters can be made time-
dependent, but this make the derivations notationally more cumbersome.

The standard notation is to let X’Hl‘t = Py, vi(Xyy1) and Py = var[Xyqq — Xtﬂ\t] (pre-

dictive) and )/(:t+1|t+1 = Py, y,(Xi41) and P4 = var[ Xy — )?t+1|t+1] (update). The Kalman
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filter is an elegant method that iterates between the prediction steps )?t—&—l\t and Py and the
update steps )?t +1jt+1 and Py q41. A proof is given at the end of the chapter. We summarise the

algorithm below:

The Kalman equations

(i) Prediction step The conditional expectation

Xt+1|t = FXt\t
and the corresponding mean squared error

Py = FP F™ + Q.

(ii) Update step The conditional expectation

Xivtperr = Xy + K (Yt+1 - HXt+1\t> :

(note the appearance of Y;, this is where the observed data plays a role in the prediction)

where
Kip1 = Py H [HPq H* + R
and the corresponding mean squared error

Piiyjppr = P — Kyt HPyp = (I — Kt H) Py e

(iii) There is also a smoothing step (which we ignore for now).

Thus we observe that if we can write a model in the above notation, then the predictors can be
recursively updated. It is worth mentioning that in order to initiate the algorithm the initial values

Xojo and Fy|y are required.
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7.9.2 The state space (Markov) representation of the ARMA model

There is no unique state-space representation of the ARMA model. We give below the elegant
construction proposed in Akaike (1977) and expanded on in | Jones (1980). This construction can be
used as in prediction (via the Kalman filter) and to estimate the parameters in likelihood likelihood
(but keep in mind initial conditions do matter). The construction is based on the best linear
predictor of the infinite past.

We will assume {X;} has a causal ARMA(p, q) representation where
P q
Xt = Z (ijt—j + Z eigt—i + ;.
j=1 i=1

We now obtain a Markov-type representation of the above. It is based on best linear predictors

given the infinite past. Let
X(t + T‘t) = PXhthl,---(Xt"FT')?

where we recall that previously we used the notation X;(r) = X (¢ 4+ r|t). The reason we change
notation is to keep track of the time stamps. To obtain the representation we use that the ARMA

model has the MA(o00) representation

Xy = Z%‘&t—j
=0

where 19 = 1. The MA(c0) coefficients can be derived from the ARMA parameters using the

recursion

j—1

by =0+ wbj_ for j > 1,
k=1

setting the initial value ¥y = 1. Since X (¢ + r|t) is the best linear predictor given the infinite past
by using the results from Section [7.4] we have

X(t+rt) = Px,x,_y,.(Xigr) = Z¢j+r€t+r—j

j=r

00
X(t+ T‘t + 1) = PXt+17Xt7Xt—17---<Xt+7') = Z Vj€ttr—j-
Jj=r—1
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Thus taking differences we have

X(t + T‘t + 1) — X(t + T‘t) = YPp_16441-

Rewriting the above gives

X(t+rft+1)=X[E+r|t) +vr—16041. (7.25)

The simplest example of the above is X4, = X(t +r[t+7r) =Xt +r|t+r—1) 4+ 44,. Based on

(7.25)) we have
X(t4+1t+1) 010 ..00 X (t|t) 1
X(t+2)t+1) 001 ...00 X(t+1]t) W1
X (t + 3t) 000 ...00 X(t 4 2Jt) Yo
i . + €41
X(t+r—1)t+1) 000 ...0°1 X(t+r—2|t) Yr_o
X({t+rlt+1) O O G G ¢ X(t+r—1Jt) Pr_1

The important observation is that the two vectors on the RHS of the above are independent, which
is getting us towards a state space representation.

How to choose r in this representation and what are the 7s. Studying the last line in the above

vector equation we note that
X(t+rit+1)=X({t+rt) + Y1641,

however X (¢ + r|t) is not explicitly in the vector. Instead we need to find a linear combination of

X(tt),..., X(t+r—1|t) which gives X (¢t +7|t). To do this we return to the ARMA representation
p q
Xigr = Z ¢ Xipr—j + Z Oi€trr—i + Ettr-
j=1 i=1

The next part gets a little messy (you may want to look at Akaike or Jones for a better explanation).
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Suppose that r > g, specifically let r = ¢ + 1, then

p q
PXt,Xt_l,...(Xt-i-T’) = Z ¢jPXt,Xt_1,...(Xt+T—j) + Z eiPXt,Xt_l,...(gt-i-?“—i) + PXt,Xt_l,...(Et-‘r’l’)
7j=1 =1

since r > ¢ thisis =0

p
- Z (bjPXth—l,-.. (Xt+r—j).
Jj=1

If, p < ¢ + 1, then the above reduces to
P
X(t+rt) = > ¢ X(t+r—jft).
j=1

If, on the other hand p > r, then

T
X(t+rt) = Y g X(t+r—jl)+ Y. ¢ X
j=1 j=r+1
Building {X;—;}7_; from {X(t|t),..., X (¢t +r — 1|t)} seems unlikely (it can probably proved it is
not possible, but a proof escapes me for now). Thus, we choose r > max(p, ¢+ 1) (which will then

gives everything in terms of the predictors). This choice gives

P
PXuXt—l,---(Xt-‘rT) = Z (ij(t +r— ]’t)

j=1
This allows us to construct the recursion equations for any » > max(p, ¢+ 1) by using the above to
build the last row of the matrix. For simplicility we set r = m = max(p,¢+1). If p < max(p,q+1),

then for p +1 < r < m set ¢; = 0. Define the recursion

X(t+1]t+1) 0 1 0 .. 0 0 X (t]t) 1
X(t+2[t+1) 0 0 1 .. 0 0 X(t+1]t) "
X(t+3|0) 0 0 0 .. 0 0 X(t+2[¢) s
. =1 . . L . + et
X(t+m—1)t+1) 0 0 0 .. 0 1 X(t+m—2|t) -
X(t+mlt+1) bm Pm-1 Pm—2 ... P2 P X(t+m—1[t) Ym—1

Let Z, = (X (t|t),..., X (t +m — 1]t)), and observe that Z, is independent of €;41. This yields the
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state space equation
Zy g =FZ,+V,

where @ is the matrix defined above and Vi, = er1(1,91,...,¢¥m—1) = Et“%n' By forward

iterating
Zip=FZi+ Vg tel

from t = —oo the top entry of Z, gives a stationary solution of the ARMA model. Of course in
practice, we cannot start at ¢t = —oo and start at ¢t = 0, thus the initial conditions will play a role
(and the solution won’t precisely follow a stationary ARMA).

The observation model is
}/;H-l - (17 07 s )O)Zt+l7

where we note that Y41 = Xy41. Thus we set Y; = X; (where X is the observed time series).

7.9.3 Prediction using the Kalman filter

We use the Kalman filter described above where we set () = var(at)ymgm, R=0,H =(1,0,...,0).

This gives The Kalman equations

(1) Start with an initial value Z, ojo- This part is where the approximation comes into play sinceYj
is not observed. Typically a vectors of zeros are imputted for Z,y and recommendations for
Fy|o are given in given in Jones (1980) and Akaiki (1978). Then for ¢ > 0 iterate on steps (2)
and (3) below.

(2) Prediction step

Zt+1|t = FZt|t
and the corresponding mean squared error
P = FPF™ 4+ Q.
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(3) Update step The conditional expectation

Ziytjprr = Zppe + K (Kt+1 - HZt-i—l\t) :
where
Py H
Kpq =
T HP o HY

and the corresponding mean squared error

Pt+1\t+1 = Pt+1\t - KtHPt—i—l\t = (I - KtH)Rt+1|t~

2t+1|t will contain the linear predictors of X; i1, ..., X¢ym given X1, ..., X;. They are “almost” the
best linear predictors, but as in Section the initial value plays a role (which is why it is only
approximately the best linear predictor). Since we do not observe the infinite past we do not know

VA

Zynjm (which is set to zero). The only way this can be exactly the best linear predictor is if Z,,,,,

were known, which it is not. Thus the approximate one-step ahead predictor is

t
KXy = [Zt+1\t}(1) ~ Z a; Xi—j,
j=1
where {a;}32, are the coefficients of the AR(co) expansion corresponding to the ARMA model.

The approximate r-step ahead predictor is [Z, +1\t](1) (if r < m).

7.10 Forecasting for nonlinear models (advanced)

In this section we consider forecasting for nonlinear models. The forecasts we construct, may not
necessarily /formally be the best linear predictor, because the best linear predictor is based on
minimising the mean squared error, which we recall from Chapter 13| requires the existence of the
higher order moments. Instead our forecast will be the conditional expection of X;;1 given the past
(note that we can think of it as the best linear predictor). Furthermore, with the exception of the
ARCH model we will derive approximation of the conditional expectation/best linear predictor,

analogous to the forecasting approximation for the ARMA model, )?t+1|t (given in ([7.17))).
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7.10.1 Forecasting volatility using an ARCH(p) model

We recall the ARCH(p) model defined in Section [13.2]
P
Xt = O'tZt 0'152 =ag + ZCLJXE_]
j=1
Using a similar calculation to those given in Section [13.2.1] we see that

EXin|Xe, Xio1, o, Xipr1] = E(Zi0ea| X, X1, oo, Xi—pi1) = 001 B(Zp1 | X, X1, -0, X pg1)

Ot+4+1 function of Xt7"-7Xt—p+1
= o1 E(Zi41) =0-0441 =0.
——r

by causality

In other words, past values of X; have no influence on the expected value of X;;;. On the other

hand, in Section [13.2.1] we showed that

P
2 2 2 2 2 2 2
E(Xi X X1y, Xip1) = E(Z7 100401 X, Ximo, -, Xyp1) = 071 E[Z7 ] = 07y = Z a;j Xi\1 g,

j=1
thus X; has an influence on the conditional mean squared/variance. Therefore, if we let X,y
denote the conditional variance of X;j, given Xy, ..., X;_,11, it can be derived using the following

recursion

P
2 _ y2
Xt+1\t = Za]Xt—H—j
j=1

p k-1
2 — Y2 y2
Xivwp = ZaJXtHcfj + Z i X g 2<k<p
J=k j=1
2 _ 32
Xire = Z R T k>p.
j=1

7.10.2 Forecasting volatility using a GARCH(1, 1) model

We recall the GARCH(1, 1) model defined in Section [13.3]

0'152 =ag + alXthl + blUtZ—l = (a1Zt271 + bl) Ut271 + ag.
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Similar to the ARCH model it is straightforward to show that E[X;y1|X;, X;—1,...] = 0 (where we
use the notation X;, X;_1,... to denote the infinite past or more precisely conditioned on the sigma
algebra F; = (X, Xy_1,...)). Therefore, like the ARCH process, our aim is to predict X?.

We recall from Example that if the GARCH the process is invertible (satisfied if b < 1),
then

o0
aq ;
E[X2 | Xe, Xim1,.. ) = 02y = ap + a1 X7y + biof, = T tw S VXE . (7.26)
§j=0
Of course, in reality we only observe the finite past X;, Xy—1,..., X1. We can approximate

E[XfH\Xt, Xi-1,...,X1] using the following recursion, set Eio =0, then for ¢t > 1 let
af_i_”t =ap+ alth + bﬁfﬁ_l

(noting that this is similar in spirit to the recursive approximate one-step ahead predictor defined

in ((7.18))). It is straightforward to show that

9 (1_bt+1
Ut+1|t 1-b +a12b‘7Xt —js

taking note that this is not the same as E[X? | X;,...,X;] (if the mean square error existed
E[XtQ_H\Xt, ..., X1] would give a smaller mean square error), but just like the ARMA process it will

closely approximate it. Furthermore, from it can be seen that 52 closely approximates

1]t
‘7t2+1
Exercise 7.3 To answer this question you need R install.package("tseries") then remember
library("garch").

(i) You will find the Nasdaq data from 4th January 2010 - 15th October 2014 on my website.

(i) By taking log differences fit a GARCH(1,1) model to the daily closing data (ignore the adjusted
closing value) from 4th January 2010 - 30th September 2014 (use the function garch(x,
order = c(1, 1)) fit the GARCH(1,1) model).

(iii) Using the fitted GARCH(1,1) model, forecast the volatility o} from October 1st-15th (not-

ing that no trading is done during the weekends). Denote these forecasts as UtQIO' Evaluate
11 2
=1%o
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(iv) Compare this to the actual volatility E%il X? (where Xy are the log differences).

7.10.3 Forecasting using a BL(1,0,1,1) model

We recall the Bilinear(1,0,1,1) model defined in Section m
X = 01 Xp1 +b11 X161 + &

Assuming invertibility, so that ¢; can be written in terms of X; (see Remark [13.4.2)):

00 J—1
g = ((—b)j HXt1j> (Xt — o Xi—j1],

§=0 i=0

it can be shown that
Xt(l) = E[Xt+1|Xt, thl, .. ] = ¢1Xt + bl,lXtet-

However, just as in the ARMA and GARCH case we can obtain an approximation, by setting

X 10 = 0 and for ¢ > 1 defining the recursion
)A(t+1\t =1 Xy + 011X (Xt - )A(t|t—1) :

See 7 and ? for further details.

Remark 7.10.1 (How well does Xtﬂ\t approximate X;(1)?) We now derive conditions for

)?t—i-l\t to be a close approzimation of Xi(1) when t is large. We use a similar technique to that

used in Remark|7.8.1).

We note that Xiy1 — Xe(1) = 141 (since a future innovation, €441, cannot be predicted). We

will show that X1 — )?t+1|t is ‘close’ to €,41. Subtracting )?t+1|t from Xiy1 gives the recursion
X1 — )?t+1|t = —b11(X¢ — X't\tq)Xt + (bee Xt + €441) - (7.27)

We will compare the above recursion to the recursion based on e€4y1. Rearranging the bilinear
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equation gives

€41 = —ber Xy + (Xt+1 — ¢1Xt) . (728)
—_——

=bet Xit+er41

We observe that (7.27) and (7.28) are almost the same difference equation, the only difference is

that an initial value is set for le. This gives the difference between the two equations as

erp1 — [Xie1 — X = (-1 X, H gj + (=1)'B[X1 — Xyp] H £j-
7=1
Thus if th _1&§ “2 0 as t — oo, then Xt+1|t A Xi(1) as t — oo. We now show that if

Ellog|e/| < —log|b], then ' [['_,e; “3 0. Since b [['_, ¢, is a product, it seems appropriate to

Jj=1 Jj=1

take logarithms to transform it into a sum. To ensure that it is positive, we take absolutes and

t-roots

t t
1
log b* T &51/* = log ] + Z§ log |e;]

j=1 =
—_————

average of itd random variables
Therefore by using the law of large numbers we have
t 1
log | r[lgj|1/t = log |b] + n leog e A log |b| + Elog |eg] =
j= j=

Thus we see that |b H _1 &Vt 58 exp(y). In other words, |bt H;Zl ] =~ exp(ty), which will only

converge to zero if Ellog|e:| < —log [b].

7.11 Nonparametric prediction (advanced)

In this section we briefly consider how prediction can be achieved in the nonparametric world. Let
us assume that {X;} is a stationary time series. Our objective is to predict X;+1 given the past.
However, we don’t want to make any assumptions about the nature of {X;}. Instead we want to
obtain a predictor of X;;1 given X; which minimises the means squared error, E[X;,1 — g(X;)]?. Tt

is well known that this is conditional expectation E[X;y1]|X¢]. (since E[X;11 — g(X¢)]? = E[ X441 —
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E(X11|X1))? + E[g(X;) — E(X441|X:)]?). Therefore, one can estimate
E[X 41| Xt = 2] = m(z)

nonparametrically. A classical estimator of m(z) is the Nadaraya-Watson estimator

_ S X1 K (25%)
oK (5

My () ,

where K : R — R is a kernel function (see Fan and Yao (2003), Chapter 5 and 6). Under some
‘regularity conditions’ it can be shown that m, (z) is a consistent estimator of m(z) and converges
to m(x) in mean square (with the typical mean squared rate O(b* + (bn)~!)). The advantage of
going the non-parametric route is that we have not imposed any form of structure on the process
(such as linear/(G)ARCH/Bilinear). Therefore, we do not run the risk of misspecifying the model
A disadvantage is that nonparametric estimators tend to be a lot worse than parametric estimators
(in Chapter ?? we show that parametric estimators have O(n~'/2) convergence which is faster than
the nonparametric rate O(b% + (bn)~/2)). Another possible disavantage is that if we wanted to
include more past values in the predictor, ie. m(z1,...,zq) = E[X¢41| Xt = 21, ..., X;—p = z4] then
the estimator will have an extremely poor rate of convergence (due to the curse of dimensionality).

A possible solution to the problem is to assume some structure on the nonparametric model,

and define a semi-parametric time series model. We state some examples below:

(i) An additive structure of the type

P
X = ZQj(Xt—j) +é
=1

where {e;} are iid random variables.

(ii) A functional autoregressive type structure

p
Xy = Zgj(Xt—d)thj + &4
i=1

(iii) The semi-parametric GARCH(1,1)
X = 04/, O'tQ = b0‘t2_1 + m(thl).
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However, once a structure has been imposed, conditions need to be derived in order that the model
has a stationary solution (just as we did with the fully-parametric models).

See 7, 7,7, 7,7 etc.

7.12 The Wold Decomposition (advanced)

Section nicely leads to the Wold decomposition, which we now state and prove. The Wold
decomposition theorem, states that any stationary process, has something that appears close to
an MA(oco) representation (though it is not). We state the theorem below and use some of the

notation introduced in Section 5.5

Theorem 7.12.1 Suppose that {X;} is a second order stationary time series with a finite variance
(we shall assume that it has mean zero, though this is not necessary). Then X; can be uniquely

expressed as

Xi =Y ¥ Zij+ Vi, (7.29)
j=0

where {Z;} are uncorrelated random variables, with var(Z;) = E(X;—X;_1(1))? (noting that X;_1(1)

is the best linear predictor of X; given Xy_1,Xt—9,...) and V; € X_oo =N, 22 X7, where Xy, ™

is defined in .

PROOF. First let is consider the one-step ahead prediction of X; given the infinite past, denoted
Xi—1(1). Since {X;} is a second order stationary process it is clear that X;—1(1) = 372, b; X¢—j,
where the coefficients {b;} do not vary with ¢. For this reason {X;_1(1)} and {X; — X;—1(1)} are
second order stationary random variables. Furthermore, since {X; — X;_1(1)} is uncorrelated with
X for any s < ¢, then {X; — X5-1(1);s € R} are uncorrelated random variables. Define Z; =
Xs—Xs-1(1), and observe that Z; is the one-step ahead prediction error. We recall from Section
that X; € sp((X¢ — Xi—1(1)), (Xe—1 — Xi—2(1)),...) ® $p(X_oc) = BZ(SP(Zi—;) ® SP(X_oo). Since
the spaces ©32(3p(Z;—;) and Sp(X_oo) are orthogonal, we shall first project X; onto ©32,5p(Z¢—;),
due to orthogonality the difference between X; and its projection will be in Sp(X_). This will

lead to the Wold decomposition.
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First we consider the projection of X; onto the space @ﬁO@(Zt,j), which is

00
PZt7Zt—17~-~<Xt) = ijZt—ﬁ
=0

where due to orthogonality 1; = cov(Xy, (Xi—; — Xi—j—1(1)))/var(Xy—; — X;—j—1(1)). Since X; €
@?';Oﬁ(Zt_j) @ sp(X_o), the difference X; — Py, z, , X, is orthogonal to {Z;} and belongs in

Sp(X_oo). Hence we have
o0
X = Z%thj + Vi,
j=0

where V; = X; — Z;'io Y Zy—j and is uncorrelated to {Z;}. Hence we have shown l) To show
that the representation is unique we note that Z;, Z;_1, . . . are an orthogonal basis of Sp(Z, Z;—1, . . .),

which pretty much leads to uniqueness. O

Exercise 7.4 Consider the process Xy = Acos(Bt + U) where A, B and U are random variables
such that A, B and U are independent and U is uniformly distributed on (0, 27).

(i) Show that X is second order stationary (actually it’s stationary) and obtain its means and

covariance function.

(ii) Show that the distribution of A and B can be chosen in such a way that {X:} has the same

covariance function as the MA(1) process Yy = e + ¢er (where |¢| < 1) (quite amazing).
(iii) Suppose A and B have the same distribution found in (ii).

(a) What is the best predictor of Xy11 given Xy, Xy—q,...7

(b) What is the best linear predictor of X1 given Xy, Xy—1,...7

It is worth noting that variants on the proof can be found in |Brockwell and Davis| (1998),

Section 5.7 and |Fuller| (1995)), page 94.

Remark 7.12.1 Notice that the representation in looks like an MA(oo) process. There is,
however, a significant difference. The random variables {Z;} of an MA(o0) process are iid random
variables and not just uncorrelated.

We recall that we have already come across the Wold decomposition of some time series. In

Section [6.4) we showed that a non-causal linear time series could be represented as a causal ‘linear
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time series’ with uncorrelated but dependent innovations. Another example is in Chapter|[15, where
we explored ARCH/GARCH process which have an AR and ARMA type representation. Using this
representation we can represent ARCH and GARCH processes as the weighted sum of {(Z} —1)o?}

which are uncorrelated random variables.

Remark 7.12.2 (Variation on the Wold decomposition) In many technical proofs involving
time series, we often use results related to the Wold decomposition. More precisely, we often
decompose the time series in terms of an infinite sum of martingale differences. In particular,
we define the sigma-algebra Fy = o(Xy, Xy—1,...), and suppose that E(X|F_) = p. Then by

telescoping we can formally write X; as

Xy —p= Z Zyj
=0

where Z;; = E(X¢|Fi—j) — E(Xy|Fi—j—1). It is straightforward to see that Z;; are martingale
differences, and under certain conditions (mizing, physical dependence, your favourite dependence
flavour etc) it can be shown that 3 7 | Zejll, < oo (where || - || is the pth moment). This means
the above representation holds almost surely. Thus in several proofs we can replace Xy — p by

Z;')io Zy.j. This decomposition allows us to use martingale theorems to prove results.

7.13 Kolmogorov’s formula (advanced)

Suppose {X;} is a second order stationary time series. Kolmogorov’s(-Szeg6) theorem is an expres-
sion for the error in the linear prediction of X; given the infinite past X;_1, X;_o,.... It basically

states that

BIX, - X, (0 = e (5 | " g J()d)

where f is the spectral density of the time series. Clearly from the definition we require that the
spectral density function is bounded away from zero.

To prove this result we use ([5.25));

S det(X)
var[Y = Y] = Tt (D)’
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and Szegd’s theorem (see, Gray’s technical report, where the proof is given), which we state later
on. Let Px, . x,(Xnp+1) = Z?Zl ®jnXnt1—; (best linear predictor of X, 41 given X,,...,X1).

Then we observe that since {X;} is a second order stationary time series and using (/5.25)) we have

2

n
det(Em_l)
E|X - iXntli—i| = —=——
where ¥, = {c(i — j);4,j =0,...,n — 1}, and ¥,, is a non-singular matrix.

Szegd’s theorem is a general theorem concerning Toeplitz matrices. Define the sequence of

Toeplitz matrices I';, = {c(i — j);4,7 =0,...,n — 1} and assume the Fourier transform

fw) = c(j) exp(ijw)
JEZ
exists and is well defined (3, c(4)]? < 00). Let {7;n} denote the Eigenvalues corresponding to I',.

Then for any function G we have

2

Jm =36+ [ Gl
j=1

To use this result we return to E[Xp+1 — >0, Gn.j Xnt1—5)° and take logarithms

n
log E[X)+1 — Z ¢n7an+1_j]2 = logdet(X,+1) — logdet(X,)
j=1
n+1 n
= D logYjni1— Y logvn
j=1 j=1

where the above is because det X, = H?:l Yjn (where 7;, are the eigenvalues of ¥,). Now we

apply Szegd’s theorem using G(z) = log(z), this states that

1 n 2
lim —Zlog(’yj’n) —>/ log(f(w))dw.
J=1 0

n—o00 N 4

thus for large n

1 n+1 1 n
T Zlog Vi1 R - Zlog Yin-
j=1 j=1
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This implies that

n+1 n+1 n
> 108 %ini1 @ —— > login,
= j=1

hence
n
log E[ X, 41 — Z ¢n’an+1_j]2 = logdet(X,+1) — logdet(%,,)
j=1
n+1 n
= ) logjnt1— »_log7in
=1 j=1
=D oy — ) login =~ logyin.
j=1 j=1 j=1
Thus
n n
Jlim log BE[Xi1 — Z O Xip1—j° = Jim log E[Xn1 — z; Onj Xn1—5)
=1 i=
1 n 27
- Jinéonzglog%,n = /0 log(f(w))dw
and

n 2
Jim E[Xi41 — Z¢n,th+1—j]2 = exp (/o log(f(w))dw> :

J=1

This gives a rough outline of the proof. The precise proof can be found in Gray’s technical report.
There exists alternative proofs (given by Kolmogorov), see |[Brockwell and Davis (1998), Chapter 5.

This is the reason that in many papers the assumption

21
/ log f(w)dw > —o0
0
is made. This assumption essentially ensures X; ¢ X .

Example 7.13.1 Consider the AR(p) process X¢ = ¢Xi—1 + &t (assume wlog that |¢| < 1) where
Ele] = 0 and var[e;] = 2. We know that X;(1) = ¢X; and

E[Xi1 — X (1)) = 0%
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We now show that

exp <217r /027r log f(w)dw) = o2 (7.30)

We recall that the spectral density of the AR(1) is

0.2

W = q1—gep
= log f(w) = logo? —log|l — ¢e™|?.

Thus

1 2m 1 2m 1 2m )
— / log f(w)dw = / log o2 dw — / log |1 — ¢e™2dw .
2T 0 2 0 2 0

=logo? =0

There are various ways to prove that the second term is zero. Probably the simplest is to use basic

results in complex analysis. By making a change of variables z = € we have

! /%10 11— ¢e™|?d ! /%10 (1 — pe™)dw + ! /%10 (1 — pe ™)d
— — e w = — — ¢e W+ — — ¢e W
2 0 & 2T 0 & 2T 0 &

1 [ &> i ijw i —ijw
_ / Z[‘z’je, L e }dw:O.
0 1

2 j j

From this we immediately prove .

7.14 Appendix: Prediction coefficients for an AR(p)

model

Define the p-dimension random vector X} = (Xy, ..., X;_pt+1). We define the causal VAR(1) model

in the vector form as

Xt = (I)thl + &
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where &) = (g4,0,...,0) and

$1 P2 ... dp1 Py
1 0 0 0
o=| 0 1 0 0 (7.31)
0 0
0 O 1 0

Lemma 7.14.1 Let ® be defined as in where parameters ¢ are such that the roots of ¢(z) =

1-— Zﬁ-}:l $;27 lie outside the unit circle. Then

P p—L
[cE'T'JFlXp](l) = Z Xy Z ¢£+S¢|T|78' (732)
(=1 s=0

where {1;} are the coefficients in the expansion (1 — 25:1 pje W)l = >0 Pge 5w,

PROOF. The proof is based on the observation that the jth row of ®™ (m > 1) is the (j — 1)th
row of @1 (due to the structure of A). Let (¢1m,...,Ppm) denote the first row of ®™. Using

this notation we have

d1,m b2.m e ®p,m o1 P2 ... Dpo1 Dp GPlm—-1 P2,m—1

dtm—1 D2m—1 - Opm—1 1t 0o ... 0 0 Plm—2 P2,m—2
: : ’ : B o 1 ... 0 0 :

Prm—pt1 P2m—pt+1 - Ppm—pt1 o o0 ... 1 0 Prm—p  P2m—p

From the above we observe that ¢, ,, satisfies the system of equations

Gom = GeP1m—1+ Grr1m—1 1<t<p-—-1

¢p,m = ¢p¢1,m—1' (733)

Our aim is to obtain an expression for ¢y ., in terms of {¢; }§:1 and {1;}32 which we now define.
Since the roots of ¢(-) lies outside the unit circle the function (1 —37%_, $;27) 71 is well defined
for |z| <1 and has the power series expansion (1 — Y0, ¢;2)™1 = D22 ah;2" for |2] < 1. We use

the well know result [®™]11 = ¢1,m = ¢m. Using this we obtain an expression for the coefficients
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{pe,m;2 < £ < p} in terms of {¢;} and {¢;}. Solving the system of equations in ([7.33)), starting

with ¢11 = 11 and recursively solving for ¢p.m, ..., 2, we have
¢p,r = ¢pwr71 m—-—p<r<m
Gor = GeP1r-1+ Prp1r-1 1</<p—-1, m—p<r<m

This gives ¢pm = Gpthm—1, for £ =p —1

Pp—1m = Gp—101,m—1+ Gpm—1

= pr—ld}m—l + ¢p¢m—2

Gp—2m = Gp—201,m—1+ Op—1,m—1

= ¢p—2¢m—1 + ¢p—11/}m—2 + ¢p1/}m—3
up to

OP1m = P101m—1+ P2.m-1

p—1
= Z ¢1+s¢m7175 = (Q;Z)m>

s=0

This gives the general expression

r
¢pfr,m = Z ¢pfr+swmflfs 0<r<p-1.
s=0

In the last line of the above we change variables with ¢ = p — r to give for m > 1
p—L
¢£,m = Zgb(—l—swmflfs 1<1< b,

s=0

where we set g = 1 and for ¢t < 0, ¥y = 0. Therefore

P p—L
@THX 0y =D X0 > bersthirs-
/=1 s=0
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Thus we obtain the desired result. O

A proof of Durbin-Levinson algorithm based on symmetric Toeplitz matrices

We now give an alternative proof which is based on properties of the (symmetric) Toeplitz matrix.

We use (7.15)), which is a matrix equation where

>N = r, 7.34
t

with

[3
<+
1

S and
ct—1) ct—2) : : c(0) c(t)

The proof is based on embedding r, ; and ¥;_; into ¥;_; and using that Etflg,l =71, .
To do this, we define the (¢t — 1) x (¢t — 1) matrix E;_; which basically swops round all the

elements in a vector

(recall we came across this swopping matrix in Section [6.2)). Using the above notation, we have the

interesting block matrix structure

i1 Ei 114
f;flEt—l c(0)

andr, = (ry_y,c(t))"
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Returning to the matrix equations in ([7.34)) and substituting the above into ([7.34]) we have

Y E qry 4 ?t—lt Ty 1

Et?t - zta =
ry_ 1B c(0) bt (t)

o

where Qi—l,t = (¢14,...,¢Pt—1+). This leads to the two equations

Zt—@t_u +Eiar G =1 (7.35)

[2_1Et_1g_17t +¢(0) s = c(t). (7.36)

We first show that equation ((7.35)) corresponds to the second equation in the Levinson-Durbin
algorithm. Multiplying 1' by Et__ll, and rearranging the equation we have

ﬂg_l t = Et_—11ft—1 - Z315_—11]5}—1@5—1 Gt t-
’ N e’ N
:?tfl :Etflétfl
Thus we have
b 1y = Oy~ Orpbiad, (7.37)

This proves the second equation in Step 2 of the Levinson-Durbin algorithm.

We now use ((7.36) to obtain an expression for ¢;;, which is the first equation in Step 1.

Substituting 1} into ¢, , , of l) gives
T 1 F 1 (Qt_l - ¢t,tEt71g_1> + ¢(0)dr = c(t). (7.38)
Thus solving for ¢;; we have

c(t) =1 B9,

¢7 —
M e(0) — 9

(7.39)

Noting that r(t) = ¢(0) —¢;_;¢| . 1' is the first equation of Step 2 in the Levinson-Durbin
equation.
Note from this proof we do not need that the (symmetric) Toeplitz matrix is positive semi-

definite. See Pourahmadi| (2001)), Chapter 7.
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Prediction for ARMA models

Proof of equation ([7.16)) For the proof, we define the variables {W;}, where W; = X, for 1 <¢ <p

and for ¢ > max(p, q) let Wy = &, + Y7, 0;e,—; (which is the MA(q) part of the process). Since
Xpt1 = zg-’:l ¢ Xi41—j + Wpi1 and so forth it is clear that 5p(Xy,...,X;) =sp(Wi,...,Wy) (ie.

they are linear combinations of each other). To prove the result we use the following steps:

p q
Px,ooxy (Xey1) = D65 P,y (Xep1—5) + > 0iPx, . x, (Er41-4)

— 7
J Xtr1-j !
p q
= E ¢j Xiy1—5 + § 0i Pxt,— X1, X2—Xop1, X1 (Et41-4)
= i=1
=PWy Wy W =Wy Wy (Et41-4)
p q
= § ¢ Xip1—5 + E 0i PW,— Wiy oo, Wam Wayy W1 (Et41—1)
= i=1
p q
= E :¢th+1—j + § :91' PWH-l—i_Wt+17i\t7iv---7Wt_tht—l(€t+1_i)
i=1 =1
J since €¢41—4is independent of Wy 1_;_;;5>1
p q i—1
= E :gijtJrl*j + E :91' § : PWt+1—i+s—Wt+1—i+s\t—i+s (et+1-4)
j=1 PR — ~~

since Wip1—i+s—Wii1_i4s)t—its are uncorrelated

p q
= D iXep g+ > O Werri — Wi _gu—s)
j=1 i=1

=Xip1—i— X1t —i

p q
= > X+ > 00X — Xeyripi),
=1 i=1

this gives the desired result.

We prove ([7.18)) for the ARMA(1,2) model We first note that sp(X1, Xy, ..., X¢) =sp(Wyi, Wa, ..., W),

where W, = X and for t > 2 W, = 01641 +02e4_9+¢;. The corresponding approximating predictor
is defined as /WQH = W, ng = W5 and for t > 3

Wi—1 = 01[Wi1 — Wiy o] + 02[Wi—2 — Wi_gp_3).
Note that by using (7.17)), the above is equivalent to

XtJrl\t — 1 Xy = 01 [ Xy — )?t|tf1] +0 [Xt—1 — )?tfutfz] :

~~

Wipa)e =(We=Wyi—1) =(Wi—1=Wi_1i-2)
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By subtracting the above from W;,; we have
Wit = Wigrje = —01(Wy = Wyy1) — 02 (Wimt — Wi jp—a) + Wigt. (7.40)

It is straightforward to rewrite Wy — I//[\/t +1|¢ as the matrix difference equation

Wigr = Wi | B 01 0o Wi — Wypq N Wit
Wi — Wyi—1 -1 0 Wi1 —Wiqjt—2 0
:§t+1 ;22 =& w‘;l

We now show that ;41 and Wy — ﬁ/\tﬂﬁ lead to the same difference equation except for some
initial conditions, it is this that will give us the result. To do this we write ¢; as function of {W;}

(the irreducible condition). We first note that e; can be written as the matrix difference equation

€ 0, 0 € %%
t+1 _ 1 2 t + t+1 (741)
£t -1 0 Et—1 0

=Ei4+1 Q = W,y

Thus iterating backwards we can write

err =Y (=1 [@anWir1y = Y bWip1,
=0 =0

where b; = (—1)/ [Q7](1,1) (noting that bp = 1) denotes the (1,1)th element of the matrix Q7 (note

we did something similar in Section ??). Furthermore the same iteration shows that

t—3
€41 = (=17 [Q7) (1,1 Wer1—j + (=1 ?[Q" ] (1.1)e3
=0
-3
= biWipi—j + (=)' Q"1 pes. (7.42)
=0

Therefore, by comparison we see that

t—3 o
St+1 — ijWt+1*j = (_1)t_2[Qt_2§3]1 = Z bthJrl,j.
=0 j=t—2

We now return to the approximation prediction in (7.40). Comparing ([7.41) and (7.41) we see
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that they are almost the same difference equations. The only difference is the point at which the
algorithm starts. g, goes all the way back to the start of time. Whereas we have set initial values
for WQH = Wi, /V[73|2 = W, thus g = (W3 — Wa, Wy — W7).Therefore, by iterating both () and
(7.41) backwards, focusing on the first element of the vector and using we have

Et+1 — Et41 = (‘1)t_2[Qt_2§3]g+(—1)t_2[Qt_2§3]1

7
=2 j2t—20jWit1-;

We recall that €441 = Wiy + Z;; i;jWHl_j and that ;497 = Wy — Wt+1|t' Substituting this

into the above gives

WtJrl\t - Zi)jwt—i-l—j = Z biWir1—j + (1) *[Q" ).
=1 j=t—2

Replacing W; with X; — ¢1 X1 gives 1' where the b; can be easily deduced from l;j and ¢1.

We now state a few results which will be useful later.

Lemma 7.14.2 Suppose {X;} is a stationary time series with spectral density f(w). Let X; =
(X1,...,X3) and Xy = var(Xy).

(i) If the spectral density function is bounded away from zero (there is some v > 0 such that
inf, f(w) > 0), then for all t, Apin(X:) > v (where Apin and Amax denote the smallest and

largest absolute eigenvalues of the matrix).

(i) Further, Amaz(Z;1) < 7L
(Since for symmetric matrices the spectral norm and the largest eigenvalue are the same, then
155  lspee < 771)-

(11i) Analogously, sup,, f(w) < M < 0o, then Amax(Xt) < M (hence || Z¢||spec < M ).

PROOF. See Chapter O

Remark 7.14.1 Suppose {X;} is an ARMA process, where the roots ¢(z) and and 6(z) have
absolute value greater than 1 + 01 and less than da, then the spectral density f(w) is bounded
(1-55)%" (1= (757)%"

by Val"(&“t)@ < flw) < Var(gt)w-

Amax(2t) and )\max(Egl) 1s bounded uniformly over t.

Therefore, from Lemma |7.14.9 we have that
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7.15 Appendix: Proof of the Kalman filter

In this section we prove the recursive equations used to define the Kalman filter. The proof is
straightforward and used the multi-stage projection described in Section (which has been
already been used to prove the Levinson-Durbin algorithm and forms the basis of the Burg algo-
rithm).

The Kalman filter construction is based on the state space equation
Xy =FX; 1+ W

where {X;}, is an unobserved time series, F' is a known matrix, var[V;] = @ and {V;}, are indepen-

dent random variables that are independent of X;_1. The observed equation
Yi=HX; 1+ W,

where {Y;}; is the observed time series, var[W;] = R, {W,}; are independent that are independent
of Xy—1. Moreover {V;}; and {W;} are jointly independent. The parameters can be made time-
dependent, but this make the derivations notationally more cumbersome.

The derivation of the Kalman equations are based on the projections discussed in Section

In particular, suppose that X, Y, Z are random variables then

Pyz(X) = Py(X)+ax(Z - Py(Z)) (7.43)
where
e — cov(X,Z — Py(Z))
X7 var(Z - Py (2))
and
V&I‘[X — Pyz(X)] = COV[X,X - Pyz(X)], (7.44)

these properties we have already used a number of time.
The standard notation is )?tﬂlt = Py, vi,(X¢y1) and Py = var[Xiqq — )?t+1|t] (predictive)

and X; 1001 = Py, v (Xeq1) and Pryyjeqr = var[Xep1 — Xppqpe41] (update).
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The Kalman equations

(i) Prediction step

The conditional expectation
Xy = F Xy
and the corresponding mean squared error

Py = FPuF* + Q.

(ii) Update step

The conditional expectation
)?t+1|t+1 = )?t+1|t + K1 (Yt+1 - H)A(tﬂ\t) :
where
Kip1 = Py H [HP o H* + R
and the corresponding mean squared error
Pt+1\t+1 = Pt+1|t - KtHPt+1|t = - KtH)Pt-i-l\t

(iii) There is also a smoothing step (which we ignore for now).

The Kalman filter iteratively evaluates step (i) and (ii) for t = 2,3, .... We start with )?t—1|t—1
and Pt71|t71'

Derivation of predictive equations The best linear predictor:

Xt+1|t =Py vi(Xi31) = Py yv,(FXi+ Vi)

= Py, .vi(FX))+ Py, .v,(Vis1) = FPy, v, (X:) = FXy,.
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The mean squared error

Py = var[Xep1 — Xopp) = var[FX; + Visr — FXy)
= var[F(X; — Xyp) + Vi)
= var[F(X; — X;,)] + var[Viyi]

= Fvar[X; — X, JF* +var[Vi] = FPyF* + Q.

This gives the two predictors from the previous update equations. Next the update equations

(which is slightly more tricky).

Derivation of the update equations Now we expand the projection space from sp(Yi,...

sp(Y1,...,Y:, Y1), But as the recursion uses sp(Y1,...,Y:) we represent

sp(}/h s 7}/tu Yt—i—l) = Sp(Yb s 7}/;57 }/t-i-l - PY1,...,Yt (}/t-i-l))

Note that

Yie1 — Pryyvi(Yis1) = Y — Py v (HX i1 + W)

= Y41 — H)A(t+1|t-
Thus by using we have
)?t+1|t+1 = Py . vivi(Xe1) = XtJrl\t +a (Yt+1 = H)?t+1|t>
where

o = var(Yi41 — H)A(t+1|t)_100V(Xt+1, Y1 — H)A(t+1|t)-

,Y;) to

We now find an expression for o« = Ky11 (K41 is the typical notation). We recall that Y1 =

HX¢i1 + Wi, thus Yier — HX, 1y = H(Xep1 — Xpaaje) + Wi, Thus

cov(Xy1, Y1 — H)?t+1|t) = cov(Xp1, H( X1 — Xyqape) + Wip)

= cov(Xep1, H(Xpp1 — Xiqape)) = cov(Xepr — Xppqp X)) H”

= var(Xep1 — Xpqap) = P H”
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and

var(Yiy1 — H)?t+1|t) = var(H(Xi11 — X)) + Wiga)
= Hvar(Xt+1 — Xt+1|t)H* + VaI'(Wt+1)

= HPt+1‘tH* +R
Therefore, altogether

K1 = Py H* [HP,q H* + R]™!

Xiptperr = Xy + K <Yt+1 - HXt-l—l\t) :

Often Kyy1 or Ky (Y;H-l — H)/(\'tﬂ‘t) is referred to as the Kalman gain, which the “gain” when
including the additional term Y;y in the prediction. Finally we calculate the variance. Again using

(7.44)) we have

Py = var[Xepr — Xopap] = cov[Xepn, Xepr — Xypqpea1]
= cov [Xt+1>Xt+1 — )?t+1|t - Ky <Yt+1 — H)?t+1|t):|
= COV {Xt—l-l,Xt—}—l — Xt+1|t:| — COV [Xt+1, Kt <Y;+1 — H)?t+1|t):|

- Pt+1\t - KtHPtJrl\t = (I - KtH)Pt+1|t

where the above follows from ((7.45)). I have a feeling the above may be a little wrong in terms of
of brackets.
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Chapter 8

Estimation of the mean and

covariance

Objectives

e To derive the sample autocovariance of a time series, and show that this is a positive definite

sequence.

e To show that the variance of the sample covariance involves fourth order cumulants, which
can be unwielding to estimate in practice. But under linearity the expression for the variance

greatly simplifies.

e To show that under linearity the correlation does not involve the fourth order cumulant. This

is the Bartlett formula.

e To use the above results to construct a test for uncorrelatedness of a time series (the Port-
manteau test). And understand how this test may be useful for testing for independence in

various different setting. Also understand situations where the test may fail.

Here we summarize the Central limit theorems we will use in this chapter. The simplest is the
case of iid random variables. The first is the classical central limit theorem. Suppose that {X;} are

iid random variables with mean p and variance o2 < co. Then

= (=) B.e)
=1
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A small variant on the classical CLT is the case that {X;} are independent random variables (but

not identically distributed). Suppose E[X;] = y;, var[X;] = 0? < co and for every ¢ > 0

1 < _
= D E (X — i) I(s;, M| Xi — il > €)) =0
noi=1

where s2 = > | 02, which is the variance of " | X; (the above condition is called the Lindeberg

condition). Then

The Lindeberg condition looks unwieldy, however by using Chebyshev’s and Hoélder inequality it

can be reduced to simple bounds on the moments.

Remark 8.0.1 (The aims of the Lindeberg condition) The Lindeberg condition essential re-
quires a uniform bound in the tails for all the random variables {X;} in the sum. For example,
suppose X; are t-distributed random variables where X; is distributed with a t-distribution with
(2+471) degrees of freedom. We know that the number of df (which can be non-integer-valued) gets
thicker the lower the df. Furthermore, E[Xf] < oo only if X; has a df greater than 2. Therefore,
the second moments of X; exists. But as i gets larger, X; has thicker tails. Making it impossible (I

believe) to find a uniform bound such that Lindeberg’s condition is satisified.

Note that the Lindeberg condition generalizes to the conditional Lindeberg condition when
dealing with martingale differences.

We now state a generalisation of this central limit to triangular arrays. Suppose that {X;,}
are independent random variables with mean zero. Let S, = >} | X; , we assume that var[S,] =
Yoy var[X;,] = 1. For example, in the case that {X;} are iid random variables and S, =

ﬁ Yoy [ Xe — p] = >0 Xem, where Xy, = J’ln’1/2(Xt —p). Ifforalle >0
n
Y E(X2I(|X¢nl >€) =0,

t=1

then S, 3 N(0,1).
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8.1 An estimator of the mean

Suppose we observe {Y;}} ;, where
1/1‘, = U + Xta

where p is the finite mean, {X;} is a zero mean stationary time series with absolutely summable
covariances () |cov(Xo, X)| < 00). Our aim is to estimate the mean p. The most obvious

estimator is the sample mean, that is ¥;,, = n~! > i, Y: as an estimator of f.

8.1.1 The sampling properties of the sample mean

We recall from Example that we obtained an expression for the sample mean. We showed
that

var(Y;,)

I

\
Q
—
(=)
~—
+

Furthermore, if >, |c¢(k)| < oo, then in Example we showed that

> (k).

k=1

— 1
var(Y,) = EC(O)"‘

SEEN

Thus if the time series has sufficient decay in its correlation structure a mean squared consistent
estimator of the sample mean can be achieved. However, one drawback is that the dependency
means that one observation will influence the next, and if the influence is positive (seen by a positive
covariance), the resulting estimator may have a (much) larger variance than the iid case.

The above result does not require any more conditions on the process, besides second order
stationarity and summability of its covariance. However, to obtain confidence intervals we require
a stronger result, namely a central limit theorem for the sample mean. The above conditions are
not enough to give a central limit theorem. To obtain a CLT for sums of the form >} ; X; we

need the following main ingredients:
(i) The variance needs to be finite.

(ii) The dependence between X; decreases the further apart in time the observations. However,

this is more than just the correlation, it really means the dependence.
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The above conditions are satisfied by linear time series, if the cofficients ¢; decay sufficient fast.
However, these conditions can also be verified for nonlinear time series (for example the (G)ARCH
and Bilinear model described in Chapter .

We now state the asymptotic normality result for linear models.

Theorem 8.1.1 Suppose that X; is a linear time series, of the form X; = Z;’;_Oo pjei—j, where g
are iid random variables with mean zero and variance one, 3322 [¢j| < oo and 3772 1; # 0.

Let Yy = p+ Xy, then we have

\/ﬁ(Yn_M) :N(O,V)

where V = c(0) + 2> 72 c(k).

PROOF. Later in this course we will give precise details on how to prove asymptotic normality of
several different type of estimators in time series. However, we give a small flavour here by showing
asymptotic normality of Y,, in the special case that {X;}7 ; satisfy an MA(q) model, then explain
how it can be extended to MA(oco) processes.

The main idea of the proof is to transform/approximate the average into a quantity that we
know is asymptotic normal. We know if {¢;}}_; are iid random variables with mean p and variance

one then

V(e — 1) B N(0,1). (8.1)

We aim to use this result to prove the theorem. Returning to Y;, by a change of variables (s = t — j)

we can show that

1 n 1 n 1 n q
*ZYt = lH‘*ZXt:lH‘* Vjer—;j
" t=1 " t=1 n t=1 j=0
1 n—q q 0 q n n—s
- () X a( Yulr ¥ a(Ty
s=1 7=0 —q+1 Jj=q—s s=n—q+1 7=0
SR PO PR SERT D DY I SR R SR D 90
7=0 s=1 s=—q+1 Jj=q+s s=n—q+1 7=0
n—q)Vv
= ( nq) En q+E1+E2, (8 2)
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where ¥ = Z?:o ;. It is straightforward to show that E|E;| < Cn~! and E|E;| < Cn~L.
Finally we examine %én_q. We note that if the assumptions are not satisfied and Y %_, 1; =

0 (for example the process X; = &, — £4_1), then

1 1 & ! RN 3
EZYt = pt Z Es Z Vi |+ Z Es Z‘/’j
S =0

. n
t=1 s=—q+1 i s s=n—q+1

This is a degenerate case, since Fy and F» only consist of a finite number of terms and thus if ; are
non-Gaussian these terms will never be asymptotically normal. Therefore, in this case we simply
have that 2 > | 'Y, = p+ O(2) (this is why in the assumptions it was stated that ¥ # 0).

On the other hand, if ¥ # 0, then the dominating term in Y, is En—q- From it is
clear that \/n —q¢&p—q LY (0,1) as n — oo. However, for finite ¢, /(n —q)/n B 1, therefore
VNEn—q B N(0,1). Altogether, substituting E|E;| < Cn~! and E|Es| < Cn~linto gives

Vi (Y — 1) = W/ngn_q + Op(=) B N (0,92) .

S|

With a little work, it can be shown that U2 = V.
Observe that the proof simply approximated the sum by a sum of iid random variables. In the

case that the process is a MA(oco) or linear time series, a similar method is used. More precisely,

we have
B 1 n oo 1 [e’s) n—j
vn (Yo —p) = 722¢j5t—j:%2¢j > e
t=1j=0 i20 ssij
1 0o n
= = Z Q/Jj Z e+ Ry,
" Jj=0 t=1
where
1 [e%s) n—j n
R, = 7 Z 1/)] €s — €s
7=0 s=1—j s=1
1 n 0 n 1 [e'e] n—j n
= w] €s — Es | +—F4= ¢] Es — €s
\F ]gﬂ s:;j s=n—j \/ﬁj:;rl s:;] ;

= Rp1+ Rpo + Ry3 + Rya.
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We will show that E[R}, ;] = o(1) for 1 < j < 4. We start with R,

n 0 0
E[Ri,l] = Z %‘ﬂﬁpCOV Z €s19 Z Eso
J1,52=0 s1=1-71 s2=1—j2
n
= > Wity minfji — 1, jo — 1]
J1,72=0
Ji—1
= *Z%J—l Z%uz%mmh—ll
Jl =0 J2=0
< *Z% 1) +*ZU1%!

J1=0

Since 22, |¢;] < oo and, thus, 3772 || < oo, then by dominated convegence > i—oll=d/nl; —

> oWy and YU o[l — j/n]w? = D00 %2‘ as n — oo. This implies that 3 7 (j/n)i; — 0 and
Z?ZO(j/nﬁbjz — 0. Substituting this into the above bounds for E[R?%l] we immediately obtain

E[RZLJ] = o(1). Using the same argument we obtain the same bound for R,, 2, Ry, 3 and Ry, 4. Thus

_ 1 &
Vi (Y, — ) = \Il\/ﬁ;&—i-op(l)

and the result then immediately follows. ([l

Estimation of the so called long run variance (given in Theorem can be difficult. There
are various methods that can be used, such as estimating the spectral density function (which we
define in Chapter at zero. Another approach proposed in |Lobato (2001) and [Shao (2010) is to
use the method of so called self-normalization which circumvents the need to estimate the long run

mean, by privotalising the statistic.

8.2 An estimator of the covariance

Suppose we observe {Y;}};, to estimate the covariance we can estimate the covariance c(k) =

cov(Yp, Yx) from the the observations. A plausible estimator is
n—|k|

eulk) =+ 3 (= T) Yy — Yo (83)
t=1
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since B[(Y; — Yy) (Y5 — Ya)] = ¢(k). Of course if the mean of Y; is known to be zero (Y; = Xy),

then the covariance estimator is

n—|k|

. 1

Cn(k) = — > XXy (8.4)
t=1

The eagle-eyed amongst you may wonder why we don’t use n_l‘ 7 Z?;l‘kl Xt Xy |k, when &,(k) is a

: . —|k . . . :
biased estimator, whereas nj| 7 2?21‘ | X Xy 4|k is not. However ¢, (k) has some very nice properties

which we discuss in the lemma below. The sample autocorrelation is the ratio

oy Gl
750

Most statistical software will have functions that evaluate the sample autocorrelation.

Lemma 8.2.1 Suppose we define the empirical covariances

Lkl v x El<n-—1
ey = 7 Yot XeXpyp K[ <
0 otherwise

then {¢,(k)} is a positive definite sequence. Therefore, using Lemma there ezists a stationary

time series {Z;} which has the covariance é,(k).

PROOF. There are various ways to show that {¢,(k)} is a positive definite sequence. One method

uses that the spectral density corresponding to this sequence is non-negative, we give this proof in

Section M0.4.1]

Here we give an alternative proof. We recall a sequence is semi-positive definite if for any vector

a=(ay,...,a,) we have
N7 aparyin(kr — ko) = > g, akn(ky — k2) = a/Spa > 0
k1,k2=1 k1,ko=1
where
én(o) én(1> én(z) én(n - 1)
~ én(1) én(0) én(1) én(n —2)
ZTL - ’
én(n—1) ép(n—2) én(0)



1 |k

noting that ¢, (k) = %Zt;‘k‘ Xt Xy (k- However, é,(k) = = tzlk X X4, has a very interesting

!/

., where X, is a

construction, it can be shown that the above convariance matrix is ¥, = X, X

n X 2n matrix with

0 0o ... 0 X1 X9 .. Xn-1 Xn
| 00 X X X0
X1 Xo Xn-1 X, O 0

Using the above we have
d'Sha = a'X,X)a = [ X'} > 0.

This this proves that {¢,(k)} is a positive definite sequence.
Finally, by using Theorem there exists a stochastic process with {¢,(k)} as its autoco-

variance function. OJ

8.2.1 Asymptotic properties of the covariance estimator

The main reason we construct an estimator is either for testing or constructing a confidence interval
for the parameter of interest. To do this we need the variance and distribution of the estimator. It
is impossible to derive the finite sample distribution, thus we look at their asymptotic distribution.
Besides showing asymptotic normality, it is important to derive an expression for the variance.

In an ideal world the variance will be simple and will not involve unknown parameters. Usually
in time series this will not be the case, and the variance will involve several (often an infinite)
number of parameters which are not straightforward to estimate. Later in this section we show
that the variance of the sample covariance can be extremely complicated. However, a substantial
simplification can arise if we consider only the sample correlation (not variance) and assume linearity
of the time series. This result is known as Bartlett’s formula (you may have come across Maurice
Bartlett before, besides his fundamental contributions in time series he is well known for proposing
the famous Bartlett correction). This example demonstrates, how the assumption of linearity can
really simplify problems in time series analysis and also how we can circumvent certain problems
in which arise by making slight modifications of the estimator (such as going from covariance to

correlation).
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The following theorem gives the asymptotic sampling properties of the covariance estimator

(8.3). Ome proof of the result can be found in Brockwell and Davis (1998), Chapter 8, Fuller
(1995), but it goes back to Bartlett (indeed its called Bartlett’s formula). We prove the result in

Section 77.

Theorem 8.2.1 Suppose {X;} is a mean zero linear stationary time series where

o
Xe=p+ Y e,

j=—o00

where 3, [¢;] < oo, {ei} are iid random variables with E(e;) = 0 and E(e}) < oo. Suppose we
observe {X; : t = 1,...,n} and use as an estimator of the covariance c(k) = cov(Xg, X).
Define pn (1) = én(r)/¢n(0) as the sample correlation. Then for each h € {1,...,n}

Vin(pn(h) = p(h)) B N (0, W) (8.5)

where pn(h) = (pn(1), ..., pn(R)), p(h) = (p(1),...,p(h)) and

Wy = 3 {p<kz+z’>p<k+j>+p<k—z’>p<k+j>+2p<i>p<j>p2(k>
k=—00
200 (K)ol +5) = 200K+ ) . (5.6)

Equation is known as Bartlett’s formula.
In Section we apply the method for checking for correlation in a time series. We first show

how the expression for the asymptotic variance is obtained.

8.2.2 The asymptotic properties of the sample autocovariance and
autocorrelation

In order to show asymptotic normality of the autocovariance and autocorrelation we require the
following result. For any coefficients {a., };-lzo € R4 (such that o2, defined below, is non-zero) we

have

n—|r;|

d d
1
N E ar; E X Xiir, — g o c(rj) 3/\/(0,02), (8.7)
j=0 t=1 7=0
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for some 02 < co. This result can be proved under a whole host of conditions including
o The time series is linear, X; = >, 1jer—j, where {e;} are iid, 3, [¢;| < oo and E[e}] < .
e « and [-mixing with sufficient mixing rates and moment conditions (which are linked to the
mixing rates).
e Physical dependence

e Other dependence measures.

All these criterions essentially show that the time series {X;} becomes “increasingly independent”
the further apart the observations are in time. How this dependence is measured depends on the
criterion, but it is essential for proving the CLT. We do not prove the above. Our focus in this

section will be on the variance of the estimator.

Theorem 8.2.2 Suppose that condition is satisfied (and ), o, |c(h)] < oo and

Zh1,h2,h3 |ka(hi1, ho, h3)| < oo; this is a cumulant, which we define in the section below), then

En (0) - C(O)

Cn(r1) —c(ry) P

Vn , = N(0, Vay1)

Cn(rq) — c(rq)

where
Var)iy = Y elk)elk+rica—rj)+ > elk+rig—De(k—rjq—1)+
k=—o00 k=—o00
Z I€4(T'i_1 -1,k k+ ri—1— 1) (8.8)
k=—0oc0

where we set rog = 0.

PROOF. The first part of the proof simply follows from (8.7). The derivation for V;,; is given in
Section below. ]

In order to prove the results below, we partition V;1; into a term which contains the covariances

and the term which contains the fourth order cumulants (which we have yet to define). Let V11 =
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Cat1 + Ky, where

(Cd+1)z’,j = Z c(k)c(k +ri-1— 7”]'_1) + Z C(k + ri_l)c(k — Tj—l)
k=—00 k=—o00

(Kas1)ij = Y Kalrici,k k+7j-1).
k=—oc0

(8.9)

and set g = 0. So far we have not defined k4. However, it is worth bearing in mind that if the

time series { X;} is Gaussian, then this term is zero i.e. K411 = 0. Thus estimation of the variance

of the sample covariance for Gaussian time series is relatively straightforward as it only depends

on the covariance.

We now derive the sampling properties of the sample autocorrelation.

Lemma 8.2.2 Suppose that conditions in Theorem[8.2.9 hold. Then

pn(r1) — p(r1)

N : B N (0,G(Cayr + Ka1)G)

pn(ra) — p(ra)

where rj # 0, Cay1 and Kqpq are defined as in equation and G is a d X (d+ 1) dimensional

matriz where

—p(r1) 10
1 | =plr2) O 1
G_c(())

—p(ra) O

PROOF. We define the g : R4 — R? vector function

z1

9(900,9617---,%):(
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We observe that (p(r1),...,p(rq)) = g(¢n(0),¢n(r1), ..., cn(rq)). Thus

c(r1) 1

—q0z @ O 0
c(r2) 1

. 0 L 0

Vo(e(0),....era)) = | 0" 0 =G.

: 0

_ c(ra) 1
UL 0)

Therefore, by using Theorem [8.2.2] together with the continuous mapping theorem we obtain the

result. O

Comparing Theorem 8.2.2| to the asymptotically pivotal result v/np, BN (0,1p) in (77?) it is clear

that additional assumptions are required for the result to be pivotal. Therefore, in the following
theorem we consider the case that {X;} is a linear time series, which includes the special case that
{X:} are iid random variables. First, we make some observations about G and GCy;1G’. Note
that the assumption of linearity of a time series can be checked (see, for example, [Subba Rao and

Gabr]| (1980)).

Remark 8.2.1 (i) Basic algebra gives

(GCar1Grws = > {p(k +r1)p(k +72) + p(k — r1)p(k + r2) + 2p(r1)p(ra) p° (k)
k=—o0
—2p(r1)p(k)p(k + r2) — 2p(r2) p(k)p(k + 7"1)}. (8.10)

(i) Though it may not seem directly relevant. It is easily seen that the null space of the matriz

G is

N(G) = {acgi1;a € R}
where ¢, | = (¢(0),c(r1),...,¢(ra)). This property will be useful in proving Bartlett’s formula
(below).

Theorem 8.2.3 Suppose {X;} is a mean zero linear stationary time series where

[o@)
X = Z Vigt—j,

j=—00
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with 3, [¢j| < oo, {&} are iid random variables with E(e;) = 0 and E(e}) < oo. Suppose we
observe {X; : t = 1,...,n} and use as an estimator of the covariance c(k) = cov(Xo, X).

Then we have
pn(r1) — p(r1)
NG : BN (0,6Cn @),

pn(ra) — p(ra)
where an explicit expression for GCy1G' is given in (this is called Bartlett’s formula).

PROOF. To prove the result we use Lemma However, we observe that the term GKg4,1G’
has disappeared. In Section we show that for (univariate) linear processes GK4.1G' =0. O

Remark 8.2.2 e Under linearity of the time series, |Brockwell and Davis (2002), Theorem
7.2.2 show that the above theorem also holds for linear time series whose fourth moment does

not exist. This result requires slightly stronger assumptions on the coefficients {1);}.
o This allusive fourth cumulant term does not disappear for vector linear processes.

Using Theorem we can prove (??) for iid time series. Since iid random variables are a
special case of a linear time series (¢; = 0 for all j # 0) with ¢(r) = 0 for all r # 0. Substituting

this into Theorem [8.2.3| gives

Using this result we obtain the critical values in the ACF plots and the Box-Pierce test. How-
ever, from Lemma [8.2.2] we observe that the results can be misleading for time series which are
uncorrelated but not necessarily iid. Before discussing this, we first prove the above results. These
calculations are a little tedious, but they are useful in understanding how to deal with many different

types of statistics of a time series (not just the sample autocovariances).

8.2.3 The covariance of the sample autocovariance

Our aim in this section is to derive an expression for cov (¢, (71),¢n(r2)). To simply notation we

focus on the variance (r1 = r2), noting that the same calculations carry over to the covariance.
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Approach 1 Use the moment expansion of a covariance

. 1
var[c, (r)] = 3 Z cov( X Xipr, X0 X i)
1 n—|r|

= 5 Z (Xe Xt r, Xr Xr i) — B(Xe Xo4r)B(X- X7 4r))
1
— —2 Z XtXt+T7X XT+T) — C(T)Z)

Studying the above and comparing it to the expansion of var(X) when the {X;} are iid, we would
expect that var[c,(r)] = O(n~!). But it is difficult to see what is happening with this expansion.

Though it is possible to use this method. We use an alternative expansion in terms of cumulants.

Approach 2 Use an expansion of the covariance of products in terms of products of cumulants.

Suppose A, B, C and D are zero mean (real) random variables. Then
cov (AB,CD) = cov,(A,C) cov (B,D)+ cov (A,D) cov (B,C)+cum(A, B,C,D). (8.11)
=cum =cum =cum =cum =cum

This result can be generalized to higher order cumulants, see Brillinger| (2001)).

Below, we formally define a cumulant and explain why it is a useful tool in time series.

Background: What are cumulants?

To understand what they are and why they are used, we focus the following discussion for fourth
order cumulants.
The joint cumulant of Xy, X1k, Xitky, Xi+ks (denoted as cum(Xy, Xiyr,, Xy, Xetky)) is the

coefficient of the term s1s9s354 in the power series expansion of

K(Sl, S9, 83, 54) — logE[eilet+iS2Xt+k1+i83Xt+k2+’iS4Xt+k4]_

Thus

4
0 K(Sh 52, 83, 84)J
b b b :0
681881883684 51,52,85,54

cum( X, Xk s Xohy Xevks) =

It looks very similar to the definition of moments and there is a one to one correpondence between
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the moments and the cumulants. It can be shown that the cumulant corresponding to coefficient
of s;s; is cum(Xyyp,, X¢yx;) (the covariance is often called the second order cumulant).

Properties

o If X; is independent of Xy x,, Xiyky, Xiyr, then
cum (Xt7 Xt—i—kl 9 Xt+k27 Xt—‘rkg) - 0

This is because the log of the corresponding characteristic function is

log E[ei81Xt+i82Xt+k1 +is3 X4 kg +i84Xt+k4] = log E[ei81Xt] + log[E[ei52Xt+kl+i53Xt+k2 +’L‘54Xt+k4]‘

Differentiating the above with respect to s1s95354 gives zero.

o If Xy, Xiip,, Xivhy, Xetks is multivariate Gaussian, then all cumulants higher than order 2
are zero. This is easily seen, by recalling that the characteristic function of a multivariate

normal distribution is

1
C(s1, 52,53, 54) = exp(ip's — §§’2§)

where p and ¥ are the mean and variance of Xy, Xy g, X¢yk,, Xiqx; respectively. Based on

the above, we observe that log C(s1, s2, 3, 54) is an order two multivariate polynomial.

Note that this property can be used to prove CLTs.
e Cumulants satisfy the follow multilinear property
cum (aX1 + bY1 + ¢, X9, X3, X4)
= acum (X1, Xo, X3, X4) + bcum (Y7, X2, X3, X4)

where a,b and c are scalars.

e The influence of stationarity:

From the definition of the characteristic function, if the time series { X;} is strictly stationary.

Then
log E[eilet+i52Xt+k1 +is3 X4k, +iS4Xt+k4] — log E[ei51Xo+i82Xk1 +i53 Xk +iS4Xk4].
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Thus, analogous to covariances, cumulants are invariant to shift

cum (X, Xoq iy, Xithy, Xethy) = cum(Xo, Xi,, Xp,, Xiy) = wa(k1, ko, k3).

Comparisons between the covariance and higher order cumulants

(a) The covariance is invariant to ordering cov[X;, Xy1x] = cov[ X, X¢.

Like the covariance, the joint camulant cum[Xy, Xyt k, , X4y, Xi+ks] 1S also invariant to order.

(b) The covariance cov|[X;, X 1] is a measure of linear dependence between X; and X .

The cumulant is measuring the dependence between cum|[Xy, X1, , Xiyky, Xitky] in “three
directions” (though as far as I am aware, unlike the covariance it has no clear geometric

interpretation). For example, if {X;} is a zero mean time series then

Cum[Xt7 Xt+k1 ) Xt+k2 ) Xt+k3]
= BXi Xtk Xegro Xerks] — BIX e Xk JE[X by Xt 1)

—E[Xi X, JE[ Xty Xes] — BLX e Xy [E[ X, Xy |- (8.12)

Unlike the covariance, the cumulants do not seem to satisfy any non-negative definite condi-

tions.

(c¢) In time series we usually assume that the covariance decays over time i.e. if & > 0
|cov[ Xy, Xii]| < a(k)

where (k) is a positive sequence such that ), a(k) < oo. This can easily be proved for
linear time series with 3, [¢;| < ooﬂ

For a large class of time series, the analogous result is true for cumulants. Le. if k1 < ko < k3

I This is easily shown by noting that if X; = > Yjgt—j then cov(Xy, Xiqp) = o? > ¥j¥j+n. Thus

2
00

Z le(h)| = o? Z Z%‘wﬁh < o? Z ;] | < .
J

h=—o00 h=—o00 j=—o0
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then
]cum[Xt,XHkl,XHkQ, Xt+]€3” S Oé(kl)a(k‘g — k‘l)a(kg — k‘g) (8.13)

where Y 2 a(k) < cc.

(d) Often in proofs we use the assumption ), |e(r)] < oco. An analogous assumption for fourth
order cumulants is Zkl’ ko ks |ka(k1, k2, k3)| < co. Based on the inequality (8-13)), this assump-

tion is often reasonable (such assumptions are often called Brillinger-type mixing conditions).

Point (c) and (d) are very important in the derivation of sampling properties of an estimator.

Example 8.2.1 o We illustrate (d) for the causal AR(1) model X; = ¢ X1 + & (where {&;}
are iid random variables with finite fourth order cumulant kg = cum(ey, e, e¢,€¢) ). By using
the MA(co) representation Y 22, Her—; (assuming 0 < ky < ko < k3) we have

oo

B i1 ot
CUm[Xt, Xt+k1 ) Xt-l—k:za Xt-‘rk’:;] — Z ¢]0 EREERES cum [gtfjo ) et-‘rk’l —J1 Et-l—kz —J2 et-i-k‘g —]3]
J0,J1,32,33=0

oo
— R4Z¢J¢J+k1¢y+k2¢)+ks = Ky
0

j=

¢k’1+k’2+/€3
1ot

The fourth order dependence decays as the lag increases. And this rate of decay is faster than
the general bound |cum[ Xy, Xitky Xtk Xivks]| < a(kr)a(ke — kr)a(ks — k2).

o If{Xi}+ are martingale differences and t; are all different, then using (the expansion

of the fourth order cumulant in terms of moments) we have
cum[th s th, th, Xt4] =0.

Remark 8.2.3 (Cumulants and dependence measures) The summability of cumulants can

be shown under various mizing and dependent type conditions. We mention a few below.

o Conditions for summability of cumulants for mizing processes are given in |Statulevicius and

Jakimavicius (1988) and|Lahiry (2003).

o Conditions for summability of cumulants for physical dependence processes are given in|Shao

and Wu (2007), Theorem 4.1.
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Proof of equation (8.8 in Theorem

Our aim is to show

n(0)
cn(r1)
var |v/n ‘ — Vi
L cn(ra)
where
Var)ij = Y clk)e(k+rica—rjo)+ > elk+riog—De(k—rjoq — 1)+
k=—o00 k=—o0
Z Ka(rior — Lk b+ — 1). (8.14)
k=—0oc0

To simplify notation we start by considering the variance

—Ir|
. 1
var[y/ne,(r)] = - Z cov( X Xiyr, Xo Xrgr).

t, =1

To prove the result, we use the identity (8.11); if A, B,C and D are mean zero random variables,
then cov[AB, CD] = cov[A, Clcov[B, D]+cov[A, D]cov|B, C]+cum[A, B, C, D]. Using this identity

we have

var[c, (r)]

1 n—|r|
= (cov(Xy, X7) cov( X, Xrir) + cov(Xy, Xryr)oov(Xepr, Xr) + cum(Xy, Xogr, X7, Xrpr) )

e =c(t=7) ka(r,T—t,t+r—7)

1 n—|r| n—|r| 1 n—|r|

= 0 Z C<t_7)2+ﬁ Z C(t_T_T)C(t-i-T—T)—i—E Z ka(r,7—t, 7+ 1 —1)
t,r=1 t,r=1 t,r=1

= I, +1I,+1I11I,,

where the above is due to strict stationarity of the time series. The benefit of using a cumulant
expansion rather than a moment expansion is now apparent. Since cumulants act like a covariances,

they do decay as the time gaps grow. This allows us to analysis each term I,, I, and III,

individually. This simplifies the analysis.
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We first consider I,,. Either (i) by changing variables and letting k = ¢ — 7 and thus changing
the limits of the summand in an appropriate way or (ii) observing that Z?;ﬁ c(t —7)? is the sum

of the elements in the Toeplitz matrix

c((n—1)2% c((n—-2)% ... ¢(0)?

(noting that ¢(—k) = ¢(k)) the sum I can be written as

n—|r| (n—1) n—|k| n—1
1 1 n— |k
t,r=1 k=—(n-1) t=1 k=—(n—1)

To obtain the limit of the above we use dominated convergence. Precisely, since for all k, (1 —

|k|/n)c(k)? — c(k)? and ]ZZ_M )(1 — |k|/n)e(k)?] < Ypez c(k)? < oo, by dominated conver-

=—(n—|r|
gence I, = Z;i(nil)(l — |k|/n)e(k)? = Y2 c(k)? Using a similar argument we can show
that

nh_)rgo 11, = k_z_: clk+r)e(k —r).

To derive the limit of I11,,, we change variables k = 7 — ¢ to give

n—|r|

111, = ”_”"'_“’g')k ok, k).
k—%:—w) ( " ! )

Again we use dominated convergence. Precisely, for all k, (1 — |k|/n)ks(r,k, k+1) — ka(r,k, k+ 1)

and | Zz;ljl(n_m)(l — |kl/n)ka(r, k k4 7)| < D pep lka(r, k, k4 7)| < oo (by assumption). Thus by

dominated convergence we have I11, = > 25,y (L= [kl /n)ka(r b, k+1) = 3207 ka(r, kb +

r). Altogether the limits of I,,, I, and I11, give

o0 oo o0

lim var[y/nc,(r)] = Z c(k)? + Z c(k+r)e(k—r)+ Z ka(r k k + 7).

n—00
k=—o00 k=—o0 k=—o00
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Using similar set of arguments we obtain

1i_>m cov[v/ncp(r1), vVnéa(r)]

— Z c(k)e(k+ri—ry) + Z ek —r)e(k +12) + Z ka(r1, by k4 r2).

k=—0c0 k=—o00 k=—00

This result gives the required variance matrix Vg4 in Theorem
Below, we show that under linearity the fourth order cumulant term has a simpler form. We

will show

ﬁn(rl) - P(T'l)
vn : BN (0,GCa11G)

Pn(ra) — p(ra)
We have already shown that in the general case the limit distribution of the sample correlations is

G(Cgs1 + K441)G'. Thus our objective here is to show that for linear time series the fourth order

cumulant term is GK4,1G’ = 0.

Proof of Theorem and the case of the vanishing fourth order cumulant

So far we have not used the structure of the time series to derive an expression for the variance of
the sample covariance. However, to prove GK4,1G’ = 0 we require an explicit expression for Ky, 1.

The following result only holds for linear, univariate time series. We recall that
o

(Kat1)ij = Z ka(ric1, kb +rj_1).

k=—o00

By definition k4(ri—1,k, k+7;-1) = cam(Xo, Xr,_,, Xg, Xg4r,_,). Further, we consider the specific

case that X; is a linear time series, where

o
X = Z (T

j=—o00
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> il < oo, {er} are iid, E(e) = 0, var(e;) = 0% and k4 = cumy(e). To find an expression for

(K4+1)i,j, consider the general sum

oo

E Cum(X07XT17Xk7Xk+T2)
k=—00
o0 o0 o0 o0 o0
= E : cuim E , Yijie—jis E YjaEry—ja) E wj35k—j3v E : ¢j45k+rz—j1
k=—o0 Ji=—00 J2=—00 Jz=—00 Ja=—o00

[o¢]
= DD it cum (e, Ery iy Bk Ehira i) -

k=—00j1,...,ja=—00
We recall from Section if one of the variables above is independent of the other, then
cum (€_j,, €ry—jo, Ek—js, Ektra—jy ) = 0. This reduces the number of summands from five to two
oo oo o0
> eum(Xo, Xpy, Xy Xiiry) = Ka Y D jthjm i ki

k=—c0 k=—o00 j=—00

Changing variables j; = j and jo = j — k we have

o o0 o
c(ry) e(re) Ky

Z Cum(X())XTUXkan-‘r’I‘Q) - /{4( Z ij]7T1)( Z "IIZ)]'211)J'2,7.2) = K4 0_2) (0_2 - ;C(Tl)C(TQ)a
k=—o00 Jj1=—o00 Jo=—00
recalling that cov(Xy, Xitr) = 0302 ¥;4j4,. Thus for linear time series

> K
4 .
(Kap1)ig = malricn, ko k7o) = —pclri-1)e(ji-1)
k=—oc0
and the matrix Ky is
R4
Kgp = ;%HQH

where ¢ = (¢(0),c(r1),...,c(rq)). Substituting this representation of K411 into GKqy1G" gives

R4
!/ / !/
GKd+1G = ;ng+1gd+1G .

We recall from Remark that G is a d x (d + 1) dimension matrix with null space c; ;. This

immediately gives Gc;, 1 = 0 and the result.
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Exercise 8.1 Under the assumption that {X;} are iid random variables show that é,(1) is asymp-

totically normal.

Hint: Let m = n/(B + 1) and partition the sum S 71— X;X¢11 as follows

where Uy, j =

n—1 B 2B+1
ZXtXt—i—l = ZXtXt-i-l + Xpr1XBi2 + Z X Xip1 + XoproXops +
t=1 t=1 t=B+2
3B+2 4B+3
Z Xt X1 + X3py3X3pa + Z X X1+ ...
t=2B+3 t=3B+4
m—1 m—1
= > Unj+ Y XgnmXGinsin s
=0 §=0
ig;;}jil Xy Xiy1. Show that the second term in the above summand is asymp-

totically negligible and show that the classical CLT for triangular arrays can be applied to the first

term.

Exercise 8.2 Under the assumption that {X;} is a MA(1) process, show that ¢,(1) is asymptoti-

cally normal.

Exercise 8.3 The block bootstrap scheme is a commonly used method for estimating the finite

sample distribution of a statistic (which includes its variance). The aim in this exercise is to see

how well the bootstrap variance approrimates the finite sample variance of a statistic.

()

(ii)

In R write a function to calculate the autocovariance ¢, (1) = %Z?;f X X11.

Remember the function is defined as covl = function(x){...}

Load the library boot library("boot") into R. We will use the block bootstrap, which parti-
tions the data into blocks of lengths | and then samples from the blocks n/l times to construct
a new bootstrap time series of length n. For each bootstrap time series the covariance is
evaluated and this is done R times. The variance is calculated based on these R bootstrap

estimates.

You will need to use the function tsboot(tseries,statistic,R=100,1=20,sim="fixed").
tseries refers to the original data, statistic to the function you wrote in part (i) (which should
only be a function of the data), R=is the number of bootstrap replications and [ is the length
of the block.
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Note that tsboot (tseries,statistic,R=100,1=20,sim="fixed") $t will be vector of length
R = 100 which will contain the bootstrap statistics, you can calculate the variance of this

vector.

(iii) Simulate the AR(2) time series arima.sim(list(order = ¢(2,0,0),ar = ¢(1.5,—0.75)),n =
128) 500 times. For each realisation calculate the sample autocovariance at lag one and also

the bootstrap variance.

(iv) Calculate the mean of the bootstrap variances and also the mean squared error (compared

with the empirical variance), how does the bootstrap perform?

(iv) Play around with the bootstrap block length l. Observe how the block length can influence the

result.

Remark 8.2.4 The above would appear to be a nice trick, but there are two magjor factors that

lead to the cancellation of the fourth order cumulant term
e Linearity of the time series
o Ratio between ¢,(r) and ¢,(0).

Indeed this is not a chance result, in fact there is a logical reason why this result is true (and is
true for many statistics, which have a similar form - commonly called ratio statistics). It is easiest

explained in the Fourier domain. If the estimator can be written as

13 1 d(wi) In(wr)
nog e In(wr)

where I, (w) is the periodogram, and {X;} is a linear time series, then we will show later that the
asymptotic distribution of the above has a variance which is only in terms of the covariances not

higher order cumulants. We prove this result in Section [11.5

8.3 Checking for correlation in a time series

Bartlett’s formula if commonly used to check by ‘eye; whether a time series is uncorrelated (there
are more sensitive tests, but this one is often used to construct CI in for the sample autocovariances

in several statistical packages). This is an important problem, for many reasons:
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e Given a data set, we need to check whether there is dependence, if there is we need to analyse

it in a different way.

e Suppose we fit a linear regression to time series data. We may to check whether the residuals
are actually uncorrelated, else the standard errors based on the assumption of uncorrelated-

ness would be unreliable.

e We need to check whether a time series model is the appropriate model. To do this we fit
the model and estimate the residuals. If the residuals appear to be uncorrelated it would
seem likely that the model is correct. If they are correlated, then the model is inappropriate.
For example, we may fit an AR(1) to the data, estimate the residuals g, if there is still
correlation in the residuals, then the AR(1) was not the correct model, since X; — QASXt,l is

still correlated (which it would not be, if it were the correct model).

We now apply T heoremto the case that the time series are iid random variables. Suppose {X;}
are iid random variables, then it is clear that it is trivial example of a (not necessarily Gaussian)
linear process. We use as an estimator of the autocovariances.

To derive the asymptotic variance of {¢,(r)}, we recall that if {X;} are iid then p(k) = 0 for

k # 0. Then by using Bartlett’s formula we have

1 i=j
0 i#j

(Wh)ij =

In other words, \/np,, BN (0, Ir). Hence the sample autocovariances at different lags are asymp-
totically uncorrelated and have variance one. This allows us to easily construct error bars for the
sample autocovariances under the assumption of independence. If the vast majority of the sample
autocovariance lie inside the error bars there is not enough evidence to suggest that the data is
a realisation of a iid random variables (often called a white noise process). An example of the
empirical ACF and error bars is given in Figure We see that the empirical autocorrelations of
the realisation from iid random variables all lie within the error bars. In contrast in Figure (8.2
we give a plot of the sample ACF of an AR(2). We observe that a large number of the sample
autocorrelations lie outside the error bars.

Of course, simply checking by eye means that we risk misconstruing a sample coefficient that

lies outside the error bars as meaning that the time series is correlated, whereas this could simply
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Series iid

Figure 8.1: The sample ACF of an iid sample with error bars (sample size n = 200).
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o
o
T
I
S T L’T’”’f’%”k’L”””i”l”l’ ,,,,,,,,, L
s
? T T T T T
o 5 10 15 20
Lag
g -
L=
=i
g | I ‘ 1 | l | 1 .
. [ ] ]
? T T T T
5 10 15 20
lag

Figure 8.2: Top: The sample ACF of the AR(2) process X; = 1.5X; 1 + 0.75X,_5 + &, with
error bars n = 200. Bottom: The true ACF.
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be a false positive (due to multiple testing). To counter this problem, we construct a test statistic
for testing uncorrelatedness. We test the hypothesis Hy : ¢(r) = 0 for all r against Hy4 : at least
one ¢(r) # 0.

A popular method for measuring correlation is to use the squares of the sample correlations
h
Sh=nY_|pn(r)]. (8.15)
r=1

Since under the null \/n(p,(h) — p(h)) BN (0, 1), under the null S, asymptotically will have a x2-
distribution with h degrees of freedom, under the alternative it will be a non-central (generalised)
chi-squared. The non-centrality is what makes us reject the null if the alternative of correlatedness
is true. This is known as the Box-Pierce (or Portmanteau) test. The Ljung-Box test is a variant

on the Box-Pierce test and is defined as

h |«
Sp=n(n+2)> M. (8.16)

Again under the null of no correlation, asymptotically, Sy 2 X;Zl- Generally, the Ljung-Box test is
suppose to give more reliable results than the Box-Pierce test.

Of course, one needs to select k. In general, we do not have to use large h since most correlations
will arise when the lag is small, However the choice of h will have an influence on power. If h is too
large the test will loose power (since the mean of the chi-squared grows as h — oc), on the other
hand choosing h too small may mean that certain correlations at higher lags are missed. How to

selection h is discussed in several papers, see for example Escanciano and Lobato| (2009).

Remark 8.3.1 (Do’s and Don’t of the Box-Jenkins or Ljung-Box test) There is tempta-

tion to estimate the residuals from a model and test for correlation in the estimated residuals.

o Fxample 1Y; = Z§:1 a;xji+er. Suppose we want to know if the errors {e;}, are correlated.

We test Hy : errors are uncorrelated vs H 4 : errors are correlated.

Suppose Hy is true. {e;} are unobserved, but they can be estimated from the data. Then on

the estimated residuals {1} we can test for correlation. We estimate the correlation based
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on the estimated residuals p(r) = ¢, (r)/cn(0), where

1 n—|r|
En(r) = E é\té\t—i—r-
t=1
It can be shown that \/np,(r) ~ N(0,1) and the Box-Jenkins or Ljung-Box test can be used.

Le. Sy~ X,% even when using the estimated residuals.

o Fxample 2 This example is a word of warning. Suppose Yy = ¢Y;_1 + .. We want to test

Hy :errors are uncorrelated vs H 4 : errors are uncorrelated.

Suppose Hy is true. {e;} are unobserved, but they can be estimated from the data. We
estimate the correlation based on the estimated residuals (€; = Y}—gth_l), p(r) = ¢u(r)/cn(0),

where

1 n—|r|
En(r) = E gtgt—l—r-
t=1
pn(r) is estimating zero but \/np,(r) is not a standard normal. Thus Sy, does not follow a
standard chi-square distribution. This means the estimated residuals cannot be used to check

for uncorrelatedness.

To understand the difference between the two examples see Section [8.6

8.3.1 Relaxing the assumptions: The robust Portmanteau test
(advanced)

One disadvantage of the Box-Pierce/Portmanteau test described above is that it requires under the
null that the time series is independent not just uncorrelated. Even though the test statistic can
only test for correlatedness and not dependence. As an illustration of this, in Figure 7?7 we give the
QQplot of the Sy (using an ARCH process as the time series) against a chi-square distribution. We
recall that despite the null being true, the test statistic deviates considerably from a chi-square. For
this time series, we would have too many false positive despite the time series being uncorrelated.

Thus the Box-Pierce test only gives reliable results for linear time series.
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In general, under the null of no correlation we have

Zk,,H;l(Tl,]{?,kJrT’Q) 71 757‘2

cov (\/ﬁé\n(rl), \/ﬁé\n(rg)) =
c(0)2 + > ka(r ke k+1) 1 =1r2=(r)

Thus despite ¢, (r) being asymptotically normal we have

Cn (1)

D /
(0) SN (0,14 GK>G')

Vn

where the cumulant term GKoG tends to be positive. This results in the Box-Pierce test underes-
timating the variance, and the true quantiles of Sy (see Figure ??) being larger than the chi square
quantiles.

However, there is an important subset of uncorrelated time series, which are dependent, where
a slight modification of the Box-Pierce test does give reliable results. This subset includes the
aforementioned ARCH process and is a very useful test in financial applications. As mentioned in
(??7) ARCH and GARCH processes are uncorrelated time series which are martingale differences.
We now describe the robust Portmanteau test, which is popular in econometrics as it is allows for
uncorrelated time series which are martingale differences and an additional joint moment condition
which we specify below (so long as it is stationary and its fourth moment exists).

We recall that {X;}; is a martingale difference if

E(Xt|Xt717Xt72aXt73y .. ) =0.

Martingale differences include independent random variables as a special case. Clearly, from this
definition {X;} is uncorrelated since for » > 0 and by using the definition of a martingale difference

we have

COV(Xt, Xt—i—r‘) = E(XtXt—i-r) — E(Xt)E(Xt_H-)

= E(XiE(Xir|Xt)) — E(B(X¢|Xi—1)) E(E(Xp 47| Xigr—1)) = 0.

Thus a martingale difference sequence is an uncorrelated sequence. However, martingale differences
have more structure than uncorrelated random variables, thus allow more flexibility. For a test to

be simple we would like that the sample covariance between different lags is asymptotically zero.
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This can be achieved for martinagle differences plus an important additional condition:
E[X?X,, X, =0  t> 51 # 5. (8.17)
To understand why, consider the sample covariance

- - 1
cov (V/ncn(r1), Vnéa(rz)) = - Z cov (Xp, Xty 1y Xto Xty o)

t1,t2

Under the null, the above is

1

cov (\/ﬁ/c\n(rl)v \/ﬁ/c\n(r2)) = - Z E (thXt1+T1Xt2Xt2+7'2) .

n
t1,t2

We show that under the null hypothesis, many of the above terms are zero (when 1 # r2), however
there are some exceptions, which require the additional moment condition.

For example, if t; # to and suppose for simplicity to + ro > to,t1,t1 + 1. Then
E(Xt1Xt1+7’1 Xt2Xt2+T2) =E (thXt1+7’2Xt2E(Xt2+7“2‘XtuXt1+7"27Xt2)) =0 (8'18)

and if r; # ro (assume rg > r1) by the same argument

E(X; Xt X Xi1ry) = B | XX i E(Xp g, X2, Xepr, )| =0
—_——

Co(Xitqrg—1:Xt4rg—2,---)
However, in the case that t1 + 11 = to + 19 (11 # r2 > 0, since 11 # ra, then this implies t1 # t2)
we have

E(Xt21+T1Xt1Xt2) 7& 0’

even when X, are martingale arguments. Consequently, we do not have that cov(Xy, Xt 4ry, Xio Xtgiry) =
0. However, by including the additional moment condition that E[X? X, X,,] = 0 for t > s, # s,
then we have cov(X¢, Xt 4y, Xt, Xtgtry) = 0 for all 1 and to when r1 # 7.

The above results can be used to show that the variance of ¢,(r) (under the assumption that

271



the time series martingale differences and E[X? X, X,] = 0 for ¢ > s1,s2) has a very simple form

var (\/ﬁ/c\n(r)) = cov (Xt1 Xt1+r7 ththJrT)

t1 1

S|

1 n
B ( Xty Xty 40 Xty Xty ) = " ZE (X?XZ2,,) = E(X3X?)

t1,t2=1 t=1

S

by stationarity

and if 71 # ry then cov(,(r1),¢n(r2)) = 0. Let 02 = E (X3 X?). Then we have that under the null

hypothesis (and suitable conditions to ensure normality) that

cn(1)/o1

va| @@/ | p N(0,11) .

Cn(h) /o,

It is straightforward to estimate the o2 with

n

1

~2 2y 2

52 ==Y XPXZ,.
ntzl

Thus a similar squared distance as the Box-Pierce test is used to define the Robust Portmanteau

test, which is defined as

h

~ 2
cn(r
Rh——nE | EQ)’ .
r=1

oy

Under the null hypothesis (assuming stationarity and martingale differences) asymptotically R 2

X3 (for h kept fixed).

Remark 8.3.2 (ARCH and the Robust Portmanteau test) If I remember correctly the rea-

son the above condition holds for ARCH models is (we assume wlog s3 > $1)

E[XtZXaX@] = E[W?]E[Utzaaaanszﬁa]
= E[U?]E[%QUME[U?%W&’]'-51—1]]

= E[n81]E[nS2}E[Ut20-820'81“Fsl—l” =0,
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|

garchi[-m]
garchM1[-m]

Figure 8.3: Using ARCH(1) time series over 200 replications Left: Sy against the quantiles
of a chi-square distribution with 2df for an ARCH process. Right: R, against the quantiles
of a chi-square distribution with 2df for an ARCH process.

To see how this test performs, in the right hand plot in Figure [8.3| we give the quantile quantile
plot of Ry against the chi-squared distribution. We observe that it lies pretty much on the z =y
line. Moreover, the test results at the 5% level are given in Table We observe that it is close

to the stated 5% level and performs far better than the classical Box-Pierce test.

ARCH Box-Pierce 26%
ARCH Robust Portmanteau | 4.5%

Table 8.1: Proportion of rejections under the null hypothesis. Test done at the 5% level over
200 replications.

The robust Portmanteau test is a useful generalisation of the Box-Pierce test, however it still
requires that the time series under the null satisfies the martingale difference property and the
moment condition. These conditions cannot be verified. Consider for example the uncorrelated

time series
oo
_ j ¢
Xiy1 = ZW&—j — 7 5%+l
- 1—¢
j_

where {g,} are uncorrelated random variables from the ARCH process ¢, = Z;0, and Uf = qqg +
alef_l. Despite e; being martingale differences, X; are not martingale differences. Thus the robust

Portmanteau test will not necessarily give satisfactory results for this uncorrelated time series.
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Methods have been developed for these general time series methods, including:
e The robust test for white noise proposed in |Dalla et al.| (2019).

e Bootstrap methods. These include the block bootstrap (Kiinsch|(1989), Liu and Singh/ (1992])
and Lahiri (2003)) ), the stationary bootstrap (Politis and Romano| (1994)), the sieve bootstrap
(Kreiss (1992) and Kreiss et al.| (2011))) and the spectral bootstrap (Hurvich and Zeger, (1987)),
Franke and Hardle (1992)), [Dahlhaus and Janas| (1996) and Dette and Paparoditis (2009)).

Please keep in mind that this is an incomplete list.

e Fstimating the variance of the sample covariance using spectral methods or long-run variance
methods (together with fixed-b asymptotics have been used to obtain a more reliable finite

sample estimator of the distribution).
Finally a few remarks about ACF plots in general

e It is clear that the theoretical autocorrelation function of an MA(g) process is such that
p(r) = 0 if |r| > ¢g. Thus from the theoretical ACF we can determine the order of the
process. By a similar argument the variance matrix of an MA(q) will be bandlimited, where

the band is of order gq.

However, we cannot determine the order of an moving average process from the empirical
ACF plot. The critical values seen in the plot only correspond to the case the process is iid,

they cannot be used as a guide for determining order.

e Often a model is fitted to a time series and the residuals are evaluated. To see if the model was
appropriate, and ACF plot of empirical correlations corresponding to the estimated residuals.
Even if the true residuals are iid, the variance of the empirical residuals correlations will not
be (?7). Li (1992) shows that the variance depends on the sampling properties of the model

estimator.

e Misspecification, when the time series contains a time-dependent trend.

8.4 Checking for partial correlation

We recall that the partial correlation of a stationary time series at lag t is given by the last coefficient

of the best linear predictor of X, 1 given {X;}7, i.e. ¢, where )?m+1\m = Z;n:l ¢j Xm+y1—j. Thus
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¢m can be estimated using the Yule-Walker estimator or least squares (more of this later) and the
sampling properties of the estimator are determined by the sampling properties of the estimator of

an AR(m) process. We state these now. We assume {X;} is a AR(p) time series of the form

P
X = Z¢th—j + &t
j=1
where {¢;} are iid random variables with mean zero and variance o2. Suppose an AR(m) model is
fitted to the data using the Yule-Walker estimator, we denote this estimator as am = f];llzm. Let
éﬁ\m = (g#?ml, ceey $mm), the estimator of the partial correlation at lag m is ggmm Assume m > p.

Then by using Theorem (see also Theorem 8.1.2, | Brockwell and Davis| (1998))) we have
Vi (S = b)) B N(0,0220).

where ¢,,, are the true parameters. If m > p, then ¢,,, = (¢1,...,¢p,0,...,0) and the last coefficient

has the marginal distribution
V1ibmm 5 N(0, 25™™).

Since m > p, we can obtain a closed for expression for X", By using Remark we have

Y™ = 52 thus
V1ibmm - N(0, 1).

Therefore, for lags m > p the partial correlations will be asymptotically pivotal. The errors bars in
the partial correlations are [—1.96n_1/ 2 1.96n"Y 2] and these can be used as a guide in determining
the order of the autoregressive process (note there will be dependence between the partial correlation
at different lags).

This is quite a surprising result and very different to the behaviour of the sample autocorrelation

function of an MA(p) process.

Exercise 8.4

(a) Simulate a mean zero invertible MA(1) process (use Gaussian errors). Use a reasonable sample

size (say m = 200). Evaluate the sample correlation at lag 2, 7“/h\0n(2). Note the sample correlation
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at lag two s estimating 0. Do this 500 times.
e Calculate of proportion of sample covariances |p,(2)] > 1.96/y/n
o Make a QQplot of pn(2)/+/n against a standard normal distribution. What do you observe?

(b) Simulate a causal, stationary AR(1) process (use Gaussian errors). Use a reasonable sample
size (say n = 200). Evaluate the sample partial correlation at lag 2, $n(2) Note the sample partial

correlation at lag two is estimating 0. Do this 500 times.
o Calculate of proportion of sample partial correlations \(})\n(Q)] > 1.96/y/n

e Make a QQplot of $n(2)/\/ﬁ against a standard normal distribution. What do you observe?

8.5 The Newey-West (HAC) estimator

In this section we focus on the estimation of the variance of
~ 1<
0, = — E Uiet,
n
t=1

where {u;}; are deterministic regressors and {e;} is a time series. Quantities of the form 6,, arise in
several applications. One important application is in linear regression, which we summarize below.

In Section we showed that the least squares estimator of the cofficients in

p
Vi =B+ Y Bjur; +er =B +ey,
j=1

is

~

n n
Brn = argmin L, (3) = (Z ) ZYtut.
t=1 t=1
The variance of 3, is derived using
. ’ n n
[,Bn — ﬁ} Z wu, = Z uje,
t=1 t=1
n -1 1 n -1 1 n
= |8, - 8| = ' == A - .
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Using this expression we have

1

1< ! 1< 1 & -
var [ﬁn} = (n Z utuff) var (n Z llt&s) (n Z utuf:) .
t=1 t=1 t=1
Hence the variance of Bn is based on var (% Z?:l utst) which is

n n
1 1 ,
var —E et = — E covler, e |upu
n n

t,7=1

n n n

1 / ]‘ /

= 3 E var[eq]uguy + 2 E E cov(et, erjupul,
t=1 t=1 7t

n n
1 /
= 3 E g covles, e jupul.

t=171=1

In the case of stationarity of {¢;}+, the above reduces

1 n 1 n n
nvar (n ; ut€t> = Z Z c(t — T wul, (8.19)

t=1 1=1

where ¢(t — 7) = cov|ey, e,].
We start by motivating the estimator of (8.20)), we start with the special case that u; = 1 for
all ¢. In this case (8.20) reduces to

n n

nvar (711 Z ut6t> = % Z Z c(t—1). (8.20)

t=171=1

Since Eleie;] = ¢(t — 7), as an estimator of the above we can potentially replace ¢(t — 7) with e,

to give the estimator

n n n
9 1 ZZ Z .
O’n7n = g EtEr = Cr )

t=1 =1 r=—n

due to a change of variables

where ¢, =n~! Z?;llr‘ €t€¢4r. We recall that in Section we studied the sampling properties of
¢, and showed that var[¢,] = O(1/n). As 13" 2, consists of the sum of all n sample covariances,

this would suggest var[a,] = O(3__;n~!) = O(1). Thus @, is an inconsistent estimator of the

variance. Calculations show that this is indeed the case. We discuss a very similar issue in Section
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when estimating the spectral density function.

However, 2 suggests an alternative approach to estimation. As the autocovariance decays

n
as the lag r grows, it is not necessary to estimate all the covariance and instead to truncate the

number of covariances to be estimated i.e. use

m n m

92 1

O = T:Z_m Am(T)e, = - tzl ; A (t — T)eer, (8.21)
where A\, (7) is a a so called lagged window which is zero for |r| > m. It can be shown that this
truncation technique induces a bias in the estimation scheme (i.e. E[g7,,] # nvar (130 e)) but
the variance converges to zero (E[2,,] = O(m/n)). By balancing the bias and variance we can
mind suitable choice of m such that 8,%%” is a consistent estimator of .

The estimator 8727%” can be generalized to include the case u; # 1 and nonstationary errors {e;}.

We recall that

1 n 1 n n

nvar (n Z ut5t> = Z Z covlet, e, Jupul. (8.22)
t=1 t=1 =1

We assume that |cov(es, e.]| < [t—7|7" (where k > 1). Since £, can be treated as a “preestimator”

(an initial estimator) of cov]es, e;] we replace cov[es, e;] in (8.22)) with .6, and weight it with A, (+)

to yield the Newey-West/HAC estimator

n

N 1 —
T = n ; ; Amn(t = T)ererupul. (8.23)

Choices of weight functions are discussed in Section [11.3.1] The estimator (8.23)) is closely related
2

m,n

those of spectral density estimation and can be found in (11.3.1). Further details can be found in
Andrews (1990)).

to spectral density estimation at frequency zero. The sampling properties of -, , are similar to

8.6 Checking for Goodness of fit (advanced)

To check for adequency of a model, after fitting a model to the data the sample correlation of the
estimated residuals is evaluated. If there appears to be no correlation in the estimated residuals

(so the residuals are near uncorrelated) then the model is determined to adequately fit the data.
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Consider the general model
X = g(Yt, 0) + ¢

where {e;} are iid random variables and &; is independent of Y;,Y;_1,.... Note ¥; can be a vector,
such as Vi1 = (Xy—1, X¢—2,...,X¢—p) and examples of models which satisfy the above include the
AR(p) process. We will assume that {X;,Y;} is a stationary ergodic process. Further to simplify
the discussion we will assume that 6 is univariate, it is straightforward to generalize the discussion
below to the multivariate case.

Let & denote the least squares estimator of 0 i.e.

n
6 =argmin »_ (X; — g(1;,0))>. (8.24)
t=1
Using the “usual” Taylor expansion methods (and assuming all the usual conditions are satisfied,

such as |§— 0] = O,(n~"/2) etc) then it can be shown that

\/ﬁ<§—0> 7! ! Zn: tag Yt’ op(1) WhereI:E<ag(;/;’9)>2

{e 69#} are martingale differences, which is why /n (9 9) is asymptotically normal, but more
of this in the next chapter. Let £, (f) denote the least squares criterion. Note that the above is

true because

n

‘9 . gy 2900.6)

and

La(0) " 9%g(Y;,0) "L (0g(Y;,0)\?
o2 —2;[Xt—g(yta@)]892+2tzl (89) ;

thus at the true parameter, 6,

825()

o —>2I.
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Based on (§8.24)) we estimate the residuals using

~

é\t :Xt_g(}/;ﬁe)

and the sample correlation with p(r) = ¢(r)/¢(0) where

U (= N
c(r) = n ; t EtEtpr-
Often it is (wrongly) assumed that one can simply apply the results in Sectionwhen checking
for adequacy of the model. That is make an ACF plot of p(r) and use [~n~/2 n'/?] as the error
bars. However, since the parameters have been estimated the size of the error bars will change. In

particular, under the null that the model is correct we will show that

2

g
p(r) = 0, 1 - —7I'7
Vnp(r) =N ,“d t C(O)j T,
iid par ~—_——

due to parameter estimation

, 2
where ¢(0) = var[Xy], 0% = var(g;) and J, = E[%@”met] andZ =E (W) (see, for example,

Li| (1992)). Thus the error bars under the null are

+ L 1— i J 71 T,
Vil T ao )
Estimation of the parameters means the inclusion of the term %jTI_le. If the lag r is not too
small then 7, will be close to zero and the [+1/,/n] approximation is fine, but for small r, J7,.Z~1 7,

can be large and positive, thus the error bars, £n~1/2

, are too wide. Thus one needs to be a little
cautious when interpreting the £n~1/2 error bars. Note if there is no dependence between &; and

Yi4r then using the usual error bars is fine.

Remark 8.6.1 The fact that the error bars get narrower after fitting a model to the data seems
a little strange. However, it is far from unusual. One explanation is that the variance of the
estimated residuals tend to be less than the true residuals (since the estimated residuals contain
less information about the process than the true residuals). The most simplest example are iid

observations {X;} | with mean p and variance o*.

X; — X is (n—1)o?/n.

The variance of the “estimated residual”
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We now derive the above result (using lots of Taylor expansions). By making a Taylor expansion

similar to (?7) we have

Vi [pa(r) = p(r)] \/EM — V1 [én(0) — ¢(0)] CC((O’"))Q +0,(n1?).

However, under the “null” that the correct model was fitted to the data we have ¢(r) = 0 for |r| > 0,

this gives

0, = nEn(r) o
\/ﬁpn(r)_fc(o) + p(1)>

thus the sampling properties of p,(r) are determined by ¢,(r), and we focus on this term. It is

easy to see that

Vnen(r) = i (5t +9(6,Y) — (@Yt)> (5t+r +9(0, Yirr) — g(0, Yt+r)) :
-1

Heuristically, by expanding the above, we can see that

e () ~ Z%M ZEW( (0.Y) ~ 9(8.¥0) + Z (906, 2r) = 90, Y1)

then by making a Taylor expansion of g(,-) about g(6,-) (to take (6 — 6) out of the sum)

R 1 n—r
Vne,(r) = %Z_:ststﬂ + 0p(1)

- ) «9Y 99(0, Yiir
[Z Err g t te 9( 69t+)

—~ _ 9y( 9 Yt 9g(0, Yiyr)
Z Ettr

= Z Et€tqr + \F 0 9 00

+0,(1).

We make this argument precise below. Making a Taylor expansion we have

JiEr) = i( @ 9290 Yt)+(6—9)262g(§t,Yt)> .

00 2 06?

~09(0,Yer) (0 —0)20%9(0sr, Vi,
curs = (F- 20 Vi) | 007 PolO H))

= V) Vi@ -0 S (2200 o IO o)
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where 6; lies between 0 and @ and

n—r
- 1
T‘) = — E EtEt+4r-
n
t=1

We recall that by using ergodicity we have

n—r

09(0, Yy s 09(0,Y)\ as. - [ 09(0, Yipr
Z( 9 t+)+€t+r 9(80 t)) _>E<Et 9( aeH)) _ 7

where we use that ¢,4, and % are independent. Subsituting this into 1' gives

Vigu(r) = Vg (r) = Vi - )7 + o0,(1)

= Vnén(r)—-I 1Jrfzagyt’ et +0p(1).

—_Vn9Ln(9)
2~ 09

Asymptotic normality of y/n¢,(r) can be shown by showing asymptotic normality of the bivariate

vector /n(¢,(r), 8559(9)). Therefore all that remains is to obtain the asymptotic variance of the

above (which will give the desired result);

var [v/nc(r) + \F 17, 849(9)]

~ - ~ .y VnoL,(0) - Vn 9L, (0)
var (v/né, (r)) +2Z! J,cov <\/ﬁcn(r), 280) + 72T var <2 50 ) (8.26)

=1

We evaluate the two covariance above;

cov <ﬁ5n(r)a—\/ﬁ6£n(0)> = 1 g [cov {€t1€t1+r,€t2w}:|

2 00 n 00
t1,t2=1
1 «—— Y, Y,
= = Z [cov {et,, €ty } COV {5t1+r, W} + cov {et 4r, €ty | COV {5t1, w}
Wit 00 00
0g(Y;,,0 09(Yiy,, 0
+cum {€t17€tl+r,€t2, g(atg)}] =o’E [stg(ég)] = azjr.

Similarly we have

\/>8£ () 1 . ag(}/tue) 89(1@2,9) _ 2 ag(lftu‘g) 2_ 2
ar < 5 o0 = Z cov | &, 20 » €ty 20 =0°E a0 =o0"I.

t1,t2=1
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Substituting the above into (8.26)) gives the asymptotic variance of /ne(r) to be
1 -0’71,

Thus we obtain the required result

Vnp(r) = N (o, 1— C(Z;)JTIIJT> :

8.7 Long range dependence (long memory) versus changes
in the mean

A process is said to have long range dependence if the autocovariances are not absolutely summable,
i.e. Y |c(k)| = oco. A nice historical background on long memory is given fin this paper.

From a practical point of view data is said to exhibit long range dependence if the autocovari-
ances do not decay very fast to zero as the lag increases. Returning to the Yahoo data considered
in Section we recall that the ACF plot of the absolute log differences, given again in Figure

[8.4 appears to exhibit this type of behaviour. However, it has been argued by several authors that

Series abs(yahoo.log.diff)

Figure 8.4: ACF plot of the absolute of the log differences.

the ‘appearance of long memory’ is really because of a time-dependent mean has not been corrected
for. Could this be the reason we see the ‘memory’ in the log differences?

We now demonstrate that one must be careful when diagnosing long range dependence, because
a slow/none decay of the autocovariance could also imply a time-dependent mean that has not been

corrected for. This was shown in Bhattacharya et al.| (1983]), and applied to econometric data in
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Mikosch and Starica| (2000) and Mikosch and Starica| (2003). A test for distinguishing between long
range dependence and change points is proposed in |Berkes et al.| (2006)).

Suppose that Y; satisfies
}/t = Mt + Et,

where {g;} are iid random variables and the mean p; depends on ¢t. We observe {Y;} but do not
know the mean is changing. We want to evaluate the autocovariance function, hence estimate the
autocovariance at lag k using

n—|k|
. 1 _ _
en(k) = n Z (Y — Yn)(Yt—Hk\ —Y).
t=1
Observe that Y, is not really estimating the mean but the average mean! If we plotted the empirical
ACF {é&,(k)} we would see that the covariances do not decay with time. However the true ACF
would be zero and at all lags but zero. The reason the empirical ACF does not decay to zero is

because we have not corrected for the time dependent mean. Indeed it can be shown that

n—|k|
en(k) = % Z (Ve — e+ pe = Yo) (Vg =tk + perk — Vo)
1 nt—:|2| n—|k| - B
~ - (Ve — 1) (Yo i) — Harr) + - tzl (e — Yo) (ptk — Yn)
1 n—|k| - -
~ C\(Q + g ; (Mt - Yn)(ﬂt—&—kz - Yn)

true autocovariance=0

~
additional term due to time-dependent mean

Expanding the second term and assuming that k& << n and p; ~ u(t/n) (and is thus smooth) we
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have

2
S|
(]
=
+ o
|
VR
S|+
()=
S
~—
Do
+
D
=

t=1 t=1
1 n o n 1 n 2
33 (33 e
s=1 t=1 t=1
= DD ) =g DD (e )’ g 2D s (e )
s=1 t=1 s=1 t=1 s=1 t=1
__7%2 S g (e —ps)
1 n n 1 n n
o2 > (ue—p anzzf‘s po — Hs) —WZZM(M—#S)
s=1 t=1 s=1 t=1 s=1 t=1
1 n n
= S m) ) _sz e — 1)’
s=1 t=1 sltl s=1 t=1
Therefore
1 n—|k| 1 n
— D = V) (g = Vo) % 5 D 0D (e — )’

t=1 s=1t=1

Thus we observe that the sample covariances are positive and don’t tend to zero for large lags.
This gives the false impression of long memory.

It should be noted if you study a realisation of a time series with a large amount of dependence,
it is unclear whether what you see is actually a stochastic time series or an underlying trend. This

makes disentangling a trend from data with a large amount of correlation extremely difficult.
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Chapter 9

Parameter estimation

Prerequisites

e The Gaussian likelihood.

Objectives

e To be able to derive the Yule-Walker and least squares estimator of the AR parameters.

e To understand what the quasi-Gaussian likelihood for the estimation of ARMA models is,
and how the Durbin-Levinson algorithm is useful in obtaining this likelihood (in practice).

Also how we can approximate it by using approximations of the predictions.

e Understand that there exists alternative methods for estimating the ARMA parameters,

which exploit the fact that the ARMA can be written as an AR(c0).

We will consider various methods for estimating the parameters in a stationary time series.
We first consider estimation parameters of an AR and ARMA process. It is worth noting that we
will look at maximum likelihood estimators for the AR and ARMA parameters. The maximum
likelihood will be constructed as if the observations were Gaussian. However, these estimators
‘work’ both when the process is Gaussian is also non-Gaussian. In the non-Gaussian case, the
likelihood simply acts as a contrast function (and is commonly called the quasi-likelihood). In time
series, often the distribution of the random variables is unknown and the notion of ‘likelihood’ has
little meaning. Instead we seek methods that give good estimators of the parameters, meaning that

they are consistent and as close to efficiency as possible without placing too many assumption on
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the distribution. We need to ‘free’ ourselves from the notion of likelihood acting as a likelihood

(and attaining the Cramer-Rao lower bound).

9.1 Estimation for Autoregressive models

Let us suppose that {X;} is a zero mean stationary time series which satisfies the AR(p) represen-

tation

P
X = Z O;Xi—j + ey,
j=1

where E(g;) = 0, var(e;) = 02 and the roots of the characteristic polynomial 1 — Z?:l $;20 lie
outside the unit circle. We will assume that the AR(p) is causal (the techniques discussed in this
section cannot consistently estimate the parameters in the case that the process is non-causal, they
will only consistently estimate the corresponding causal model). If you use the ar function in R to
estimate the parameters, you will see that there are several different estimation methods that one
can use to estimate {¢;}. These include, the Yule-Walker estimator, Least squares estimator, the
Gaussian likelihood estimator and the Burg algorithm. Our aim in this section is to motivate and
describe these several different estimation methods.

All these methods are based on their correlation structure. Thus they are only designed to
estimate stationary, causal time series. For example, if we fit the AR(1) model X; = ¢X;—1 + &;.
The methods below cannot consistently estimate non-casual parameters (when |¢| > 1). However,
depending the method used, the estimator may be non-causal. For example, the classical least
squares can yield estimators where |¢| > 1. This does not mean the true model is non-causal, it
simply means the minimum of the least criterion lies outside the parameter space (—1,1). Similarly,
unless the parameter space of the MLE is constrained to only search for maximums inside [1, 1] it
can be give a maximum outside the natural parameter space. For the AR(1) estimator constraining
the parameter space is quite simple. However, for higher order autoregressive models. Constraining
the parameter space can be quite difficult.

On the other hand, both the Yule-Walker estimator and Burg’s algorithm will always yield a

causal estimator for any AR(p) model. There is no need to constrain the parameter space.
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9.1.1 The Yule-Walker estimator

The Yule-Walker estimator is based on the Yule-Walker equations derived in (Section [6.1.4)).
We recall that the Yule-Walker equation state that if an AR process is causal, then for ¢ > 0

we have

p
E(X:X; ;) Zqﬁj (X Xi—i),= c(i :Z c(i — 7). (9.1)
J=1 J=1

Putting the cases 1 < i < p together we can write the above as

= %0 , (9.2)

where (¥,);; = c(i — j), (r,)i = c(i) and Q; = (¢1,...,¢p). Thus the autoregressive parameters
solve these equations. It is important to observe that Qp = (¢1,. .., ¢p) minimise the mean squared

error

P
E[Xer1— Y ¢ X1,
j=1

(see Section [5.5).

The Yule-Walker equations inspire the method of moments estimator called the Yule-Walker
estimator. We use 1D as the basis of the estimator. It is clear that 7, and f]p are estimators of
r, and %, where (3)ij = énli — ) and ()i = ¢n(i). Therefore we can use

6 =%t (9.3)

D p —p

as an estimator of the AR parameters Q; = (¢1,...,¢p). We observe that if p is large this involves
inverting a large matrix. However, we can use the Durbin-Levinson algorithm to calculate ép by
recursively fitting lower order AR processes to the observations and increasing the order. This way
an explicit inversion can be avoided. We detail how the Durbin-Levinson algorithm can be used to

estimate the AR parameters below.

Step 1 Set @11 = é,(1)/é,(0) and 7,,(2) = é,(0) — d1.1,(1).
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Figure 9.1: Top: The sample partial autocorrelation plot of the AR(2) process X; =
1.5X,_1 +0.75X;_5 + &; with error bars n = 200.

Step 2 For 2 <t < p, we define the recursion

~ -1 7 ~ .
- en(t) — Zz':l (z)t—l,jcn(t )
Grp = -
T (t)
Ot = Gt-1j — Gt4Dt—1,1—j 1< <t-1,

Fa()(1 = 07).

and 7, (t + 1)

Step 3 We recall from l) that ¢;; is the partial correlation between X1 and X, therefore gzgtt

are estimators of the partial correlation between X;;; and Xj.

As mentioned in Step 3, the Yule-Walker estimators have the useful property that the partial
correlations can easily be evaluated within the procedure. This is useful when trying to determine
the order of the model to fit to the data. In Figure [0.1] we give the partial correlation plot corre-
sponding to Figure Notice that only the first two terms are outside the error bars. This rightly
suggests the time series comes from an autoregressive process of order two.

In previous chapters it was frequently alluded to that the autocovariance is “blind” to non-
causality and that any estimator based on estimating the covariance will always be estimating the
causal solution. In Lemma [9.1.1| we show that the Yule-Walker estimator has the property that the
parameter estimates {(Z)j; j=1,...,p} correspond to a causal AR(p), in other words, the roots cor-
responding to ¢(z) = 1 — Z§:1 (Ejzj lie outside the unit circle. A non-causal solution cannot arise.

The proof hinges on the fact that the Yule-Walker estimator is based on the sample autocovariances
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{¢n(r)} which are a positive semi-definite sequence (see Lemma [8.2.1)).

Remark 9.1.1 (Fitting an AR(1) using the Yule-Walker) We generalize this idea to general
AR(p) models below. However, it is straightforward to show that the Yule-Walker estimator of the

AR(1) parameter will always be less than or equal to one. We recall that

n—1
3 r—1 Xt X1
YW = T = wa
Dot Xi

By using Cauchy-Schwarz we have

PRI v/ dh o, TR wrisip b w81
Zt:lXt Zt:l‘Xt2
[y X[ XEn] ™ |
) S X |

We use a similar idea below, but the proof hinges on the fact that the sample covariances forms a

positive semi-definite sequence.

An alternative proof using that {¢,(r)} is the ACF of a stationary time series {Z;}. Then

byw = (1) _ cov(Zi, Ziy1) _ cov(Zs, Zpi1)
(0) var(Zy) Vvar(Zi)var(Zig1) ’

which is a correlation and thus lies between [—1,1].

Lemma 9.1.1 Let us suppose Z,,11 = (21, .., Zp+1) is a zero mean random vector, where var|Z]p41 =

(Xps1)ij = cnli — j) (which is Toeplitz). Let Z, q, be the best linear predictor of Z,i1 given

Zypy ..., 41, where ?p = (¢1,...,¢p) = E;lzp are the coefficients corresponding to the best linear

predictor. Then the roots of the corresponding characteristic polynomial ¢(z) =1 —SF_ ¢;27 lie
j=17J

outside the unit circle.
PROOF. The proof is based on the following facts:

(i) Any sequence {¢; }?Zl has the following reparameterisation. There exists parameters {a; }§:1
and A such that a1 =1, for 2 < j <p—2, aj — Aaj—1 = ¢; and Aa, = ¢,,. Using {aj}§:1 and

A, for rewrite the linear combination {Z; }?ﬂ as

p p p
Zyr1 = ) biZpr1j = ) ajZps1j =AY ajZy ;.
j=1 j=1 j=1
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(ii) If Qp = (¢1,---,Pp) = Z;lgp, then Qp minimises the mean square error i.e. for any {bj}§:1

2 2

p
Esyr | Zps1 = D 0iZpr1—j | <Bsp | Zori =Y 0iZp1 (9-4)
— j=1

where ¥,11 =var[Z, 4] and Z,,\; = (Zpy1,...,Z1).

We use these facts to prove the result. Our objective is to show that the roots of ¢(B) = 1 —

- ¢;B7 lie outside the unit circle. Using (i) we factorize ¢(B) = (1 — AB)a(B) where a(B) =
Z?:l a;jB’. Suppose by contraction |[A| > 1 (thus at least one root of ¢(B) lies inside the unit
circle). We will show if this were true, then by the Toeplitz nature of X1, Qp = (¢1,...,0p)
cannot be the best linear predictor.

Let
p p ) p
Ypi1 = Z%B Ziya =Y ajZpyajand Y, =BY,1 =B a;B'Z 2= a;Zy1j.
j=1 j=1 j

By (i) is clear that Z,; — Z?Zl ¢jZpt1—j = Ypr1 — AY),. Furthermore, since {¢;} minimises the
mean squared error in (9.4]), then \Y, must be the best linear predictor of Y, given Y} i.e. A

must minimise the mean squared error

A= argmﬁinEzp“ (Ypr1 — BYp)?,

E[Yp+1 YP}
E[Y}?]

E[Yp+lyp]

that is A = EYZ]

. However, we now show that | | <1 which leads to a contradiction.
We recall that Y41 is a linear combination of a stationary sequence, thus BY), 1 has the same

variance as Ypy1. Le. var(Y,11) = var(Y,). It you want to see the exact calculation, then

p

E[YpZ} = varl[Yp] = Z aj, A,V Vi1, Ypr1—jp] = Z aj, aj,c(j1 — j2)
Ji,j2=1 Ji.g2=1
— varlYp] = B2,

In other words, since ¥,11 is a Toeplitz matrix, then E[Y;?] = E[Y?

1) and

EYp 1Y)
(ENZIENYZ )2

A\ =

This means A measures the correlation between Y, and Y1 and must be less than or equal to one.
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Thus leading to a contradiction.
Observe this proof only works when X, is a Toeplitz matrix. If it is not we do not have

E[Y?] = E[Y?,,] and that X can be intepretated as the correlation. O

From the above result we can immediately see that the Yule-Walker estimators of the AR(p)
coefficients yield a causal solution. Since the autocovariance estimators {¢,(r)} form a positive semi-
definite sequence, there exists a vector Y, where varg Y] = §p+1 with (ierl) = ¢u(i — j),

thus by the above lemma we have that fl; pr are the coefficients of a Causal AR process.

Remark 9.1.2 (The bias of the Yule-Walker estimator) The Yule-Walker tends to have larger
bias than other other estimators when the sample size is small and the spectral density correspond-
ing to the underlying time series is has a large pronounced peak (see Shaman and Stine (1988) and
Ernst and Shaman (2019)). The large pronounced peak in the spectral density arises when the roots

of the underlying characteristic polynomial lie close to the unit circle.

9.1.2 The tapered Yule-Walker estimator

Substantial improvements to the Yule-Walker estimator can be obtained by tapering the original
time series (tapering dates back to Tukey, but its application for AR (p) estimation was first proposed
and proved in Dahlhaus (1988)).

Tapering is when the original data is downweighted towards the ends of the time series. This
is done with a positive function A : [0,1] — R that satisfies certain smoothness properties and is
such that ~(0) = h(1) = 0. And the tapered time series is h(+)X;. An illustration is given below:

t
n

In R, this can be done with the function spec.taper(x,p=0.1) where x is the time series, p is
the proportion to be tapered). Replacing X; with h(t/n)X; we define the tapered sample covariance

as




We now use {¢r,(r)} to define the Yule-Walker estimator for the AR(p) parameters.

9.1.3 The Gaussian likelihood

Our object here is to obtain the maximum likelihood estimator of the AR(p) parameters. We recall
that the maximum likelihood estimator is the parameter which maximises the joint density of the
observations. Since the log-likelihood often has a simpler form, we will focus on the log-likelihood.
We note that the Gaussian MLE is constructed as if the observations { X;} were Gaussian, though it
is not necessary that {X;} is Gaussian when doing the estimation. In the case that the innovations
are not Gaussian, the estimator may be less efficient (may not obtain the Cramer-Rao lower bound)
then the likelihood constructed as if the distribution were known.

Suppose we observe {X;;t = 1,...,n} where X; are observations from an AR(p) process. Let
us suppose for the moment that the innovations of the AR process are Gaussian, this implies that

X, = (X1,...,X,) is an-dimension Gaussian random vector, with the corresponding log-likelihood
Lo(a) = —log[Sn(a)] — X)X (a)" Xy, (9-5)

where ¥, (a) the variance covariance matrix of X,, constructed as if X,, came from an AR process
with parameters a. Of course, in practice, the likelihood in the form given above is impossible to
maximise. Therefore we need to rewrite the likelihood in a more tractable form.

We now derive a tractable form of the likelihood under the assumption that the innovations come
from an arbitrary distribution. To construct the likelihood, we use the method of conditioning,
to write the likelihood as the product of conditional likelihoods. In order to do this, we derive
the conditional distribution of X;y;1 given X;_1,...,X;. We first note that the AR(p) process is
p-Markovian (if it is causal), therefore if ¢ > p all the information about X;; is contained in the

past p observations, therefore
]P)(Xt+1 < "L"Xt, thla s aXl) = ]P)(Xt+1 < $|Xt7 thla R Xt*p+1)7 (96)

by causality. Since the Markov property applies to the distribution function it also applies to the

density

J(Xep1| X, oo, X)) = f( X1 Xy oo, Xeprn).
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By using the we have
p
P(Xip1 < 2l Xy, .., X1) =P(Xpp1 S 2lXy, ., X1) =Pe(e <z = Y a;Xe1y), (9.7)
j=1

where P, denotes the distribution of the innovation. Differentiating P, with respect to X;41 gives

OPc(e < Xpw1 — 20 aj Xev1-5)

p
F( X Xy, Xopy1) = 90X, = fe | Xeg1 — ZantJrlfj . (9-8)

j=1

Example 9.1.1 (AR(1)) To understand why is true consider the simple case that p = 1
(AR(1) with |¢| < 1). Studying the conditional probability gives

P(Xip1 S x| Xy =ap,..., X1 =21) = P Xt + e < T Xt =4y, X1 = 11)

all information contained in Xt

= P(er < w1 — d7y) = P(Xyp1 < | Xy = 1),

where P, denotes the distribution function of the innovation c.
Using we can derive the joint density of {X;}}" ;. By using conditioning we obtain
n—1
X1, X, X)) = (X0, Xp) [] £(Xeal X, X1)  (by repeated conditioning)

t=p

n—1
= f(X1,...,Xp) H f(Xe| Xy, ..o, Xi—py1)  (by the Markov property)
t=p

n—1 p
= f(X1,...,Xp) H fe(Xpy1 — ZanHl—j) (by )
t=p 7j=1

Therefore the log likelihood is

n—1 p
log f(X1, Xa,..., Xp) =log f(X1,...,Xp) + > log fo(Xpy1 — Y a; Xe1-;).

Full log-likelihood L (a;X,,) initial observations t=p J=1

conditional log-likelihood=Ly (a;X,,)

In the case that the sample sizes are large n >> p, the contribution of initial observations
log f(X1,...,Xp) is minimal and the conditional log-likelihood and full log-likelihood are asymp-
totically equivalent.

So far we have not specified the distribution of {&;};. From now on we shall assume that it is
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Gaussian. Thus log f(X1,...,Xy;¢) and log f(X1, ..., Xp; ¢) are multivariate normal with mean
zero (since we are assuming, for convenience, that the time series has zero mean) and variance
Yn(¢) and X, (¢) respectively, where by stationarity ¥, (¢) and ¥,(¢) are Toeplitz matrices. Based

on this the (negative) log-likelihood is

Lp(a) = log|Zn(a)| + X;:En(@)_lzp

= log|Zp(a)| + X35p(a) ' X, + La(e;X) . (9.9)
~—

conditional likelihood

The maximum likelihood estimator is

o~

¢ = argmax Ly(a). (9.10)

ac®

The parameters in the model are ‘buried’” within the covariance. By constraining the parameter
space, we can ensure the estimator correspond to a causal AR process (but find suitable parameter
space is not simple). Analytic expressions do exist for X7 %,(a)"' X, and log |X,(a)| but they are

not so simple. This motivates the conditional likelihood described in the next section.

9.1.4 The conditional Gaussian likelihood and least squares

The conditonal likelihood focusses on the conditonal term of the Gaussian likelihood and is defined

as

2
Ln(g;i) (n p IOgO' - Z XH—I Zant—H —j >

is straightforward to maximise. Since the maximum of the above with respect to {a;} does not

depend on o2. The conditional likelihood estimator of {¢;} is simply the least squares estimator

2

n—1 P
" argmin E Xt+1 — E ant—l—l—j
t=p j=1

RSN
Il

_ -l
- ZP Zp’

where (Zp)i,j = %ﬂ) Z?:erl Xt—iXt—j and (En)l = ﬁ E?:p+1 XtXt—i-
Remark 9.1.3 (A comparison of the Yule-Walker and least squares estimators) Comparing

295



o~

the least squares estimator ép = i;lfp with the Yule-Walker estimator Qp = f];lfp we see that
they are very similar. The difference lies in f]p and i\]p (and the corresponding 7, and 7,,). We see
that ip is a Toeplitz matriz, defined entirely by the positive definite sequence ¢,(r). On the other
hand, ip is not a Toeplitz matriz, the estimator of ¢(r) changes subtly at each row. This means
that the proof given in Lemma |9.1.1 cannot be applied to the least squares estimator as it relies
on the matriz ¥pi1 (which is a combination of ¥, and r,) being Toeplitz (thus stationary). Thus

the characteristic polynomaial corresponding to the least squares estimator will not necessarily have

roots which lie outside the unit circle.

Example 9.1.2 (Toy Example) To illustrate the difference between the Yule-Walker and least
squares estimator (at least for example samples) consider the rather artifical example that the time
series consists of two observations X1 and Xa (we will assume the mean is zero). We fit an AR(1)
model to the data, the least squares estimator of the AR(1) parameter is

(g . X1X5
LS = X12

whereas the Yule-Walker estimator of the AR(1) parameter is

X1Xo

¢YW = m

It is clear that (ELS < 1 only if Xo < X1. On the other hand <$YW < 1. Indeed since (X1—X2)? > 0,

we see that <$YW <1/2.

Exercise 9.1 (i) InR you can estimate the AR parameters using ordinary least squares (ar.ols),

yule-walker (ar.yw) and (Gaussian) maximum likelihood (ar.mle).

Simulate the causal AR(2) model Xy = 1.5X;—1 — 0.75X;_9 + &; using the routine arima.sim
(which gives Gaussian realizations) and also innovations which from a t-distribution with
4df. Use the sample sizes n = 100 and n = 500 and compare the three methods through a

stmulation study.

(ii) Use the {1-norm defined as



with ¢, = argmin Ly, (¢) to estimate the AR(p) parameters.

You may need to use a Quantile Regression package to minimise the {1 norm. I suggest using

the package quantreg and the function rq where we set T = 0.5 (the median).

Note that so far we have only considered estimation of causal AR(p) models. Breidt et. al. (2001)

propose a method for estimating parameters of a non-causal AR(p) process (see page 18).

9.1.5 Burg’s algorithm

Burg’s algorithm is an alternative method for estimating the AR(p) parameters. It is closely related
to the least squares estimator but uses properties of second order stationarity in its construction.
Like the Yule-Walker estimator it has the useful property that its estimates correspond to a causal
characteristic function. Like the Yule-Walker estimator it can recursively estimate the AR(p)
parameters by first fitting an AR(1) model and then recursively increasing the order of fit.

We start with fitting an AR(1) model to the data. Suppose that ¢1, is the true best fitting
AR(1) parameter, that is

Xy = Px, (Xy)+e=011X-1+¢e14

Then the least squares estimator is based on estimating the projection by using the ¢ that
minimises
n
(X - 60X, 1)

t=2

However, the same parameter ¢ ; minimises the projection of the future into the past
Xy = Px, . (Xy) + 014 = d11 X1 + 614

Thus by the same argument as above, an estimator of ¢ is the parameter which minimises
n—1

D (Xi = ¢Xi4)

t=1
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We can combine these two least squares estimators to find the ¢ which minimises

n n—1
11 =argmin | (X; — ¢X; 1)+ > (X — 6Xi11)?
t=2 t=1

Differentiating the above wrt ¢ and solving gives the explicit expression

S X X1 + o Xe X
2305 X7+ X7+ X3
251 Xi X

2Y 000, X7+ X+ X3

P11 =

Unlike the least squares estimator 5171 is guaranteed to lie between [—1,1]. Note that ¢1 1 is the
partial correlation at lag one, thus ggl,l is an estimator of the partial correlation. In the next step we

estimate the partial correlation at lag two. We use the projection argument described in Sections

BEI1.4 and [Z.5.1l That is
PXt—2,Xt—1 (Xt) = PXt—l (Xt) +p (Xt—Z - PXt_1 (Xt—Q))
and

Xy = PXt72,Xt71 (Xt) +e2t = Px, , (Xt) +p (Xt*Q - Px, , (Xt*Z)) +E2¢

= 011 Xe—1 +p (X2 — P11Xe—1) + €24

Thus we replace ¢1 1 in the above with 51,1 and estimate p by minimising least squares criterion

Z [Xt - Q/Z)\l,lthl —p (Xt72 - 51,1Xt71)} .

t=3

However, just as in the estimation scheme of ¢1 1 we can estimate p by predicting into the past

PXt+27Xt+1 (Xt) = PXt+1 (Xt) +p (Xt+2 - PXHl(Xt—s-Z))
to give

Xt = 11X+ p(Xio — d1,1X¢41) + O
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This leads to an alternative estimator of p that minimises
n—2 R
Z [Xt — P11 X441 —p <Xt+2 - ¢1,1Xt+1>} .

t=1

The Burg algorithm estimator of p minimises both the forward and backward predictor simultane-

ously
n N N n—2 . N
p2 = arg mgn ( [Xt — P11 X1 —p (Xt72 - ¢1,1Xt71>} + Z [Xt — P11 X441 —p (Xt+2 - ¢1,1Xt+1)}> .
=3 =1

Differentiating the above wrt p and solving gives an explicit solution for ps. Moreover we can show

that |pa| < 1. The estimators of the best fitting AR(2) parameters (¢1,2, ¢22) are

P12 = (d>1,1 - ﬁ2¢1,1>
and ¢22 = Do
Using the same method we can obtain estimators for {q/b\,«,r}r which can be used to construct the

estimates of the best fitting AR(p) parameters {$j7p}§:1. It can be shown that the parameters

{$j7p}§:1 correspond to a causal AR(p) model.

Proof that 0 < ’le,l\ <1 To prove the result we pair the terms in the estimator

2 [XlXQ + XoX3+ ...+ Xn_an]
(X +X3) + (X3 +X3) + ...+ (AR o+ X7 )+ (X7 + X3)

11

Each term in the numerator can be paired with the term in the denominator i.e. using that

(|1 X¢| = |Xt+1\)2 > 0 we have
2AXeXer1| < X7+ X2 1<t<(n—1).

Thus the absolute of the numerator is smaller that the denominator and we have

2[| X1 Xo| + | Xo Xs| + ... + | Xn—1 X0 ] <1

ol = XD (XD 4+ (Rt XD+ (X2, 1 XD =

This proves the claim. ]
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9.1.6 Sampling properties of the AR regressive estimators

Both the Yule-Walker, least squares and Gaussian likelihood estimator have the same asymptotic
sampling properties (under the assumption of stationarity) (the estimator for the tapered Yule-

Walker is a little different). Suppose that {X;} has a causal AR(pp) representation
Po
X = Z¢th—j + &t
j=1

where {&;} are iid random variables with var[e;] = ¢ and E[|¢|?>T9] < oo for some § > 0.
Suppose the AR(p) model is fitted to the time series, using either least squares or Yule-Walker

estimator. We denote this estimator as $p. If p > pg, then

~

V(e — ) BN (0,025,

“p p
where X, = var[X ] and X, = (X1,...,X}).

Remark 9.1.4 We note that the assumption E|e2t°| < oo implies that E[|X;[>T0] < oo. In the

proof below we use the stronger assumption E(e}) < oo to make the proof easier to follow.

Tools to prove the result: Martingale central limit theorem (advanced)

We summarize the result, see Billingsley| (1995) Hall and Heyde| (1980) (Theorem 3.2 and Corollary
3.1) for the details.

Definition 9.1.1 The random variables {Z;} are called martingale differences if
E(Z|Z1-1,Z1—2,...) = 0.

The sequence {Sp}n, where

Sn:izt

t=1

are called martingales if {Z;} are martingale differences. Observe that E[S,|Sp—1] = Sp—1.

Remark 9.1.5 (Martingales and covariances) We observe that if {Z;} are martingale differ-
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ences then
E[Z] = E[E[Z;| Fi-1]] = 0,
where Fs = 0(Zs, Zs—1,...) and fort > s and
cov(Zs, Zt) = B(ZsZy) = E(B(Z:Zi| Fs)) = B(ZE(Zi| Fs)) = E(Zs x 0) = 0.

Hence martingale differences are uncorrelated.

Example 9.1.3 Suppose that X; = ¢Xi—1 +¢c¢, where {e} are 4id r.v. with E(e;) =0 and |¢| < 1.

Then {e: X1} are martingale differences. To see why note that

Ele: X 1ler—i Xe—j—157 > 1] E[E (e:Xi—1let—j3 5 > 1) les—j Xe—j—1:7 > 1]

= E[Xi_1E(eler—j55 > 1) |er—j Xi—j—1;5 > 1] =0, a.s

since 0(e1—j Xi—j—1;J > 1) Co(er—j;5 > 1). In general, if Xy is a causal time series then {e, X;—;}+

are martingale differences (7 > 0).

Let
1 n
Sn==Y_ 17, (9.11)
n
t=1

and F; = 0(Zs, Zy_1,...), B(Z|Fi—1) = 0 and E(Z?) < co. We shall show asymptotic normality of
Vn(Sy, —E(Sy)). The reason for normalising by /n, is that (S,, — E(Sy)) Boasn— 00, hence in
terms of distributions it converges towards the point mass at zero. Therefore we need to increase

the magnitude of the difference. If it can show that var(S,) = O(n™1), then \/n(S, —E(Sp) = O(1).
Theorem 9.1.1 Let S,, be defined as in . Further suppose
BN 2 B 2
5ZZt = o2, (9.12)
t=1

2

where o° is a finite constant, for alln > 0,

1 n
=Y E(Z(Zi] > )| Feen) B0, (9.13)
t=1
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(this is known as the conditional Lindeberg condition) and

n

1
N B2 F) B oo (9.14)
n t=1
Then we have
n/25, B N(0,02). (9.15)

Remark 9.1.6 (The conditional likelihood and martingales) It is interesting to note that
the derivative of conditional log-likelihood of a time series at the true parameter is a martingale so

long as the likelihood is correctly specified. In other works, using that

n
log f(Xn, ..., X1|X150) = > log f(XeXi1,..., X1;0),
t=2

then 8logf(Xt|)8(é_1,...7X1;9) is a martingale difference. To see why, note that if we can take the

derivative outside the integral then

B [Ologf(XAth, oo X

6
96 )|Xt—17"‘7X1:|

Dlog f(Xi|Xi-1,..., X150) o X
/ g f( Xy 591 1 )f( X1, ..., X1;0)dX;

OF (X X1, .., X1:0 o) X, =
/ e F T )d‘(t_aa/f(thXt17---’X1?9>d =0

Asymptotic normality of the least squares estimator of the AR(1) parameter

In this section we show asymptotic normality of the least squares estimator of the AR(1), where

¢n = argmax L, (a) and
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The first and the second derivative (at the true parameter) is

-2 -2
VEn(a)Ja:qs = n—1 E Xi1 (Xt - QbXt—l) = m E X184
t=2 7 t=2
=c¢
2 n
and V2L, (a) = 1 E X7, (does not depend on unknown parameters).
n —_—
t=2

Thus it is clear that

~

(6n — 0) = — (V2Ly) ' VLA(9). (9.16)

Since {X?} are ergodic random variables, by using the ergodic theorem we have V2£,, % 2E(X2).

This, together with (9.16]), implies

~ > i X Xi1

\/ﬁ(ﬁbn - ¢) = —~—n w9 d)
ZtZQ Xt271
— Z?:Q thl(Xt - ¢Xt71) _ Z?:z X 164
Do Xy doig X2

= - (V2Ln)*1 \/ﬁV[,n(qZ)) _ _Efl\/ﬁsn-f-Op(n_lﬂ),
———

5 (2B(X3)) "1

where S, = ﬁ > i Xt—16¢. Thus to show asymptotic normality of \/ﬁ(:ﬁn — ¢), will need only
show asymptotic normality of v/n.S,,. Sy, is the sum of martingale differences, since E(X;_16¢|X¢—1) =
Xi—1E(e¢| Xi—1) = Xy—1E(er) = 0, therefore we apply the martingale central limit theorem (sum-
marized in the previous section).

To show that 1/nS,, is asymptotically normal, we need to verify conditions -. We
note in our example that Z; := X;_1&;, and that the series {X;_1£;}+ is an ergodic process (this
simply means that sample means converge almost surely to their expectation, so it is a great tool
to use). Furthermore, since for any function g, E(g(X;—16¢)|Fi—1) = E(g9(Xi—16¢)|Xi—1), where
Fi—1 =0(X4—1,X;—2,...) we need only to condition on X;_; rather than the entire sigma-algebra
Fi—1. To simplify the notation we let S, = 2 >°%' | &, X, 1 (included an extra term here).

Verification of conditions
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C1 : By using the ergodicity of {X;_ie:}; we have

1 & 1 <&
N Z2 =~ N xE e BE(XE ) E(ED) = 02(0).
n t=1 n t=1 7'1

C2 : We now verify the conditional Lindeberg condition.
1 ¢ 2 1 ¢ 2 2
LS R(ZZ] > i Fi) = s S BT X e > )X ).
t=1 t=1

We now use the Cauchy-Schwartz inequality for conditional expectations to split X? ;&7 and
I(| X¢—1e¢] > €) (see the conditional Holder inequality). We recall that the Cauchy-Schwartz
inequality for conditional expectations is E(X;Z;|G) < [E(XZ|G)E(Z2|G)]'/? almost surely.

Therefore
1 n
- E E(Z21(|Z;| > ev/n)|Fi—1) (use the conditional Cauchy-Schwartz to split these terms)
n
t=1

1 3 1/2
< D B X ) BU (X > 0v/n)* X)) /
t=1

IN

1 n
=3 XEEED{EU (X > nvm)?| X0}, (9.17)
t=1

almost surely. We note that rather than use the conditional Cauchy-Schwartz inequality we
can use a generalisation of it called the conditional Holder inequality. The Hélder inequality
states that if p~* + ¢! = 1, then E(XY|F) < {E(X?|F)}/P{E(Y?F)}/9 almost surely.
The advantage of using this inequality is that one can reduce the moment assumptions on

X;.

Returning to (9.17)), and studying E(I (| X¢—16¢| > €)?| X;—1) we use that E(I(A4)?) = E(I(4)) =
P(A) and the Chebyshev inequality to show

E(I(| X1 > nvn)*|Xe1) = E(I(|Xim1ed] > nv/n)| Xi1)

= (1> )

X2
= p (e > V) < im1var(ee) (9.18)
Xt 2

n-n
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Substituting (9.18)) into (9.17) we have

Ly Xi_yvar(e) V2
=Y E(Z2(1Z > nvn)|Fer) < *ZXE B! 1/g{t}
t=1

777’L
E(5t)1/2 . 3 1/2
< LN Xea PEE)Y
nn3/2 i
2R (2)1/2 1 &
< )nn1/2 Z|Xt il

3 a.8.

IfE(g}) < 0o, then E(X}') < oo, therefore by using the ergodic theorem we have 1 Y1 | [X,_;[3 %%

E(]Xo]?). Since almost sure convergence implies convergence in probability we have

1< E(eH)?E(e))V/? 1
5ZE(Z£"I(|ZtI > ny/n)|Fmp) < —+ iz Z!Xt P 5o
t=1
0
- BE(Xol?)

Hence condition (9.13) is satisfied.

C3 : Finally, we need to verify that

1 n
- SEZF) Do

t=1

Since {X;}: is an ergodic sequence we have

—ZE (Z3| Fi1) ZE 2 12X )

1
= - ZX3—1E(6§!Xt—1) =E(s) — ) X7 B E(EEXG) = 0%%y,
i i
—
SE(X3)
hence we have verified condition ((9.14)).
Altogether conditions C1-C3 imply that
\FV,C Z t— 15t—)N0 o El) (919)
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Therefore

V(b — @) = (;v%n)_ VnS, . (9.20)

Using that E(X?) = ¢(0), this implies that
2 D _
Vi — ¢) = N(0,6°57). (9.21)

Thus we have derived the limiting distribution of qgn

Remark 9.1.7 We recall that

1 n
N — 1 § =2 et X1
b — &) = — (V2L,) ' VL (¢) = L=t , 9.22
( ) ( ) ( ) nil Zt=2 Xt2—1 ( )

and that var(— Y1 e, Xy 1) = L5 Y0, var(e4Xy—1) = O(L). This implies

(6n — @) = Op(n~"?).

Indeed the results also holds almost surely

(én — ) = O(n~'/?). (9.23)
The same result is true for autoregressive processes of arbitrary finite order. That is

Vg, — @) B N (0,025, 1). (9.24)

9.2 Estimation for ARMA models

Let us suppose that {X;} satisfies the ARMA representation

P q
Xi=Y ¢ Xii=e+Y 0,
i=1 =1
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and 0 = (6,...,0,), ¢ = (¢1,...,0,) and 0? = var(e;). We will suppose for now that p and

q are known. The objective in this section is to consider various methods for estimating these

parameters.

9.2.1 The Gaussian maximum likelihood estimator

We now derive the Gaussian maximum likelihood estimator (GMLE) to estimate the parameters
and ¢. Let X; = (X1,...,X,). The criterion (the GMLE) is constructed as if {X;} were Gaussian,
but this need not be the case. The likelihood is similar to the likelihood given in (9.5)), but just as

in the autoregressive case it can be not directly maximised, i.e.
Ln(¢a 67 U) - = IOg det(zn(¢7 9) U)) - X;LEH((éa 07 U)ilgnv (925)

where ¥, (¢, 0,0) the variance covariance matrix of X,. However, the above can be written in a

tractable way by using conditioning
n—1

L,(() = logf(X1;¢)+ Zlog f( X1 X4, ..., X15¢)  (by repeated conditioning)
t=1

where for simplicity we set ( = (0, ¢,0). Note that f(X+1|X1,..., X, () is the conditional den-
sity of Xyy1 given Xi,...,X;. Under the assumption the process is Gaussian, the conditional

distribution of X;;1 conditioned on the past is Gaussian where
Xt"rl‘Xtu L) 7X1 ~ N (PX17---7Xt (Xt+17 C): Var[Xt-‘rl‘Xta e 7X17 C]) .

and var[X; 41| Xy, ..., X1,¢] = E¢[Xi41—Pxy,... x, (Xe41; €)]?. Werecall from Sections|7.5.1{and (7.8)
and equation ((7.5.1)) that the coefficients of Px,  x,(X:+1) are the best fitting AR(t) parameters

based on the autocovariance {¢(r; ()}, which implictly depends on the ARMA parameters (. Thus
t
Px, o (Xi150) = Xppape = Y aj(O) X1y

Jj=1

and

Ec[Xer1 — Pxyox, (X3 QP = r(t + 1;Q) = ¢(0;¢) — 1,(C)'Se(¢) "y (0).
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The above looks cumbersome but it can be evaluated using the Levinson-Durbin algorithm. Further,

if t > max(p, q), then by using equation ([7.8)

t p q
Xip116(Q) =D 4O X1 = > (O Xe1—5 + Y 006(O)(Xe1-i — Xea—iu—i(C)).
; i— i—1

Thus under Gaussianity

L 1 (Xig1 — Xpp116(0))?
f<Xt+1‘va---’X1’<>—Wwexp(— 200+ 1:0)

and

_ 2
log f(Xis1|Xe, .., X13¢) o —logr(t + 1;¢) — (Xe1 = Xerap(€))

r(t+1;0)
Substituting this into L, () gives
= - Zlogr (t;¢) — w— K — 23:1 G141, (Q) Xi1-5)?
(1 O t—1 r(t+1;¢) ’

An alternative but equivalent derivation of the above is to use the Cholesky decomposition of ¥,,(¢)

(see Section equation ) For each set of parameters ¢ and r(t+1; () and X, 1 _;;—;(¢) can

be evaluated. Thus the maximum likelihood estimators are the parameters Zn = arg max¢ Ly, (C).
The above can be a little difficult to evaluate. We give describe some popular approximations

below.

9.2.2 The approximate Gaussian likelihood

We obtain an approximation to the log-likelihood which simplifies the estimation scheme. We recall

in Section we approximated X q; with )?t+1|t- This motivates the approximation where we
replace Xy, in ZH(C) with Xt+1\t7 where Xt+1|t is defined in 1)

max(p,q)

Xy = Z¢;Xt+1 ]+26 (X1 — Xoi( ZGJXHI s+ Z bs Xs.

J=1 =1
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and r(t; ¢) with o2, This gives the approximate Gaussian log-likelihood

B0 =~ logo? - 30 K= K OF
t=1 t=2
_ Z logo? Z [(9(3)1¢;(QB))M X2
t=1 t=2

where (§(B)'¢(B))} denotes the approximation of the polynomial in B to the ¢th order. The
approximate likelihood greatly simplifies the estimation scheme because the derivatives (which is

the main tool used in the maximising it) can be easily obtained. To do this we note that

B BB D)

X (9.26)

do; 0(B)"' T (B 1T a(B)?
d B, B 1
a6 6(B) " = aBR ™ T armR
therefore
d (6B)  \* _ _, (¢B) ) (4B 4 (6(B) N\?_ . [(é(B) .
i () == () (i) =0 35, (i) =2 () (o).

(9.27)

Substituting this into the approximate likelihood gives the derivatives

oL _ 2y -1 ¢(B) .

00 ot [(Q(B) gb(B))WXt} <9(B)2>[t—i]th]

oL 2 _ 1

i = sy low e x] | (), 5

o - LY em)tem), X (9.28)
t=1

We then use the Newton-Raphson scheme to maximise the approximate likelihood.

It should be mentioned that such approximations are very common in time series, though as
with all approximation, they can be slightly different. Liitkepohl| (2005)), Section 12.2 gives a very
similar approximation, but uses the variance/covariance matrix of the time series X,, as the basis
of the approximation. By approximating the variance/covariance he finds an approximation of the

likelihood.
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9.2.3 Estimation using the Kalman filter

We now state another approximation using the Kalman filter. We recall from Section that the

ARMA model satisfies the recursion

X(t+1ft+1) 0 1 0 0 0 X (t[t) 1
X(t+2lt+1) 0 0 1 0 0 X(t+1J¢t) (0
X(t+ 3|t) 0 0 0 0 0 X(t+2[t) W
) _ + €41
X(t+m—1[t+1) 0 0 0 0 1 X(t+m — 2[t) D
X(t+mlt+1) Pm Pm—1 Pm-—2 P2 P1 X(t+m—1Jt) Ym—1
A FzZ;+V,,

for t € Z. The observation model is the ARMA(p, q) process where
Xiy1=(1,0,...,0)Z, | where t € Z.

Q(¢) = var(er)y! ¢ , R=0, H=(1,0,...,0)

The Kalman equations

(1) Start with an initial value Z, olo- This part is where the approximation comes into play because
Y) is not observed. This part causes me quite a lot of trauma because it means the likelihood
based on the Kalman equations is also an approximation (though it rarely is stated that it
is). Typically we set Zgy = (0,...,0) and recommendations for Fy|o are given in Jones (1980)

and Akaiki (1978). Then for ¢t > 0 iterate on steps (2) and (3) below.

(2) Prediction step

~

Zt+1|t(§) = F(()Zﬂt@)

and the corresponding mean squared error

Pr1i(€) = F(O) Py F(€)* + Q(C)-
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(3) Update step The conditional expectation

Zepn(©) = Ziyap(Q) + Kena(Q) (Xewr = HZiap(Q))

where

_ P (QH"
HP,q,(¢)H*

and the corresponding mean squared error
Pii1i41(€) = Pryye(Q) — Ke(QOHPri14(¢) = (I — Kt(Q)H) Py (€).

Thus 2t+1\t(<)(1) ~ Xyp¢(€) and Priq(¢) = r(t + 1|¢) thus an approximation of the Gaussian
likeilhood is

- - Zt|t 1(0( ))2
= — log P, .
Z 8 Pl paet Pt|t 1(¢)

In order to maximise the above (using the Newton Raphson scheme) the derivative of the above
needs to be evaluated with respect to (. How exactly this is done is not so clear to me. Z‘t,l(c )
could be evaluated by defining a new set of state space equations for (Z;,,(¢),V¢Z;,1(¢)) but I
not so sure how this can be done for Pt‘t_l(( ). Nevertheless somehow it is done successfully used

to maximise the likelihood.

9.2.4 Sampling properties of the ARMA maximum likelihood es-
timator

It can be shown that the approximate likelihood is close to the actual true likelihood and asymp-

totically both methods are equivalent.

Theorem 9.2.1 Let us suppose that X; has a causal and invertible ARMA representation

P q
X — g OiXi—j =&+ g Oict—i
=1 i=1
where {e;} are iid random variables with mean zero and var[e;] = 0% (we do not assume Gaussian-
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ity). Then the (quasi)-Gaussian
¢, —¢ D 241
N B N(0,02A7Y),
0

with

E(U:U) E(V:U)
E(U,V}) E(V/V})

and Uy = (Uy,...,Ui—py1) and Vi = (Vi, ..., Vi_gy1), where {U} and {V;} are autoregressive
processes which satisfy ¢(B)Uy = &, and (B)V; = &.

We do not give the proof in this section, however it is possible to understand where this result
comes from. We recall that that the maximum likelihood and the approximate likelihood are

asymptotically equivalent. They are both approximations of the unobserved likelihood

La(6) - Zlog o® - Xenn - XLOF __ Zn:log o? — S [0B) 1 6(B)Xp i ]?

o2

Y

where 8 = (¢,0,02). This likelihood is infeasible in the sense that it cannot be maximised since
the finite past Xy, X1, ... is unobserved, however is a very convenient tool for doing the asymptotic
analysis. Using Lemma we can show that all three likelihoods L, L, and L, are all asymp-
totically equivalent. Therefore, to obtain the asymptotic sampling properties of L,, or En we can
simply consider the unobserved likelihood En

To show asymptotic normality (we assume here that the estimators are consistent) we need to
consider the first and second derivative of En (since the asymptotic properties are determined by

Taylor expansions). In particular we need to consider the distribution of 83%0" at its true parameters

9L,
002

and the expectation of at it’s true parameters. We note that by using ((9.27]) we have

25; = 23 [ em) X (i) %1

t=1

% 200 00) %] [ (75) %1 (9.29)

Since we are considering the derivatives at the true parameters we observe that (6(B) '¢(B)) X; =
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Et,

0B, _emoB 1
0B T amReB) )

and

1 1 6(B) 1

B

0B T aB) eB) = U

Thus ¢(B)U; = ¢, and 6(B)V; = ¢; are autoregressive processes (compare with theorem). This
means that the derivative of the unobserved likelihood can be written as

oL
% = o2 ZstUt i and =-5 Zetvt ~ (9-30)
1 J

Note that by causality €, U;—; and V;_; are independent. Again like many of the other estimators we
have encountered this sum is ‘mean-like’ so can show normality of it by using a central limit theorem
designed for dependent data. Indeed we can show asymptotically normality of {2 0. ,z 1,...,q},
{%; j =1,...,p} and their linear combinations using the Martingale central limit theorem, see
Theorem 3.2 (and Corollary 3.1), | Hall and Heyde, (1980)) - note that one can also use m-dependence.
Moreover, it is relatively straightforward to show that n~1/ 2(3; , 88¢L ) has the limit variance matrix
A. Finally, by taking second derivative of the likelihood we can show that E[n‘lg] = A. Thus
giving us the desired result.

9.2.5 The Hannan-Rissanen AR(co) expansion method

The methods detailed above require good initial values in order to begin the maximisation (in order
to prevent convergence to a local maximum).

We now describe a simple method first propose in [Hannan and Rissanen| (1982) and |An et al.
(1982). It is worth bearing in mind that currently the ‘large p small n problem’ is a hot topic.
These are generally regression problems where the sample size n is quite small but the number of
regressors p is quite large (usually model selection is of importance in this context). The methods
proposed by Hannan involves expanding the ARMA process (assuming invertibility) as an AR(oc0)
process and estimating the parameters of the AR(co) process. In some sense this can be considered

as a regression problem with an infinite number of regressors. Hence there are some parallels
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between the estimation described below and the ‘large p, small n problem’.

As we mentioned in Lemma if an ARMA process is invertible it is can be represented as
[ee]

Xy=) bXij+er (9.31)
j=1

The idea behind Hannan’s method is to estimate the parameters {b;}, then estimate the innovations
€, and use the estimated innovations to construct a multiple linear regression estimator of the
ARMA paramters {6;} and {¢;}. Of course in practice we cannot estimate all parameters {b;} as
there are an infinite number of them. So instead we do a type of sieve estimation where we only
estimate a finite number and let the number of parameters to be estimated grow as the sample size

increases. We describe the estimation steps below:

(i) Suppose we observe {X;}; ;. Recalling (9.31), will estimate {b; ?Zl parameters. We will

suppose that p, — oo as n — oo and p, << n (we will state the rate below).

We use Yule-Walker to estimate {b; }?Zl, where

s el
bpn - Epn Epn’
where
) | izl i i Ll i i
(Xpn )i = - Z (Xe — X)(Xyypimy) — X) and (2, ); = - Z (X — X)(Xeypy) — X).
t=1 t=1

(ii) Having estimated the first {b; }?Zl coefficients we estimate the residuals with

Pn
E=Xi— ) binXij.
J=1

(iii) Now use as estimates of ¢, and ¢, én, 6, where

n p 4q
¢ .0, = argmin Z (X¢ — Z $jXi—j — Z 0:51:)°.
t:p7L+1 _]:1 =1

We note that the above can easily be minimised. In fact

(?nﬁgn) - R_lg

n n
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where

3

. 1 n ~ ~ _ 1 ~
Ro=— Y Y, and 3= Y, Xy,

n
t=max(p,q) t=max(p,q)

~/ — —
Xt - (thla e 7Xt7p76t715 e 7625*(])'

9.3 The quasi-maximum likelihood for ARCH processes

In this section we consider an estimator of the parameters aq = {a; : j = 0,...,p} given the
observations {X; : t = 1,..., N}, where {X;} is a ARCH(p) process. We use the conditional log-
likelihood to construct the estimator. We will assume throughout that E(Z?) = 1 and Z§:1 o =
p <1l

We now construct an estimator of the ARCH parameters based on Z; ~ N(0,1). It is worth
mentioning that despite the criterion being constructed under this condition it is not necessary
that the innovations Z; are normally distributed. In fact in the case that the innovations are not
normally distributed but have a finite fourth moment the estimator is still good. This is why it
is called the quasi-maximum likelihood , rather than the maximum likelihood (similar to the how
the GMLE estimates the parameters of an ARMA model regardless of whether the innovations are
Gaussian or not).

Let us suppose that Z; is Gaussian. Since Z; = Xt/\/ao + Z§:1 antQ_j, E(X¢Xi—1,...,X4—p) =
0 and var(X¢|X¢—1,..., Xi—p) = ao+ Z?:l antz_j, then the log density of X; given X;_1,..., X

is

X7

PoLx2
ao + -1 4 Xi

p
log(ao + Z anf_j) +
j=1

Therefore the conditional log density of X, 11, Xpy2,..., X, given Xy,..., X, is

& L 2 X7
log(ap+ Y a; X{ )+ )
> ( S 0 X)) ¢ s

t=p+1 j=1
This inspires the the conditional log-likelihood
n

1 P X2
Ln(a)= Z (10g(060 + ZO&]'XtQ_j) + oY Zp t — )
=1

n J—
p t=p+1 Jj=1
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To obtain the estimator we define the parameter space

P
0={a= (ozg,...,ap):Zaj <1,0<c <apg<ep <0001 <ajf
j=1
and assume the true parameters lie in its interior a = (ao, ..., ap) € Int(©). We let
a,, = argmin L, (q). (9.32)
acO

The method for estimation of GARCH parameters parallels the approximate likelihood ARMA

estimator given in Section [9.2.1

Exercise 9.2 The objective of this question is to estimate the parameters of a random autoregres-

stve process of order one
X = (¢ + &) Xe—1 + e,

where, |¢| < 1 and {&}+ and {e:}+ are zero mean iid random variables which are independent of
each other, with 02 = var[&] and 02 = var[gy].

Suppose that {X}7, is observed. We will assume for parts (a-d) that & and e are Gaussian
random variables. In parts (b-c) the objective is to construct an initial value estimator which is

easy to obtain but not optimal in (d) to obtain the mazimum likelihood estimator.

(a) What is the conditional expectation (best predictor) of X; given the past?

(b) Suppose that {X:}} is observed. Use your answer in part (a) to obtain an explicit expression

for estimating ¢.

(c) Define residual as &X—1 + €¢. Use your estimator in (b) to estimate the residuals.

Evaluate the variance of §Xi—1 + & conditioned on X;—1. By using the estimated residuals
explain how the conditional variance can be used to obtain an explicit expression for estimating

O'? and o2.

(d) By conditioning on X1 obtain the log-likelihood of Xa, ..., X, under the assumption of Guas-

sianity of & and e¢. Explain the role that (b) and (c) plays in your mazimisation algorithm.
(e) Bonus question (only attempt if you really want to)
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Show that the expectation of the conditional log-likelihood is maximised at the true parameters
(gbo,ogg and 0376) even when & and &; are not Gaussian.

Hint: You may want to use that the function g(x) = —logx + = is minimum at x = 1 where
g(1) =1 and let

2 2 v2
00, T Uo,gthl

o+ O'ngil
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Chapter 10

Spectral Representations

Prerequisites

e Knowledge of complex numbers.

e Have some idea of what the covariance of a complex random variable (we do define it below).
e Some idea of a Fourier transform (a review is given in Section [A.3).

e The very useful result on the discrete Fourier transform:

n 2i 0 j#nZ
Y exp (ztm> - j#EnL (10.1)
t=1 n n jeZ

Objectives

e Know the definition of the spectral density.

e The spectral density is always non-negative and this is a way of checking that a sequence is

actually non-negative definite (is a autocovariance).
e The DFT of a second order stationary time series is almost uncorrelated.

e The spectral density of an ARMA time series, and how the roots of the characteristic poly-

nomial of an AR may influence the spectral density function.

e There is no need to understand the proofs of either Bochner’s (generalised) theorem or the

spectral representation theorem, just know what these theorems are. However, you should
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know the proof of Bochner’s theorem in the simple case that ) |re(r)] < oo.

10.1 How we have used Fourier transforms so far

We recall in Section [2.5] that we considered models of the form
X = Acos (wt) + Bsin (wt) + & t=1,...,n. (10.2)

where ¢; are iid random variables with mean zero and variance o2 and w is unknown. We estimated
the frequency w by taking the Fourier transform J, (w) = ﬁ S, Xie'™ and using as an estimator
of w, the value which maximised |J,,(w)|?. As the sample size grows the peak (which corresponds
the frequency estimator) grows in size. Besides the fact that this corresponds to the least squares

estimator of w, we note that

1 1 <
—Jp(wg) = — X exp(itw
NG n(wk) Y= ; ¢ exp(itwg)
! Zn: LY excpliten) + Z (it (10.3)
= — —) exp(itw gy exp(itw .
2mn = a n p(itey 27m ¢ exp(itwy)
:5(1) =0,(n=1/2) compare with% St
where w = M , is an estimator the the Fourier transform of the deterministic mean at frequency k.

In the case that the mean is simply the sin function, there is only one frequency which is non-zero.
A plot of one realization (n = 128), periodogram of the realization, periodogram of the iid noise
and periodogram of the sin function is given in Figure Take careful note of the scale (y-
axis), observe that the periodogram of the sin function dominates the the periodogram of the noise
(magnitudes larger). We can understand why from , where the asymptotic rates are given and
we see that the periodogram of the deterministic signal is estimating nxFourier coefficient, whereas
the periodgram of the noise is Op(1). However, this is an asymptotic result, for small samples sizes
you may not see such a big difference between deterministic mean and the noise. Next look at the
periodogram of the noise we see that it is very erratic (we will show later that this is because it is
an inconsistent estimator of the spectral density function), however, despite the erraticness, the
amount of variation overall frequencies seems to be same (there is just one large peak - which could
be explained by the randomness of the periodogram).

Returning again to Section we now consider the case that the sin function has been cor-
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Figure 10.1: Top Left: Realisation of |D (2 sin(%)) with iid noise, Top Right: Pe-
riodogram of sin + noise. Bottom Left: Periodogram of just the noise. Bottom Right:
Periodogram of just the sin function.

rupted by colored noise, which follows an AR(2) model
e = 1.5e4—1 — 0.75e4_9 + €. (10.4)

A realisation and the corresponding periodograms are given in Figure The results are different
to the iid case. The peak in the periodogram no longer corresponds to the period of the sin function.
From the periodogram of the just the AR(2) process we observe that it erratic, just as in the iid
case, however, there appears to be varying degrees of variation over the frequencies (though this
is not so obvious in this plot). We recall from Chapters 2 and 3, that the AR(2) process has
a pseudo-period, which means the periodogram of the colored noise will have pronounced peaks
which correspond to the frequencies around the pseudo-period. It is these pseudo-periods which
are dominating the periodogram, which is giving a peak at frequency that does not correspond to
the sin function. However, asymptotically the rates given in still hold in this case too. In
other words, for large enough sample sizes the DF'T of the signal should dominate the noise. To see
that this is the case, we increase the sample size to n = 1024, a realisation is given in Figure [10.3
We see that the period corresponding the sin function dominates the periodogram. Studying the

periodogram of just the AR(2) noise we see that it is still erratic (despite the large sample size),
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but we also observe that the variability clearly changes over frequency.
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Figure 10.2: Top Left: Realisation of (2.18) (2sin(%%)) with AR(2) noise (n = 128), Top
Right: Periodogram. Bottom Left: Periodogram of just the AR(2) noise. Bottom Right:
Periodogram of the sin function.
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Figure 10.3: Top Left: Realisation of (2.18) (2sin()) with AR(2) noise (n = 1024), Top
Right: Periodogram. Bottom Left: Periodogram of just the AR(2) noise. Bottom Right:
Periodogram of the sin function.

From now on we focus on the constant mean stationary time series (eg. iid noise and the AR(2))
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(where the mean is either constant or zero). As we have observed above, the periodogram is the

absolute square of the discrete Fourier Transform (DFT), where

Tn(wr) = \/%ZXtexp(itwk). (10.5)

This is simply a (linear) transformation of the data, thus it easily reversible by taking the inverse

DFT

n

X; = \/\/22 ; Jn (wr) exp(—itwy). (10.6)
Therefore, just as one often analyzes the log transform of data (which is also an invertible trans-
form), one can analyze a time series through its DFT.

In Figure we give plots of the periodogram of an iid sequence and AR(2) process defined
in equation . We recall from Chapter 3, that the periodogram is an inconsistent estimator
of the spectral density function f(w) = (27)713.%2 _ ¢(r)exp(irw) and a plot of the spectral
density function corresponding to the iid and AR(2) process defined in (??). We will show later
that by inconsistent estimator we mean that E[|J,,(w)|?] = f(wi) + O(n~1) but var(|J, (wi)[?] - 0
as n — oo. this explains why the general ‘shape’ of |J,(wg)|? looks like f(wg) but |J(wk)]? is

extremely erratic and variable.

0.006 0.008

Pl
0.004

0002

0.000

frequency frequency

Figure 10.4: Left: Periodogram of iid noise. Right: Periodogram of AR(2) process.

Remark 10.1.1 (Properties of the spectral density function) The spectral density function
was first introduced in in Section [3.4 We recall that given an autoregressive process {c(k)}, the
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Figure 10.5: Left: Spectral density of iid noise. Right: Spectral density of AR(2), note that
the interval [0, 1] corresponds to [0, 27] in Figure m

spectral density is defined as

o

1

2
r=—00

flw) c(r) exp(2mir).

And visa versa, given the spectral density we can recover the autocovariance via the inverse trans-
form c(r) = fozﬂ f(w) exp(—2mirw)dw. We recall from Section that the spectral density function
can be used to construct a valid autocovariance function since only a sequence whose Fourier trans-
form is real and positive can be positive definite.

In Section[7.8 we used the spectral density function to define conditions under which the variance
covariance matriz of a stationary time series had minimum and maximim eigenvalues. Now from
the discussion above we observe that the variance of the DFT is approzimately the spectral density

function (note that for this reason the spectral density is sometimes called the power spectrum,).

We now collect some of the above observations, to summarize some of the basic properties of

the DFT:

(i) We note that J,(wg) = Jp(wn—k), therefore, all the information on the time series is contain

in the first n/2 frequencies {J,(wi); k= 1,...,n/2}.

(ii) If the time series E[X;] = p and k # 0 then

E[J,(wg)] = \/15 Zuexp(z’twk) = 0.
t=1
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If K =0 then
1 n
ElJn(wo)] = —= Y p=/np.
\/ﬁ t=1

In other words, the mean of the DFT (at non-zero frequencies) is zero regardless of whether

the time series has a zero mean (it just needs to have a constant mean).

(iii) However, unlike the original stationary time series, we observe that the variance of the DFT
depends on frequency (unless it is a white noise process) and that for k # 0, var[J,(wg)] =

B[l Ju(wi)?] = f(wi) +O(n™).

The focus of this chapter will be on properties of the spectral density function (proving some
of the results we stated previously) and on the so called Cramer representation (or spectral repre-
sentation) of a second order stationary time series. However, before we go into these results (and
proofs) we give one final reason why the analysis of a time series is frequently done by transforming
to the frequency domain via the DFT. Above we showed that there is a one-to-one correspondence
between the DFT and the original time series, below we show that the DFT almost decorrelates
the stationary time series. In other words, one of the main advantages of working within the
frequency domain is that we have transformed a correlated time series into something that it al-
most uncorrelated (this also happens to be a heuristic reason behind the spectral representation

theorem).

10.2 The ‘near’ uncorrelatedness of the DFT

Let X, = {Xy;t = 1,...,n} and ¥, = var[X,|. It is clear that E;I/QX,L is an uncorrelated
sequence. This means to formally decorrelate X, we need to know %, 12 However, if X; is a
second order stationary time series, something curiously, remarkable happens. The DFT, almost
uncorrelates the X,,. The implication of this is extremely useful in time series, and we shall be

using this transform in estimation in Chapter

We start by defining the Fourier transform of {X;}}; as

1 2rt

In(wg) = ZXt exp(ik—) k=1,...,n,
™ n

V2
where the frequences wy = 27k /n are often called the fundamental, Fourier frequencies. Note that
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in R >\, Xy exp(—ik%) is evaluated with the fft function for ¥ = 0,1...,n — 1, where we
observe that k = 0 is the same as k = n. To evaluate Y ;| X;exp(ikZZ) for k = 0,1,...,n — 1

one needs to use the function £ft(x,inverse = TRUE). Keep in mind that
Jn(wk) = Jn(wn—k)y

so it does not matter which definition one uses.

Below we state some of its properties.

Lemma 10.2.1 Suppose {X;} is a second order stationary time series, where ) |rc(r)| < oo.

Then we have

ok ks FEEY +0(2) ky = ko
cov((Z), 1,22 1
n n O(ﬁ) 13k1#k2§ﬂ/2
where f(w) = % o oc(r)exp(irw). If one wants to consider the real and imaginary parts of
Jn(wg) then
2k 2k fEE) +0(1) ki = ko
cov(Jnc(T) Tnc(5 7)) =
n n O(%) 1§k1§ék2§n/2
2k 27k FEE) +0(2) k1= ko
COV(Jn,S(il)a Jn,S( 2)) =
n n O(2) 1<ki#ky<n/2

and cov[J, (2R T, o(2E2)] = O(n=1) for 1 < ki, kg < n/2, where

n n

Jn C wk Z X; cos twk Jn S wk

We prove the result in Section [10.2.2

10.2.1 Testing for second order stationarity: An application of the
near decorrelation property

We evaluate the DFT using the following piece of code (note that we do not standardize by v/27)
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dft <- function(x){
n=length(x)
dft <- fft(x)/sqrt(n)

return(dft)

We have shown above that {J,(wy)}r are close to uncorrelated and have variance close to f(wg).
This means that the ratio J,(w)/ f(wg)'/? are close to uncorrelated with variance close to one. Let

us treat

B In(wg)
Flwr)’

as the transformed random variables, noting that {Z;} is complex, our aim is to show that the acf
corresponding to {Z} is close to zero. Of course, in practice we do not know the spectral density

function f, therefore we estimate it using the piece of code (where test is the time series)

k<-kernel("daniell",6)
temp2 <-spec.pgram(test,k, taper=0, log = "no")$spec
n <- length(temp2)

temp3 <- c(temp2[c(1l:n)],temp2[c(n:1)]1)

temp3 simply takes a local average of the periodogram about the frequency of interest (however
it is worth noting that spec.pgram does not do precisely this, which can be a bit annoying). In
Section we explain why this is a consistent estimator of the spectral density function. Notice
that we also double the length, because the estimator temp2 only gives estimates in the interval

[0, 7). Thus our estimate of {Z;}, which we denote as Zj, = Jy(wg)/ fn(wp)/? is
templ <- dft(test); temp4d <- templ/sqrt(temp3)

We want to evaluate the covariance of {Ek} over various lags

Cn(r):EZZkaJFT:E A( k) A( k4 )
- S Vo) Talose)

To speed up the evaluation, we use we can exploit the speed of the FFT, Fast Fourier Transform.
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A plot of the AR(2) model

Et = 1.56t_1 — 0.75€t—2 + €.

together with the real and imaginary parts of its DFT autocovariance is given in Figure We
observe that most of the correlations lie between [—1.96, 1.96] (which corresponds to the 2.5% limits
of a standard normal). Note that the 1.96 corresponds to the 2.5% limits, however this bound only
holds if the time series is Gaussian. If the time series is non-Gaussian some corrections have to be

made (see |Dwivedi and Subba Rao| (2011) and Jentsch and Subba Rao| (2014))).

Exercise 10.1  (a) Simulate an AR(2) process and run the above code using the sample size

(i) n =64 (however use k<-kernel("daniell",3))

(ii) n =128 (however use k<-kernel("daniell",4))

Does the ‘near decorrelation property’ hold when the sample size is very small. Fxplain your

answer by looking at the proof of the lemma.

(b) Simulate a piecewise stationary time series (this is a simple example of a nonstationary time

series) by stringing two stationary time series together. One example is

tsi

arima.sim(list(order=c(2,0,0), ar = c(1.5, -0.75)), n=128);

ts2 arima.sim(list(order=c(1,0,0), ar = c(0.7)), n=128)

test = c(tsl/sd(tsl),ts2/sd(ts2))

Make a plot of this time series. Calculate the DFT covariance of this time series, what do

you observe in comparison to the stationary case?
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Figure 10.6: Top: Realization. Middle: Real and Imaginary of \/ﬁan(r) plotted against the
‘lag’ r. Bottom: QQplot of the real and imaginary /nC,(r) against a standard normal.

10.2.2 Proof of Lemma [10.2.1]

We will calculate cov(Jp,(

2k

), Jn(%)) The important aspect of this proof is that if we can

isolate the exponentials, then we can use (10.1]). It is this that gives rise to the near uncorrelatedness
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property. Furthermore, since
21, .. .
exp(zgjk) = exp(ijwy) = exp(ikw;),

hence we can interchange the above terms. The proof hinges on the zeroing property of the DFT

- 27 0 j¢nZ
Z exp | it—— | = .
t=1 n n jenz

It is possible to prove this result separating the complex variable into sines and cosines, but the
proof is cumbersome. Instead, we summarize some well known properties of covariances of complex

random variables. Suppose A is a complex random variables, then var[A] must be positive (not

complex!), thus we define
var[A] = E [(A _E[A] A E[A])} — E[AA] - [E[A]]%.

Based on this definition the covariance between two complex random variables is

cov|A, B] = cov [(A — E[A)(B - E[B])] — E[AB] — E[AJE[B].
Note that cov[A, B] = cov[B, A].
Using this definitions we can write the covariance between two DFTs as

n

2k 2k 1 . 2
cov (Jn( - 1), In( 2)> == Z cov(Xy, X;)exp (z(tkl — Tk:g)n> .

n
t,r=1

Next we change variables with r» = ¢ — 7, this gives (for 0 < kj,ky < n)

27k 27k
cov (P70, 2, ()

n—1 n—|r| .
1 . 27mky 2mit(ky — ko)
= - _E( » c(r) exp < r— ) g exp (n )) .

t=1

Observe, if the limits of the inner sum were replaced with Zf;lm, then we can use the zero property
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of the DFTs. Thus in the next step we replace the limits of sum

n—1 n .
2k 2k 2mka \ 1 2mit(k1 — k
cov (Jn( 7;1),Jn( T 2)) = c(r) exp (ir 7;2> ﬁZeXp <m(12)) —Ry.
)

n n
t=1

r=—(n—1

Ok (k2)

The remainder is what is additional term added to sum and is

1 = ks n 2mit(ky — ko)
R, = - _z(:_l) c(r) exp (—zr - > Z exp <n)>

t=n—|r|+1

Thus |R,| < %ZIT\SH |re(r)| = O(n~1). Therefore

cov <Jn(27;k:1)7jn(27rk2)>

n
n—1 n—|r| .
. 1 . 27Tk2 27TZt(/€'1 — /€2)
= - _z:_l) c(r) exp ( r— > tz:; exp ( o )> .

Observe, if the limits of the inner sum were replaced with ;" |, then we can use the zero property

of the DFTs. Thus in the next step we replace the limits of sum

n—1
2 2 2
cov <Jn( Zkl), Tn( 7rk2)> = c(r) exp (ir 7;]@) Ok, (k2) — Ry,
)

n
r=—(n—1

= fulwr)0, (k2) + O(n™),

thus proving the result. ([l

10.2.3 The DFT and complete decorrelation

The proof above is very “hands on”. But it does not adequately answer the question of where the
O(n~1) actually comes from. Nor how it can be removed. It transpires that by using simple ideas
from linear prediction (as described in Chapters @] and , one can obtain a deep understanding on
the role of the DFT in the analysis of stationary time series. These insights allow us to connect
time domain estimation methods to the frequency domain estimation (described in Chapter .
The ideas presented here are based on work done jointly with Junho Yang (see |[Subba Rao and
Yang| (2020)).

As in the previous section, the derivations are based following simple identity on the special
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zeroing property of sums of DFTs:

0 k1*k2¢nZ

1 n
— Z exp (ttwy, —k,) =
"z 1 ki —ky enZ

Let us return to the very simple calculations in the previous section. In particular, the product of

the DFTs

n
I <27rk1> 7, (27er> _ 1 Z X, X, etk —imwky
n n n

t,r=1

n n
_ 1 Z eit(wkl —ka)Xt Z XTei(t—'r)wk2 ) (107)
t=1 T=1

n

Thus the covariance between the DFTs is

27k 27k 1~ - .
cov | T 7; 1 A 7; 2):| _ = ; et (Wry —wky) TE:I ot — T)el(t_T)wIQ-
If the inner sum of the above were replaced with S°° ¢t — 7)e" "% = f(wy,), then we

immediately have the decorrelation property; this is because the inner sum would not depend on ¢
and the inner and outer sums can be separated out.

A graphic for the inner summand in the term above is given Figure [10.7] The terms show
what has been missed. The omission of these terms give rise to the O(n™!) error. Furthermore,
we observe that when ¢ = 1, there is large error as the term n~! ZS:_OO ¢(1 —7)e’ 7%k has been
omitted. However, if ¢ is more central and far from the boundaries, then only the far left and
right tails are omitted and the resulting error term is small. To remove the error term, we need a
method for correcting for the red terms c(t — 7) for all 7 outside the observed domain of observation
[1,2,...,n—1,n]. Of course, X, is unknown outside the interval of observation. Nevertheless, one
can still construct variables which yield ¢(¢f — 7). To find these we review what we have learnt from
linear prediction.

We return to some results in Section Define the space X, where X = sp(Xi,...,X,)
and Px(Y') denote the linear projection of the random variable Y onto X. Then equation in

Section [5.1.5] shows

cov (Px(Y), Xy) = cov(Y, Xy) 1<t<n.
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Figure 10.7: An illustration of the correlation between two DFTs (with n = 5). The red
terms are terms that have been omitted and contribute to the O(n™!) error.

The above is a general result, we now apply it to the above problem. Suppose {X;} be a second
order stationary time series and set X = sp(Xj,...,X,), these are the random variables in the
domain of observation. We define the random variables outside the domain of observation and let

Y = X, for 7 # {1,...,n}. By using the above result we have
cov (Px(X;), Xt) = cov(X,, Xy) = c(r — 1) 1<t<n. (10.8)

Now Px(X;) € sp(Xi,...,Xy), this tells us we can correct the boundary by including random

variables that belong the domain of observation.

Worked Example: AR(1) Suppose that X; = ¢X;_1 +¢&; where |¢| < 1. We have learn from Section

(on partial covariance of a time series) that second order stationarity of a time series implies
that the coefficients for forecasting into the future and forecasting into the past are the same.
Further, we have shown in Section [7.2| that prediction/forecasting for AR(p) models are simply the

AR(p) coefficients. Using these two facts the best linear predictor of X, given {X;}}, is

Px(Xpt+1) = ¢X, and Px(Xp4r) = @' Xy, for r>1 (10.9)

Px(Xo) = ¢X;and Px(X;1_,) = ¢l X for r > 1.

See Figure for a graphic of the above.
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It is straightfoward to verify (10.8) for the AR(1) model. We have shown in Section forr >1
that

P!
COov (Xn, XTL-H”) = 177¢2

On the other hand using the predictor in (|10.9) we have

¢|7‘|

cov (X, Px (Xpgr)) = ¢l"lvar[X,] = o

And we observe the two expression match. ]

The above calculations show Px(X;) is a “proxy” for X, that is only in terms of the observed
data, but also contains all the required information on X;. Thus turning to ((10.7)) we replace one
of the DFTs

n
1
72 :ezt Wk —Wky Xt§ X, 6 i(t—T)wry
n

t=1 T=1

with

it (W) —wiy XtZX i (t=T)wiy + = Z it(wg, ka)Xt Z PX(XT)ei(t—T)ka
1 T=1 7£{1,...,n}

S
M:

o~
Il

I
S|
NE

eit(wkl —wk2)Xt Z Px (XT)ei(t—T)ka 7

1 T=—00

t

where we note that the last line of the above is the best linear predictor Px(X,;) = X, if 7 €

{1,...,n}. The above can be written as a product:

T=—00 T—*OO

Zezt(wkl wkz Xt Z PX i(t— ka2 _ ( ZXeztwk1> ( Z PX Zka1> ]
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The first term on the right hand side of the above is the regular DFT. The second term is a variant
of the regular DFT which includes the regular DFT but linearly predicts outside the boundary (we
call this the complete DFT):

Towif) = Ju(w)+ 3 PX(XT)e”“:\/lﬁ S Py(X,)e™.

T¢{1727"'7n} T=—00

1
Vn
The calculations above show that

- 1 < .
COV[Jn(wlﬂ)’ I (wk2; f)] = E Z elt(wh _ka)f(wlw)
t=1

= f(wkz)% > ettn k) = f(uwy, )0k, (k).

t=1

We summarize the result in the following Lemma.

Lemma 10.2.2 Suppose {X;} is a second order stationary time series, where ) |rc(r)| < oo and

f= Zez c(r)exp(irw). Then we have

2k ki =k
cov |:Jn (27T/€1> ,Jn <27Tk‘2;f>:| _ f( n ) 1 2 .
n n 0 1<k #ky<n/2

Worked Example: AR(1) For the AR(1) model, it can easily be shown that

j(f)_J() i LX @X
el = T e T S )

where ¢(w) = 1 — ¢e~. We observe that the predictive contribution is actually rather small (if n

is large). O

As the contribution of the prediction term in the complete DFT is actually quite small O(n~1/2).
It is this that allows us to focus the time series analysis on just the regular DFT (with the cost of

a O(n~1) bias).
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10.3 Summary of spectral representation results

In this section we summarize some spectral properties. We do this by considering the DFT of the
data {Jy,(wk)}}_;- It is worth noting that to calculate {J, (wx)}}_; is computationally very fast and
requires only O(nlogn) computing operations (see Section , where the Fast Fourier Transform
is described).

10.3.1 The spectral (Cramer’s) representation theorem

We observe that for any sequence {X;}}_; that it can be written as the inverse transform for

1<t<n

1 n
X, = T 2 In(wg) exp(—itwy), (10.10)

which can be written as an integral

n 2w
X = Zexp(—itwk) [Zn(wg) — Zp(wi—1)] = / exp(—itw)dZ, (w), (10.11)
k=2 0

where Z,(w) = ﬁ Z,Eim In(wp).

The second order stationary property of X; means that the DFT J,,(wy) is close to an uncorre-
lated sequence or equivalently the process Z,(w) has near ‘orthogonal’ increments, meaning that for
any two non-intersecting intervals [wy, ws] and [ws, wy] that Z,(w2) — Z,(w1) and Z,(ws) — Zp(w3).
The spectral representation theorem generalizes this result, it states that for any second order

stationary time series {X;} there exists an a process {Z(w);w € [0, 27]} where for all ¢t € Z
27
X = / exp(—itw)dZ (w) (10.12)
0

and Z(w) has orthogonal increments, meaning that for any two non-intersecting intervals [w1, ws]
and (w3, ws] E[Z(w2) — Z(w1)][Z(w2) — Z(w1)] = 0.

We now explore the relationship between the DFT with the orthogonal increment process.
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Using (|10.12)) we see that

n

1

n 2
) = =3 Xiexplitr) = \/217” /O (Zexp(it[wk—w])> dZ(w)
t=1 t=1

2
— \/21771/0 (ei(n+1)(wk—wo)/2pn/2(wk _ w)) dZ(w),

where D, j5(x) = sin[((n + 1)/2)z]/sin(z/2) is the Dirichlet kernel (see [Priestley| (1983), page
419). We recall that the Dirichlet kernel limits to the Dirac-delta function, therefore very crudely
speaking we observe that the DFT is an approximation of the orthogonal increment localized about

wi (though mathematically this is not strictly correct).

10.3.2 Bochner’s theorem

This is a closely related result that is stated in terms of the so called spectral distribution. First the
heuristics. We see that from Lemma [10.2.1] that the DFT J,,(wy), is close to uncorrelated. Using

this and inverse Fourier transforms we see that for 1 <t,7 < n we have

ct—71)=cov(Xy, X;) = 1 Z Z cov (Jn(wWiy )y In (Wi, )) exp(—itwy, + iTwy,)
[
1 n
ol Z var(Jy, (wg)) exp(—i(t — 7)wg)- (10.13)
k=1

Let F(w) =1 ]Eé’*lnj var[Jp(wg)], then the above can be written as

27
ct—7) =~ /0 exp(—i(t — T)w)dF,(w),

where we observe that F),(w) is a positive function which in non-decreasing over w. Bochner’s
theorem is an extension of this is states that for any autocovariance function {c(k)} we have the

representation

21 21
ct—71) = /0 exp(—i(t — T)w) f(w)dw = /0 exp(—i(t — T)w)dF(w).

where F(w) is a positive non-decreasing bounded function. Moreover, F(w) = E(|Z(w)|?). We note

that if the spectral density function exists (which is only true if Y, |e(r)|> < 0o) then F(w) =
f(;u F)dA.
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Remark 10.3.1 The above results hold for both linear and nonlinear time series, however, in the

case that Xy has a linear representation

[e.e]
Xo= ) ey,
j=—00
then X; has the particular form
X = /A(w) exp(—ikw)dZ(w), (10.14)

where A(w) = 3772 wbjexp(ijw) and Z(w) is an orthogonal increment process, but in addition
E(|dZ(w)|?) = dw ie. the variance of increments do not vary over frequency (as this varying has

been absorbed by A(w), since F(w) = |A(w)|?).

We mention that a more detailed discussion on spectral analysis in time series is give in |Priestley
(1983), Chapters 4 and 6, Brockwell and Davis (1998), Chapters 4 and 10, Fuller| (1995), Chapter
3, Shumway and Stoffer| (2006|), Chapter 4. In many of these references they also discuss tests for

periodicity etc (see also|Quinn and Hannan| (2001) for estimation of frequencies etc.).

10.4 The spectral density and spectral distribution

10.4.1 The spectral density and some of its properties

Finally, having made ourselves familiar with the DFT and the spectral density function we can prove
Theorem which relates the autocovariance with the positiveness of its Fourier transform. In
the following lemma we consider absolutely summable autocovariances, in a later theorem (called

Bochner’s theorem) we show that any valid autocovariance has this representation.

Theorem 10.4.1 (Positiveness of the spectral density) Suppose the coefficients {c(k)} are
absolutely summable (that is ), |c(k)| < o0). Then the sequence {c(k)} is positive semi-definite if

an only if the function f(w), where

J@) = o= 3 elk) explikw)

k=—00

337



1s nonnegative. Moreover

2
c(k)—/o exp(—ikw) f(w)dw. (10.15)

It is worth noting that f is called the spectral density corresponding to the covariances {c(k)}.

PROOF. We first show that if {c(k)} is a non-negative definite sequence, then f(w) is a nonnegative
function. We recall that since {c(k)} is non-negative then for any sequence z = (x1,...,xy) (real
or complex) we have >0, zsc(s — t)Ts > 0 (where Z; is the complex conjugate of x5). Now we

consider the above for the particular case z = (exp(iw), ..., exp(inw)). Define the function

falw) = Py Z exp(isw)e(s — t) exp(—itw).

s,t=1
Thus by definition f,(w) > 0. We note that f,,(w) can be rewritten as
(n—1)

fn(w):% > (n_n|k’>c(k)exp(ikw).

k=—(n—1)

Comparing f(w) = 5= Y pe . c(k) exp(ikw) with f,(w) we see that

(n—1)
1 ) 1 k )
%’ E c(k) exp(ikw)| + 5 g |n|c(k:) exp(ikw)|
|k[>n k=—(n—1)
= I, +11,.

|f(w) = faw)

IN

Since Y 72 |e(k)| < oo it is clear that I, — 0 as n — co. Using Lemma we have I, — 0

as n — 0o. Altogether the above implies

|f(w) = fa(w)] =0 asn— oo (10.16)

Now it is clear that since for all n, f,,(w) are nonnegative functions, the limit f must be nonnegative
(if we suppose the contrary, then there must exist a sequence of functions { fy, (w)} which are not
necessarily nonnegative, which is not true). Therefore we have shown that if {c(k)} is a nonnegative
definite sequence, then f(w) is a nonnegative function.

We now show the converse, that is the Fourier coefficients of any non-negative ¢, function f(w) =

% Y ore o (k) exp(ikw), is a positive semi-definite sequence. Writing c(k fo w) exp(ikw)dw
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we substitute this into Definition to give

2
sz (s —t)x / flw { szexp (s —tw acs}dw—/ exp(isw)| dw > 0.
s,t=1 s,t=1
Hence we obtain the desired result. O

The above theorem is very useful. It basically gives a simple way to check whether a sequence
{c(k)} is non-negative definite or not (hence whether it is a covariance function - recall Theo-
rem [3.4.1)). See |Brockwell and Davis (1998]), Corollary 4.3.2 or [Fuller| (1995), Theorem 3.1.9, for

alternative explanations.

Example 10.4.1 Consider the empirical covariances (here we gives an alternative proof to Remark

defined in Chapter|[§

-y
. %Z?:l‘ ‘XtXt+|k:| k| <n—1
én(k) = ,

0 otherwise

we give an alternative proof to Lemma to show that {¢,(k)} is non-negative definite sequence.
To show that the sequence we take the Fourier transform of ¢n(k) and use Theorem |10.4.1. The
Fourier transform of {¢,(k)} is
(n—1) (n—=1) n—|k| n
Z exp(ikw)én (k) = Z exp(ikw)— Z Xe Xy = f’ ZXt exp(itw)’ > 0.
k=—(n—1) k=—(n—1) t=1

Since the above is non-negative, this means that {¢,(k)} is a non-negative definite sequence.

We now state a useful result which relates the largest and smallest eigenvalue of the variance

of a stationary process to the smallest and largest values of the spectral density (we recall we used

this in Lemma [7.14.2)).

Lemma 10.4.1 Suppose that {Xy} is a stationary process with covariance function {c(k)} and
spectral density f(w). Let ¥, = var(X,,)), where X,, = (X1,...,X,). Suppose inf,, f(w) > m >0

and sup,, f(w) < M < oo Then for all n we have

Amin (2n) > igff(w) and  Amax(Xn) < sup f(w).
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PROOF. Let e; be the eigenvector with smallest eigenvalue A; corresponding to ¥,. Then using

c(s —t) = [ f(w)exp(i(s — t)w)dw we have
Amin(Xrn) = €1Xne; = Z €sic(s —tlegn = /f(w) Z €s,1 exp(i(s — t)w)ep1dw =

s,t=1 s,t=1
2
- [ 5w
0

since by definition [ |>"7_; €51 exp(isw)|?dw = >°7_; |es1]|? = 1 (using Parseval’s identity). Using

2 2

dw = igff(w),

n

27
dw > igff(w)/o Z

s=1

es1 exp(isw)

n
Z €s,1 exp(isw)
s=1

a similar method we can show that Apax(2,) < sup f(w). O

We now state a version of the above result which requires weaker conditions on the autocovari-

ance function (only that they decay to zero).

Lemma 10.4.2 Suppose the covariance {c(k)} decays to zero as k — oo, then for all n, ¥, =
var(X,,) is a non-singular matriz (Note we do not require the stronger condition the covariances

are absolutely summable).

PROOF. See |Brockwell and Davis (1998]), Proposition 5.1.1. O

10.4.2 The spectral distribution and Bochner’s (Hergoltz) theo-

rem

(n—1)

Theorem [10.4.1| hinges on the result that f,(w) = ZT:_(n_l)

(1 — |r|/n)e’™ has a well defined

pointwise limit as n — oo, this only holds when the sequence {c(k)} is absolutely summable. Of
course this may not always be the case. An extreme example is the time series X; = Z. Clearly
this is a stationary time series and its covariance is c¢(k) = var(Z) = 1 for all k. In this case the
autocovariance sequence {c(k) = 1;k € Z}, is not absolutely summable, hence the representation
of the covariance in Theorem does not apply. The reason is because the Fourier transform
of the infinite sequence {c(k) = 1;k € Z} is not well defined (clearly {c¢(k) = 1}, does not belong
to £7).

However, we now show that Theorem can be generalised to include all non-negative
definite sequences and stationary processes, by considering the spectral distribution rather than

the spectral density.
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Theorem 10.4.2 A function {c(k)} is non-negative definite sequence if and only if
27
c(k) = / exp(—ikew)dF (w), (10.17)
0

where F(w) is a right-continuous (this means that F(x+h) — F(x) as 0 < h — 0), non-decreasing,
non-negative, bounded function on [—m,m| (hence it has all the properties of a distribution and it

can be consider as a distribution - it is usually called the spectral distribution). This representation
18 unique.

This is a very constructive result. It shows that the Fourier coefficients of any distribution function
form a non-negative definite sequence, and thus, if ¢(k) = ¢(—k) (hence is symmetric) correspond
to the covarance function of a random process. In Figure we give two distribution functions.
the top plot is continuous and smooth, therefore it’s derivative will exist, be positive and belong
to f. So it is clear that its Fourier coefficients form a non-negative definite sequence. The inter-
esting aspect of Thereom is that the Fourier coefficients corresponding to the distribution
function in the second plot also forms a non-negative definite sequence even though the derivative
of this distribution function does not exist. However, this sequence will not belong to ¢5 (ie. the

correlations function will not decay to zero as the lag grows).

Flo® .
:
[ |
[ ]
[ ]
1 ]
.
L[]
X B
o 237
[ O% 2%
1" S
[ ]
oD - - 1
| ]
J— :
[ ]
/ 4
[ ]
S ]
[ |
:
° (X} =

Figure 10.9: Both plots are of non-decreasing functions, hence are valid distribution func-
tions. The top plot is continuous and smooth, thus its derivative (the spectral density
function) exists. Whereas the bottom plot is not (spectral density does not exist).
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Example 10.4.2 Using the above we can construct the spectral distribution for the (rather silly)
time series Xy = Z. Let F(w) =0 for w < 0 and F(w) = var(Z) for w > 0 (hence F is the step

function). Then we have
cov(Xy, Xyix) = var(Z) = /exp(—ikw)dF(w).
Example 10.4.3 Consider the second order stationary time series
X = Uj cos(At) 4+ Uz sin(At),

where Uy and Us are iid random variables with mean zero and variance o? and X the frequency. It

can be shown that

cov( Xy, Xyix) = — [exp(ik) + exp(—iAk)] .

m‘qw

Observe that this covariance does not decay with the lag k. Then
2m
cov( Xy, Xyix) = var(Z) = / exp(—tkw)dF (w).
0

where

0 w< =
F(w)z 02/2 A< w<A
o2 A > w.

10.5 The spectral representation theorem
We now state the spectral representation theorem and give a rough outline of the proof.

Theorem 10.5.1 If {X;} is a second order stationary time series with mean zero, and spectral

distribution F(w), and the spectral distribution function is F(w), then there exists a right contin-

uous, orthogonal increment process {Z(w)} (that is E[(Z(w1) — Z(w2)(Z(ws) — Z(w4))] = 0, when

the intervals [wi,ws] and [ws,ws] do not overlap) such that

2
Xt:/o exp(—itw)dZ(w), (10.18)
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where for wi > wa, E|Z(w1) — Z(w2)|? = F(w1) — F(wz) (noting that F(0) = 0). (One example
of a right continuous, orthogonal increment process is Brownian motion, though this is just one

example, and usually Z(w) will be far more general than Brownian motion).

Heuristically we see that ((10.18]) is the decomposition of X; in terms of frequencies, whose
amplitudes are orthogonal. In other words X; is decomposed in terms of frequencies exp(itw)

which have the orthogonal amplitudes dZ(w) ~ (Z(w + §) — Z(w)).

Remark 10.5.1 Note that so far we have not defined the integral on the right hand side of .
It is known as a stochastic integral. Unlike many deterministic functions (functions whose derivative
exists), one cannot really suppose dZ(w) ~ Z'(w)dw, because usually a typical realisation of Z(w)
will not be smooth enough to differentiate. For example, it is well known that Brownian is quite
‘rough’, that is a typical realisation of Brownian motion satisfies |B(t1,w) — B(t2,w)| < K(@)|t1 —
ti|7, where @ is a realisation and v < 1/2, but in general vy will not be larger. The integral
[ 9(w)dZ(w) is well defined if it is defined as the limit (in the mean squared sense) of discrete

sums. More precisely, let Zn(w) = >3y Z(wk)lw,, 1w., (@) = ,Ei“i/%J [Z(wk) — Z(wg—1)], then

/ 9(@)dZn(w) = 3" gl {Z(wr) — Z(wr 1)}
k=1

The limit of [ g(w)dZ,(w) asn — oo is [ g(w)dZ(w) (in the mean squared sense, that is B[ [ g(w)dZ (w)—
[ g(w)dZ,(w)]?). Compare this with our heuristics in equation .

For a more precise explanation, see Parzen (1959), |Priestley (1983), Sections 3.6.3 and Section
4.11, page 254, and | Brockwell and Davis (1998), Section 4.7. For a very good review of elementary
stochastic calculus see Mikosch (1999).

A very elegant explanation on the different proofs of the spectral representation theorem is given
in Priestley (1983)), Section 4.11. We now give a rough outline of the proof using the functional
theory approach.

Remark 10.5.2 We mention that the above representation applies to both stationary and nonsta-
tionary time series. What makes the exponential functions {exp(ikw)} special is if a process is

stationary then the representation of c(k) := cov(Xy, X¢yx) in terms of exponentials is guaranteed:
2m
c(k) :/ exp(—tkw)dF (w). (10.19)
0
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Therefore there always exists an orthogonal random function {Z(w)} such that

X = /exp(—itw)dZ(w).

Indeed, whenever the exponential basis is used in the definition of either the covariance or the

process { X}, the resulting process will always be second order stationary.

Brockwell and Davis| (1998]), Proposition 4.8.2 states an interesting consequence of the spectral
representation theorem. Suppose that {X;} is a second order stationary time series with spectral

distribution F'(w). If F(w) has a discontinuity at Ao, then X; almost surely has the representation
2 )
X, = / e"™dZ(w) + e (Z(\]) — Z(\g))
0

where Z()\;) and Z(\{) denote the left and right limit. This result means that discontinuities in
the spectral distribution mean that the corresponding time series contains a deterministic sinusoid

functions i.e.
X = Acos(Aot) + Bsin(Aot) + ¢

where ¢; is a stationary time series. We came across this “feature” in Section [2.5] If the spectral
distribution contains a discontinuity, then “formally” the spectral density (which is the derivative
of the spectral distribution) is the dirac-delta function at the discontinuity. The periodogram is a
“crude” (inconsistent) estimator of the spectral density function, however it captures the general
features of the underlying spectral density. Look at Figures observe that there is a large
peak corresponding the deterministic frequency and that this peak grows taller as the sample size
n grows. This large peak is limiting to the dirac delta function.

Finally we state [Brockwell and Davis| (1998)), Proposition 4.9.1, which justifies our use of the
DFT. Brockwell and Davis| (1998]), Proposition 4.9.1 states that if { X;} is a second order stationary

time series with spectral distribution F' and v and v» are continuity points of F' then

1 v
o Z Xt/ exp(itw)dw — Z(vq) — Z(v1),
V1

lt|<n

where the convergence is in mean squared.
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Let wy = 2wk /n, then using this result we have

> Xexplitn) = i Y X [ explit)de = Vit Zwne) - 2],

[t|<n [t|<n Wk

27Tf

without the scaling factor \/n, the above would limit to zero. Thus as claimed previously, the DFT

estimates the “increments”.

10.6 The spectral density functions of MA, AR and
ARMA models

We obtain the spectral density function for MA(co) processes. Using this we can easily obtain the

spectral density for ARMA processes. Let us suppose that {X;} satisfies the representation

Xi= > e (10.20)

j=—o00

where {g;} are iid random variables with mean zero and variance o2 and D e oo il < 00, We

recall that the covariance of above is
c(k) = B(X; Xi 1) = Z Vivjtk- (10.21)
j=—o0
Since > 72 [¥hj| < oo, it can be seen that
ECIED S ST RIME
k k j=—o0

Hence by using Theorem [10.4.1} the spectral density function of {X;} is well defined. There
are several ways to derive the spectral density of {X;}, we can either use (10.21)) and f(w) =
5= >, c(k) exp(ikw) or obtain the spectral representation of {X;} and derive f(w) from the spectral

representation. We prove the results using the latter method.
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10.6.1 The spectral representation of linear processes

Since {e;} are iid random variables, using Theorem [10.5.1| there exists an orthogonal random
function {Z(w)} such that

2
et:/ exp(—itw)dZ (w).
0

Since E(g;) = 0 and E(e?) = o2 multiplying the above by &;, taking expectations and noting that

due to the orthogonality of {Z.(w)} we have E(dZ:(w;)dZ.(w2)) = 0 unless w; = wy we have that
E(|dZ.(w)|?) = 02dw, hence f.(w) = (27) 1o
Using the above we obtain the following spectral representation for {X;}, where X; is a linear

time series

00 o 00
X; = Z szt_j/o Z Yjexp(ijw) p exp(—itw)dZ.(w).
j=o00

j==o0

Hence

2 2m
Xt:/o A(w)exp(—ztw)dZE(w):/O exp(—itw)dZx (w) (10.22)

where A(w) = > ¢jexp(ijw) and Zx(w) = A(w)Z:(w). We note that this is the unique

spectral representation of Xj.

Definition 10.6.1 (The Cramer Representation) We mention that the representation in

of a stationary process is usually called the Cramer representation of a stationary process, where
2w
X, = / A(w) exp(—itw)dZ (w),
0

where {Z(w) : 0 <w < 2w} are orthogonal functions.

Exercise 10.2 (i) Suppose that {X;} has an MA(1) representation X; = Oy + 1. What is

its Cramer’s representation?

(ii) Suppose that {X;} has a causal AR(1) representation Xy = ¢X;—1+e¢. What is its Cramer’s

representation?
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10.6.2 The spectral density of a linear process

Multiplying (10.22) by X and taking expectations gives

21
B(X, X, 4) = (k) = /0 Alwn) A(—wp) exp(—i(t + k)wn + itwn)B(dZ (w1)dZ(@2)).

Due to the orthogonality of {Z(w)} we have E(dZ(w1)dZ(w2)) = 0 unless w; = wa, altogether this

gives

2 27
B Xi41) = ) = [ [A@)P expl-itw)E(dZ(@)P) = [ fw)exp(-iho)de
0 0
where f(w) = §|A(w)|2. Comparing the above with 1} we see that f(-) is the spectral density

function.

The spectral density function corresponding to the linear process defined in ((10.20)) is

2 o0
o .
flw) = D wjexp(—ijw)[.
j=—o00
Remark 10.6.1 (An alternative, more hands on proof) An alternative proof which avoids
the Cramer representation is to use that the acf of a linear time series is c(r) = o2 >, hjj+r (see

Lemma . Thus by definition the spectral density function is

o0

@) = 5o 3 elr)esplire)

r=—00
o0

2 x
= 00 D gty exp(irw).

r=—00 j=—00

Now make a change of variables s = j + r this gives

flw) = oy Z Z d)jwsexp(i(s—j)w):% Z ;e :%]A(w)] .

§=—00 j=—00 J=—00

Example 10.6.1 Let us suppose that { X} is a stationary ARM A(p, q) time series (not necessarily

invertible or causal), where
P q
Xo =) X =) bie,
J=1 J=1
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{et} are iid random variables with E(g;) = 0 and E(¢?) = 0%. Then the spectral density of {X;} is

Y e
2m |1 = 3749_, ¢j exp(ijw)]?

We note that because the ARMA is the ratio of trignometric polynomials, this is known as a rational

spectral density.

Remark 10.6.2 The roots of the characteristic function of an AR process will have an influence

on the location of peaks in its corresponding spectral density function. To see why consider the

AR(2) model

Xt =1 X4 1+ G2 Xy o + 6y,

where {&;} are iid random variables with zero mean and E(e?) = o%. Suppose the roots of the

characteristic polynomial ¢(B) = 1 — ¢ B — ¢2B? lie outside the unit circle and are complex

conjugates where \y = rexp(if) and Ay = rexp(—if). Then the spectral density function is

0.2

[1—rexp(i(6 —w))|?|1 — rexp(i(—0 — w)|?

0.2

[14+r2—2rcos(d —w)][1+7r2—2rcos(d +w)]’

flw) =

If r >0, the f(w) is mazimum when w = 0, on the other hand if, r < 0 then the above is maximum
when w = @ — w. Thus the peaks in f(w) correspond to peaks in the pseudo periodicities of the
time series and covariance structure (which one would expect), see Section . How pronounced
these peaks are depend on how close v is to one. The close r is to one the larger the peak. We
can generalise the above argument to higher order Autoregressive models, in this case there may be
multiple peaks. In fact, this suggests that the larger the number of peaks, the higher the order of the
AR model that should be fitted.
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10.6.3 Approximations of the spectral density to AR and MA
spectral densities

In this section we show that the spectral density

o0

1
=5 c(r) exp(irw)
r=—00

fw)

can be approximated to any order by the spectral density of an AR(p) or MA(q) process.
We do this by truncating the infinite number of covariances by a finite number, however, this
does not necessarily lead to a positive definite spectral density. This can easily be proven by noting

that

m 2w

fr(w) = > c(r)explirw) = [ f(A)Dm(w — \)dA,

0

r=—m

where D, (A) = sin[(n + 1/2)A]/sin(A/2). Observe that D,,(-) can be negative, which means that

fm (w) can be negative despite f being positive.

Example 10.6.2 Consider the AR(1) process Xy = 0.75X;_1 + € where var[e;] = 1. In Lemma
m we showed that the autcovariance corresponding to this model is ¢(r) = [1 — 0.75%]710.75/"1,
Let us define a process whose autocorrelation is ¢(0) = [1 — 0.75%2]71, ¢(1) = ¢(~1) = [1 —

0.752)710.75 and &(r) = 0 for |r| > 1. The ‘spectral density’ of this process is

fm(w) = ﬁ <1 +2x icos[w]) :

It is clear that this function can be zero for some values of w. This means that {¢(r)} is not a well
defined covariance function, hence there does not exist a time series with this covariance structure.
In other words, simply truncating an autocovariance is not enough to guarantee that it positive

definite sequence.

Instead we consider a slight variant on this and define

2 5, (-8 e

r=—m

which is positive.
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Remark 10.6.3 We note that f,, is known as a Cesdro sum because it can be written as

m

F(w) = % 3 (1 - ';') o(r) explirw) = %Z (), (10.23)
n=0

r=—m

where fo(+) = 5= > c(r)exp(irw). Strangely, there is no guarantee that the truncated Fourier
transform fn is not negative, however fy,(-) is definitely positive. There are are a few ways to prove

this:

(i) The first method we came across previously, var[J,(w)] = fn(w), it is clear that using this

construction inf,, fp(w) > 0.

(ii) By using we can write fm(-) as

27

fm(w) = . F)Fin(w — A)dA,

. 2
where Fp(A) = 25 D,(\) = L1 (2?5&72?) and Dy(\) = > exp(ijw) (these are

the Fejer and Dirichlet kernels respectively). Since both f and F,, are positive, then f, has

to be positive.

The Cesaro sum is special in the sense that
sup | fm(w) — f(w)] = 0, as m — 0. (10.24)
w

Thus for a large enough m, f,,(w) will be within ¢ of the spectral density f. Using this we can

prove the results below.

Lemma 10.6.1 Suppose that Y, |c(r)] < oo, f is the spectral density of the covariances and
inf,,cp0,27) f(w) > 0. Then for every § > 0, there exists a m such that |f(w) — fm(w)| < § and
fm(w) = a?|Y(w)|?, where (w) = > iso¥jexp(ijw). Thus we can approvimate the spectral density
of f with the spectral density of a MA.

PROOF. We show that there exists an MA(m) which has the spectral density f,,(w), where f, is
defined in (10.23)). Thus by (10.24]) we have the result.

Before proving the result we note that if a “polynomial” is of the form

p(z) =ao+» aj(z+27")

Jj=1
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then it has the factorization p(z) = C'[[7L;[1 — Ajz][1 — )\j_lz], where \; is such that |[A;] < 1.
Furthermore, if {a;}7" are real and zp(z) has no roots on the unit circle, then the coefficients of

the polynomial [T/ [1 — A;2] are real. The above claims are true because

i) To prove that p(z) = CT[/L,[1-\;z 1—X712], we note that zp(z) is a 2m-order polynomial.
Jj=1 J J
Thus it can be factorized. If there exists a root A whose inverse is not a root, then the resulting

polynomial will have not have the symmetric structure.

ii) By the |complex conjugate theorem) since z"*p(z) has real coefficients, then its complex roots
y p Jjug p ) p

must be conjugates. Moreover, since no roots lie on the unit circle, then no conjugates lie on

the unit circle. Thus the coefficients of [7”;[1 — A;z] are real (if it did lie on the unit circle,

then we can distribute the two roots between the two polynomials).

Thus setting z = e™

2’7‘: arexp(irw) = ﬁ 1 —Ajexp(iw)] |1 — A} exp(—zw)]

r=—m
for some finite constant C. We use the above result. Since inf f,,(w) > 0 and setting a, =
[1—|r|n=Ye(r), we can write f,, as

m

fmw) = K (1- exp(zw)) H (1 —Xjexp(—iw))
Jj= 7j=1

= AWA(-w) = [AW)P,

—

where
— H(1 -
j=1

Since A(z) is an mth order polynomial where all the roots are greater than 1, we can always
construct an MA(m) process which has A(z) as its ‘transfer’ function. Thus there exists an MA(m)

process which has f,(w) as its spectral density function. O

Remark 10.6.4 (i) The above result requires that inf,, f(w) > 0, in order to ensure that fn,(w)
is strictly positive. This assumption can be relazed (and the proof becomes a little more

complicated), see | Brockwell and Davis (1998), Theorem 4.4.3.
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(ii)

Lemma 10.6.2 Suppose that >, |c(r)| < oo and f is corresponding the spectral density function
where inf,, f(w) > 0. Then for every 6 > 0, there exists a m such that |f(w) — gm(w)| < § and
gm(w) = 0%|p(w)~Y?, where ¢p(w) = > oitodjexp(ijw) and the roots of ¢(z) lie outside the unit
circle. Thus we can approrimate the spectral density of f with the spectral density of a causal

autoregressive process.

PROOF. We first note that we can write

[f@) =gm(@)] = F@)lgm@)™" = f(w) ™ gm(w).

Since f(-) € L and is bounded away from zero, then f~! € Ly and we can write f~! as
flw) = Z d, exp(irw),

where d, are the Fourier coefficients of f~!. Since f is positive and symmetric, then f~! is pos-

itive and symmetric such that f~1(w) = Y>>°¢ _ d,e"™ and {d,} is a positive definite symmetric

sequence. Thus we can define the positive function g,, where

i) = 5 (1= 1) - expline)

[r|<m

and is such that |g;,' (w) — f~!(w)| < 4, which implies
|f(@) = gm(@)| < D le(r)]]?.

Now we can apply the same arguments to prove to Lemma [10.6.1| we can show that g_.! can be
factorised as g,,!(w) = Clgm(w)|? (where ¢y, is an mth order polynomial whose roots lie outside

the unit circle). Thus g, (w) = C|ém(w)| =2 and we obtain the desired result. O

10.7 Cumulants and higher order spectrums

We recall that the covariance is a measure of linear dependence between two random variables.

Higher order cumulants are a measure of higher order dependence. For example, the third order
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cumulant for the zero mean random variables X7, Xo, X3 is

Cum(Xl, XQ, Xg) = E(X1X2X3)

and the fourth order cumulant for the zero mean random variables X7, Xo, X3, X4 is

cum (X1, X2, X3, X4) = E(X1 X2 X3Xy) — E(X1X2)E(X3Xy) — E(X1X3)E(X2Xy) — E(X1X4)E(X2X3).

From the definition we see that if X, X, X3, X4 are independent then cum(X;, Xo, X3) = 0 and
cum(Xy, Xo, X3, X4) = 0.

Moreover, if X7, X9, X3, X4 are Gaussian random variables then cum(Xj, X5, X3) = 0 and
cum(X1, Xo2, X3, X4) = 0. Indeed all cumulants higher than order two is zero. This comes from
the fact that cumulants are the coefficients of the power series expansion of the logarithm of the

characteristic function of {X;}, which is

1
I Y
gx(t) =i p t—5t B t
cumulant

Since the spectral density is the Fourier transform of the covariance it is natural to ask whether
one can define the higher order spectral density as the fourier transform of the higher order cumu-
lants. This turns out to be the case, and the higher order spectra have several interesting properties.
Let us suppose that {X;} is a stationary time series (notice that we are assuming it is strictly sta-
tionary and not second order). Let r3(t,s) = cum(Xo, Xy, Xs), K3(t,s,7) = cum(Xo, Xy, Xs, X;)
and kg(t1,...,tq—1) = cum(Xo, Xy, ..., Xy,) (noting that like the covariance the higher order cu-

mulants are invariant to shift). The third, fourth and the general gth order spectras is defined

as
oo o0
fa(wi,we) = Z Z k3(s,t) exp(iswi + itwy)

§=—00 t=—00

o0 [ee] o0
falwi,wa,wg) = Z Z Z Ka(s,t,7)exp(iswy + ttwy + irws)
S=—o0t=—00Tr=—00
(o9}
fq(wl, W, ... ,wq_l) = Z /ﬂlq(tl, to,... ,tq_l) exp(itlwl + itowg + ... + itq_lwq_l).

t1,..ytg—1=—00

Example 10.7.1 (Third and Fourth order spectral density of a linear process) Let us sup-
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pose that { X} satisfies

oo
Xi= ) tjey
j=—o00
where 322 |;] < 0o, E(er) = 0 and E(e}) < oo. Let A(w) = > o jexplijw). Then it is
straightforward to show that

flw) = o®lAw)P
f3(W1,(A}2) = KgA(wl)A(WQ)A(*wlfwg)

falwi,wa,wy) = kKgA(w1)A(w2)A(ws)A(—wy — we — w3),

where kg = cum(ey, €4, &) and kg = cum(eg, €, €4, €t).

We see from the example, that unlike the spectral density, the higher order spectras are not
necessarily positive or even real.

A review of higher order spectra can be found in Brillinger (2001)). Higher order spectras have
several applications especially in nonlinear processes, see [Subba Rao and Gabr| (1984). We will
consider one such application in a later chapter.

Using the definition of the higher order spectrum we can now generalise Lemma[10.2.1] to higher

order cumulants (see Brillinger| (2001), Theorem 4.3.4).

Proposition 10.7.1 {X;} is a strictly stationary time series, where for all 1 < i < g —1 we
have Z;’i._"tq_lzoo |(1 + ti)kq(t1, ..., tq—1)| < oo (note that this is simply a generalization of the

covariance assumption )y, |rc(r)| < oo). Then we have

1 - y 1
cum(Jp (Wey )y - -+ 5 Jnlwr,)) = qu(w;m, ey Why) Z;exp(zj (Why = -+ —wry)) + O(m)
‘]:
_ Wfq(ka'“awkq)"i_O(nql/z) Zgzl ki = nZ
O(#) otherwise

27‘(']?1'

where wy, = =
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10.8 Extensions

10.8.1 The spectral density of a time series with randomly missing
observations

Let us suppose that {X;} is a second order stationary time series. However {X;} is not observed at
everytime point and there are observations missing, thus we only observe X; at {7y },. Thus what is
observed is { X7, }. The question is how to deal with this type of data. One method was suggested
in ?. He suggested that the missingness mechanism {73} be modelled stochastically. That is define
the random process {Y;} which only takes the values {0,1}, where Y; = 1 if X; is observed, but
Y; = 0 if X; is not observed. Thus we observe {X,Y;}; = {X;,} and also {Y;} (which is the time
points the process is observed). He also suggests modelling {Y;} as a stationary process, which is
independent of {X;} (thus the missingness mechanism and the time series are independent).

The spectral densities of {X;Y;}, {X;:} and {Y;} have an interest relationship, which can be
exploited to estimate the spectral density of { X;} given estimators of the spectral densities of { X;Y;}
and {X;} (which we recall are observed). We first note that since {X;} and {Y;} are stationary,

then {X,Y;} is stationary, furthermore

cov(XiYs, X:Yr) = cov(Xy, Xr)eov(Ys, Yr) + cov(Xy, Yr)cov(Yy, X)) + cum(Xy, Yy, X7, Y7)

= cov(Xy, Xr)eov(Yy, Yr) =ex(t —T)ey (t — 1)

where the above is due to independence of {X;} and {Y;}. Thus the spectral density of {X;Y;} is

1 ,
fxy(w) = o Z cov(XoYp, X, Y;) exp(irw)

7Tr:foo

1 oo

= — Z ex (r)ey (r) exp(irw)

r=—00

2
_ /fX()\)fy(w ~\)dw,

where fx(A) = 5= 300 ex(r)exp(irw) and fy(A) = 5= .02 ey (r)exp(irw) are the spectral

E rT=—00

densities of the observations and the missing process.
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10.9 Appendix: Some proofs

PROOF of Theorem We first show that if {c(k)} is non-negative definite sequence, then
we can write ¢(k) = fOQW exp(tkw)dF (w), where F(w) is a distribution function.

To prove the result we adapt some of the ideas used to prove Theorem As in the proof
of Theorem define the (nonnegative) function

n (n—1) B
fn(w) = var[Jp(w)] = % Z exp(isw)c(s — t) exp(—itw) = % Z <nn\k:|> c(k) exp(ikw).
s,t=1 k=—(n—1)

If {¢(k)} is not absolutely summable, the limit of f,,(w) is no longer well defined. Instead we consider
its integral, which will always be a distribution function (in the sense that it is nondecreasing and
bounded). Let us define the function F,,(w) whose derivative is f,(w), that is

n—1
w

F(w) = /Ow Fa(N)dA = 5—¢(0) + % ; (1 - %) e(r)

sin(wr)

0< A< 2r.

™ T

Since fn(\) is nonnegative, Fy,(w) is a nondecreasing function. Furthermore it is bounded since

2
Fa2m) = | fal)dA = e(0).

Hence F,, satisfies all properties of a distribution and can be treated as a distribution function.
This means that we can apply Helly’s theorem to the sequence {F),},. We first recall that if {x,}
are real numbers defined on a compact set X C R, then there exists a subsequence {zy,, }»» which
has a limit in the set X (this is called the Bolzano-Weierstrass theorem). An analogous result
exists for measures, this is called Helly’s theorem (see |Ash (1972), page 329). It states that for
any sequence of distributions {G,,} defined on [0, 27], were G,,(0) = 0 and sup,, G, (27) < M < oo,
there exists a subsequence {n,, }m, where G,,,, (x) — G(z) as m — oo for each x € [0, 27| at which
G is continuous. Furthermore, since G, (r) — G(x) (pointwise as m — o0), this implies (see
Varadhan, Theorem 4.1 for equivalent forms of convergence) that for any bounded sequence h we

have that

/h(az)dGnm (x) — /h(a:)dG(x) as m — oo.

We now apply this result to { F}, },,. Using Helly’s theorem there exists a subsequence of distributions
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{Fn,, }m which has a pointwise limit F'. Thus for any bounded function h we have

/ h(z)dEy (z) — / h@)dF(z)  asm — co. (10.25)
We focus on the function h(x) = exp(—ikw). It is clear that for every k and n we have

21 o L c n
/ exp(—ikw)dF,(w) = / exp(ihkw) frn(w)dw = (1= 5)elk) [kl < (10.26)
0 0 0 k| >n

Define the sequence

dop = /O 7 exp(ik)dF () (1 _ W) o(k).

n

We observe that for fixed k, {d,, x;n € Z} is a Cauchy sequence, where
dn,k — dk = C(k}) (10.27)

as n — Q.

Now we use ((10.25)) and focus on the convergent subsequence {n, },,. By using (10.25)) we have
dnp, k= /exp(—ikx)anm (x) — /exp(—ikm)dF(a;) as m — 00
and by (10.27) d,,,, » — c(k) as m — oo. Thus

c(k) = /exp(—ikzx)dF(;v).

This gives the first part of the assertion.
To show the converse, that is {c¢(k)} is a non-negative definite sequence when c(k) is defined as

c(k) = [ exp(ikw)dF(w), we use the same method given in the proof of Theorem [10.4.1} that is

n n

2m
Z xse(s —t)Ts = / { Z x5 exp(—i(s — t)w)Zs }dF (w)
s,t=1 0 s,t=1
2

dF(w) >0,

n

_ /O%Z

s=1

xsexp(—isw)

since F'(w) is a distribution.
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Finally, if {c(k)} were absolutely summable, then we can use Theorem to write ¢(k) =
f027r exp(—ikw)dF (w), where F(w) = [;° f(A)dA and f(X) = 5= 322 c(k)exp(ikw). By using
Theorem we know that f(A) is nonnegative, hence F(w) is a distribution, and we have the
result. 0

Rough PROOF of the Spectral Representation Theorem To prove the result we first
define two Hilbert spaces H1 and Hs, where 71 one contains deterministic functions and Ho contains
random variables.

First we define the space
Hi = @{eitw;t €7}

with inner-product

21

(f.9) = ; f(x)g(x)dF (z) (10.28)

(and of course distance (f —g, f —g) = 027r |f(x) — g(x)|?dF(x)) it is clear that this inner product
is well defined because (f, f) > 0 (since F' is a measure). It can be shown (see Brockwell and Davis

(1998)), page 144) that H; = {g; f027r lg(wW)|?dF (w) < oo} We also define the space

Hz = sp{ X5t € Z}

with inner-product cov(X,Y) = E[XY] — E[X]E[Y].

Now let us define the linear mapping 17" : Hi — Hao
n n
T(Z aj exp(ikw)) = Z a; Xp, (10.29)
j=1 j=1

for any n (it is necessary to show that this can be extended to infinite n, but we won’t do so here).
We will shown that T" defines an isomorphism (ie. it is a one-to-one linear mapping that preserves
norm). To show that it is a one-to-one mapping see |Brockwell and Davis| (1998), Section 4.7. It is

clear that it is linear, there all that remains is to show that the mapping preserves inner-product.

'Roughly speaking it is because all continuous functions on [0, 27] are dense in La([0, 2], B, F) (using
the metric ||f —g|| = (f — g, f — g) and the limit of Cauchy sequences). Since all continuous function can be
written as linear combinations of the Fourier basis, this gives the result.

358



Suppose f,g € Hi, then there exists coefficients {f;} and {g;} such that f(z) = Zj fiexp(ijw)
and g(x) = Zj gj exp(ijw). Hence by definition of 7" in ((10.29) we have

(Tf,Tg) = covO_1;X5,> 9:X;) = > [nTcov(Xj,, Xj,) (10.30)
J J J1,J2
Now by using Bochner’s theorem (see Theorem [10.4.2)) we have

2

27
@119 = [ (S fugmen(it - we)dF ) = [ @) = (f.9)
" (10.31)

Hence < T'f,Tg >=< f,g >, so the inner product is preserved (hence T is an isometry).
Altogether this means that 7" defines an isomorphism betwen H; and Hy. Therefore all functions
which are in H; have a corresponding random variable in 2 which has similar properties.
For all w € [0,27], it is clear that the identity functions Ijoj(x) € H;. Thus we define the
random function {Z(w);0 < w < 2w}, where T'(Ijg(-)) = Z(w) € Ha (since T' is an isomorphism).

Since that mapping 7' is linear we observe that

T(Iiys, w5)) = T e1] = Lj0,w0]) = TLj0,01]) — T [0,000)) = Z(w1) — Z(w2).

Moreover, since T preserves the norm for any non-intersecting intervals [w1, ws] and [ws, w4] we have

cov ((Z(w1) = Z(wa), (Z(w3) = Z(wa)) = (T(Tw; wo)s TUjs0i))) = o o)y Tws a])

= /I[wl,wz} (W) [us5,009) (W) dF (w) = 0.

Therefore by construction {Z(w);0 < w < 27} is an orthogonal increment process, where

E‘Z(WQ) - Z(wl)’2 = < T(I[wl,wz])7T(I[w17w2]) >=< I[w1,w2]7 I[wl,wg] >
2 w2
= /0 I[wl,wg}dF(w) = / dF(w) = F(wg) — F(wl).
w1

Having defined the two spaces which are isomorphic and the random function {Z(w);0 < w <
2m} and function Ijg,(z) which have orthogonal increments, we can now prove the result. Since

dljp.)(s) = 6uw(s)ds, where d,(s) is the dirac delta function, any function g € L2[0,27] can be
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represented as

Thus for g(w) = exp(—itw) we have
2m
exp(—itw) = / exp(—its)dIj, ox(5).
0
Therefore
27 2
T(exp(—itw)) = T (/ exp(—its)dl[wvgﬂ(s)> = / exp(—its)T[d]}, 27 ()]
0 0
27
- /0 exp(—it)dT [ 20 (5))

where the mapping goes inside the integral due to the linearity of the isomorphism. Using that

Iy 27)(8) = I 5 (w) we have

2
Tlexp(—itw)) = /0 exp(—its)dT T 4 ()],

By definition we have T'(I}y ;(w)) = Z(s) which we substitute into the above to give

2
X = / exp(—its)dZ(s),
0
which gives the required result.
Note that there are several different ways to prove this result. O

It is worth taking a step back from the proof and see where the assumption of stationarity crept

in. By Bochner’s theorem we have that

ot — 1) = / exp(—i(t — 7)w)dF (w),

where F' is a distribution. We use F' to define the space H1, the mapping T' (through {exp(ikw)}),
the inner-product and thus the isomorphism. However, it was the construction of the orthogonal
random functions {Z(w)} that was instrumental. The main idea of the proof was that there are

functions {¢x(w)} and a distribution H such that all the covariances of the stochastic process {X;}
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can be written as

2
E(XiX;)=c(t,1)= ; ot (w)opr(w)dH (w),

where H is a measure. As long as the above representation exists, then we can define two spaces
H1 and Ho where {¢y} is the basis of the functional space H; and it contains all functions f such
that [ |f(w)[*dH(w) < co and Hs is the random space defined by Sp(Xy;t € Z). From here we can

define an isomorphism 7" : H; — Ha, where for all functions f(w) = >, frér(w) € H1
T(f) = fuXi € Ha.
k

An important example is T(¢r) = Xi. Now by using the same arguments as those in the proof

above we have

X = [ )iz

where {Z(w)} are orthogonal random functions and E|Z(w)|?> = H(w). We state this result in the
theorem below (see Priestley| (1983), Section 4.11).

Theorem 10.9.1 (General orthogonal expansions) Let {X;} be a time series (not necessarily
second order stationary) with covariance {E(X; X;) = c(t,s)}. If there exists a sequence of functions

{ox (")} which satisfy for all k

/%mwwﬂm@<m

0

and the covariance admits the representation

2

c(t,s) = ; o1 (w)ps(w)dH (w), (10.32)

where H is a distribution then for all t we have the representation

.&:/MMMM) (10.33)

where {Z(w)} are orthogonal random functions and E|Z(w)|?> = H(w). On the other hand if X;
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has the representation , then c(s,t) admits the representation )
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Chapter 11

Spectral Analysis

Prerequisites

e The Gaussian likelihood.

e The approximation of a Toeplitz by a Circulant (covered in previous chapters).

Objectives

e The DFTs are close to uncorrelated but have a frequency dependent variance (under station-

arity).
e The DFTs are asymptotically Gaussian.

e For a linear time series the DFT is almost equal to the transfer function times the DFT of

the innovations.

e The periodograms is the square of the DFT, whose expectation is approximately equal to the
spectral density. Smoothing the periodogram leads to an estimator of the spectral density as

does truncating the covariances.
e The Whittle likelihood and how it is related to the Gaussian likelihood.
e Understand that many estimator can be written in the frequency domain.

e (Calculating the variance of an estimator.
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11.1 The DFT and the periodogram

In the previous section we motivated transforming the stationary time series { X;} into it’s discrete

Fourier transform

2t

1 n
Jn(wg) = \/ﬁZXtexp zk—)

= 2t 1 < 2mt
= cosk— +1 X sin(k— k=0,...,n/2
( 27rnZ ! \/27771; esin( n )) /

(frequency series) as an alternative way of analysing the time series. Since there is a one-to-one
mapping between the two, nothing is lost by making this transformation. Our principle reason
for using this transformation is given in Lemma m where we showed that {.J, (wk)} 1 is an
almost uncorrelated series. However, there is a cost to the uncorrelatedness property, that is unlike
the original stationary time series {X;}, the variance of the DFT varies over the frequencies, and
the variance is the spectral density at that frequency. We summarise this result below, but first we

recall the definition of the spectral density function

o0

1

flw)= o c(r) exp(irw) w € [0, 27]. (11.1)

r=—o00

We summarize some of the results derived in Chapter [L0] here.

Lemma 11.1.1 Suppose that { X} is a zero second order stationary time series, where cov(Xo, X, ) =

c(r) and ), |c(r)| < co. Define wy = % Then

()
n—1

@ = — z(: ) explirw), (11.2)

where ¢,(r) is the sample autocovariance.

(ii) for k # 0 we have E[J,(wg)] =0,

B )?) ~ 1)) < e ( 3 1)+ = 3 re(m)]) = 0 (113)

|r|>n [r|<n

as n — 0o,
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(iii)

2mka)) FCEE) +0(1) ki =ky
" o(1) ky # ko

21k

)s In(

cov | Jn(

where f(w) is the spectral density function defined in . Under the stronger condition ) |rc(r)| <
oo the o(1) above is replaced with O(n™1).

In addition if we have higher order stationarity (or strict stationarity), then we also can find

expressions for the higher order cumulants of the DE'T (see Proposition|10.7.1)).

It should be noted that even if the mean of the stationary time series {X;} is not zero (ie. E(X;) =
p #0), so long as wy, # 0 E(J,(wi)) = 0 (even without centering X;, with X; — X).

Since there is a one-to-one mapping between the observations and the DFT) it is not surprising
that classical estimators can be written in terms of the DFT. For example, the sample covariance
can be rewritten in terms of the DFT

. " 1 ¢ 2 .
cn(r)+cpin—r)=— Z | Jn (wi )|~ exp(—irwy). (11.4)
n
k=1
(see Appendix (iv)). Since ¢,(n — 1) = %Z?:m_ﬂ Xt Xy yjn—r|, for small r (relative to T') this

term is negligible, and gives
en(r) L 3 | T (i) —irw (11.5)
C ~ . .
(1 kg_l In(wg)|” exp(—irwy)

The modulo square of the DFT plays such an important role in time series analysis that it has

it’s own name, the periodogram, which is defined as

n—1
L(w) = |Jn(w)|2:% S () explinw). (11.6)
r=—(n—1)

By using Lemma [11.1.1] or Theorem [10.7.1] we have E(I,(w)) = f(w) + O(%). Moreover, (11.4)

belongs to a general class of integrated mean periodogram estimators which have the form

> In(wr)d(wr)- (11.7)

k=1

S

A(QZ),In) =

n

Replacing the sum by an integral and the periodogram by its limit, it is clear that these are
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estimators of the integrated spectral density

2

A(f,0) = ; fw)p(w)dw.

Before we consider these estimators (in Section [11.5). We analyse some of the properties of the
DFT.

11.2 Distribution of the DFT and Periodogram under
linearity

An interesting aspect of the DFT, is that under certain conditions the DFT is asymptotically
normal. We can heuristically justify this by noting that the DFT is a (weighted) sample mean. In
fact at frequency zero, it is the sample mean (J,(0) = /5= X). In this section we prove this result,

and a similar result for the periodogram. We do the proof under linearity of the time series, that is

X = Z Vigt—j,

j=—o0

however the result also holds for nonlinear time series (but is beyond this course).

The DFT of the innovations Jg(wg) = ﬁ S, ete’™k is a very simple object to deal with it.
First the DFT is an orthogonal transformation and the orthogonal transformation of iid random
variables leads to uncorrelated random variables. In other words, {J:(wx)} is completely uncor-
related as are its real and imaginary parts. Secondly, if {e;} are Gaussian, then {J.(wg)} are
independent and Gaussian. Thus we start by showing the DFT of a linear time series is approxi-
mately equal to the DFT of the innovations multiplied by the transfer function. This allows us to
transfer results regarding J.(wy) to Jp(wg)-

We will use the assumption that ,[j /24| < oo, this is a slightly stronger assumption than
> ¥ < oo (which we worked under in Chapter .

Lemma 11.2.1 Let us suppose that {X;} satisfy X¢ =372 wbjer, where 3322 51/245] < o0,

and {&;} are iid random variables with mean zero and variance o*. Let

Je(w) =

1 n
Z er exp(itw).
V2mn =
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Then we have

{ ij exp(ijw) } Je(w) + Yo (w), (11.8)
J
where Yy, (w) = \/21%23 pjexp(ijw)Up j, with Uy j = Zt _jexp(itw)er — D1 exp(itw)er and
E(Ya(w))® < (i 252 o [t min(|j], n)'/?)? = O(;).

PROOF. We note that

Jn(w) = Z Y exp(ijw FZ&} —j exp(itw)

j—foo

3
L

1

2mn
S

gsexp(isw)

= Z 1; exp(ijow)

j=—00

i

—Jj

1 y B _ n ‘
= 7\/% zj: Vjexp(ijw) | Je(w) + ZJ: 1 exp(ijw) exp(itw)e, — Z exp(itw)ey

t=1—j t=1

n'g

=Yn(w)

We will show that Y,,(w) is negligible with respect to the first term. We decompose Y,,(w) into

three terms

3

—Jj

n
Z exp(itw)es — Z exp(itw)es | +
=1

—j t=1

Yo(w) = F Z et

j=—00 t

no terms in common

3

—J

Z % Z exp(itw)e; — Zexp(itw)st +
=1

27m

j=—-n t=1—j t=1
(n—7) terms in common, 2j terms not in common
1 00 n—j
Wore g pje” E exp(itw)e; — g exp(itw)e;
2mn t=1—j =1
no terms in common
= I+1I1+11

If we took the expectation of the absolute of ¥;,(w) we find that we require the condition >, |ji;| <

oo (and we don’t exploit independence of the innovations). However, by evaluating E|Y,,(w)|?* we
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exploit to independence of {e;}, ie.

. 271/2
BV < ! i lv;] |E "Z:] exp(itw)at—zn:exp(itw)et
V2 T t=1—j t=1
1 —n 1 —-n o0
<

similarly, ITT = O(n~%/?) and

A 2+ 1/2
1 n n—j n
[EU)Y? < STl B[ D explitw)er — > explitw)e
vamn ==, t=1—j t=1
1 < 1/2 1 - 1/2 G 1/2
< 2% < —— / /
Thus we obtain the desired result. OJ

The above shows that under linearity and the condition > |j 1/24)] < 0o we have

1

) (11.9)

Jn(w) = {ijexp(z'jw)}Js(w>+0p<

This implies that the distribution of J,,(w) is determined by the DFT of the innovations J.(w). We

generalise the above result to the periodogram.

Lemma 11.2.2 Let us suppose that {X;} is a linear time series Xy = > 02 tjer—j, where
Do 171/24j| < 00, and {e;} are iid random variables with mean zero, variance o> E(e}) < oo.

Then we have

2

In(w) = Z¢jexp(ijw) | Je(@)* + Ru(w), (11.10)

where E(sup,, | Ry (w)]) = O(2).

PROOF. See [Priestley| (1983), Theorem 6.2.1 or Brockwell and Davis (1998), Theorem 10.3.1. [
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To summarise the above result, for a general linear process X; = Z;‘;_OO pjer—j we have

1) = | 3 exp(ifio) PI() P 4+ 0p() = 2/ (@)1.(w) + Op(--), (11.11)
J

where we assume w.l.o.g. that var(e;) =1 and f(w) = 5| 2V exp(ijw)|? is the spectral density

of {X;}.

The asymptotic normality of J,,(w) follows from asymptotic normality of J.(w), which we prove

in the following proposition.

Proposition 11.2.1 Suppse {e;} are iid random variables with mean zero and variance o. We

define J.(w) = \/ﬁ S erexplitw) and I.(w) = 5| SO0 & exp(itw)|2. Then we have

_ RJ-(w) D 072
J.(w) = - —>N(0, 2(%)[2), (11.12)

where Iy is the identity matriz. Furthermore, for any finite m

2

(Lown)s o (o)) BN (o, 2(‘%)1%) , (11.13)

I.(w)/o? LA x2(2)/2 (which is equivalent to the exponential distribution with mean one) and

(2:31271 J 7& k
K4

COV(|JE(wj)|27 |JE(W1€)|2) = 20t
o T =k

(11.14)

where wj = 2mj/n and wy, = 2wk/n (and j,k # 0 or n).

PROOF. We first show (11.15). We note that R(J.(wg)) = ﬁzz;l oty and S(Jo(wg)) =
\/ﬁ Y iy Btn where oy, = g¢cos(2knt/n) and S, = e sin(2knt/n). We note that R(J-(wg)) =

\/21771 Yoy oy and (T (wy)) = ﬁ >t Ben are the weighted sum of iid random variables,
hence {ay,} and {B;,} are martingale differences. Therefore, to show asymptotic normality, we
will use the martingale central limit theorem with the Cramer-Wold device to show that .
We note that since {a,,} and {5;,} are independent random variables we an prove the same result

using a CLT for independent, non-identically distributed variables. However, for practice we will

use a martingale CLT. To prove the result we need to verify the three conditions of the martingale
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CLT. First we consider the conditional variances

1 n 9 1 n Yo P 02
py— 2 E(|loenl®|et—1, 602, .. .,61) = 27mtz;cos(%ﬂt/n) & = 5o
AN R p o2
Py, E 2 — [ e : 2]{: + 2 2 52
2mn £ (18nl ‘Et 1,Et—2, ., €1) 27m;sm( mt/n) e} o
1 & Lo .
Gy E(at,nﬁt,n’&—l,&t—% .E1) = 5 Zcos(Qkﬂrt/n) sin(2kmt /n)e? 5 0,
=1 t=1

where the above follows from basic calculations using the mean and variance of the above. Finally
we need to verify the Lindeberg condition, we only verify it for \/ﬁ > iy Gy, the same argument
holds true for \/ﬁ > i1 Bem- We note that for every € > 0 we have
1 < 5 1 < 5
e E(]atm\ I(|C¥t’n’ > 27T\/ﬁ€)‘€t_1,6t_2,...) = — E[‘Ozt’n’ I(‘Oét,n‘ 2271'\/56)] .

2mn 21
t=1 t=1

By using |ay,| = | cos(2nt/n)e¢| < |e¢| the above can be bounded by

n

1
Py Efla [ I(Jotn| > 2my/ne))
™ —1
1 n
< 5 Y B[l I(el > 2nv/ne)] = E[le (| > 2m/ne)] B0 as n— oo,
™

t=1

the above is true because E(e?) < co. Hence we have verified Lindeberg condition and we obtain
(11.15). The proof of is similar, hence we omit the details. Because I.(w) = R(J-(w))? +
S(Je(w))?, from (11.15) we have I.(w)/0? ~ x%(2)/2 (which is the same as an exponential with
mean one).

To prove (11.14) we can either derive it from first principles or by using Proposition

Here we do it from first principles. We observe

cov(1: (). 1o(61) = T D090 D0 D covlEn Syttt

ki ko t1 t2

Expanding the covariance gives

COV(€t1 Et1+k1r Eta 5t2+k2) = COV(5t1 ) Etat+ka )COV(5t2 €t +k‘1) + COV(5t1 ) 8tz)COV(Sh +k1) 5t2+k2) +

Cum(Eh y Et1+k1s Etas 5t2+k2)'
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Since {e;} are iid random variables, for most ¢, %2, k1 and ko the above covariance is zero. The
exceptions are when t1 = t9 and k1 = kg or t; = to and k1 = ko =0 or t; —t9 = k1 = —ko. Counting

all these combinations we have

ot
cov (| Je(wj) % | Te(wi) ) = (27202”2 Zk: Zt: Zt: exp(ik(wj — wi)) + (277;%2 Xt: Ka

where o2

= var(e;) and k4 = cumy(e) = cum(ey, e¢, €, €¢). We note that for j # k, >, exp(ik(w; —
wi)) = 0 and for j = k, Y, exp(ik(w; — wk)) = n, substutiting this into cov(|J:(w;)|?, | Je (wk)|?)

gives us the desired result. O
By using (11.9)) the following result follows immediately from Lemma [11.2.1 equation (11.15]).

Corollary 11.2.1 Let us suppose that {X;} is a linear time series X; = Z;’ifoo Yjer—j, where
S N3Y%5] < oo, and {&i} are did random variables with mean zero, variance o? E(e}) < co.

j==oc

Then we have

RIn) ) 2 (O,lf(w)lg), (11.15)
S (w) 2

Using we see that I,,(w) =~ f(w)|J-(w)|>. This suggest that most of the properties which
apply to |J-(w)? also apply to I,(w). Indeed in the following theorem we show that the asympototic
distribution of I,,(w) is exponential with asymptotic mean f(w) and variance f(w)? (unless w = 0
in which case it is 2 (w)?).

By using Lemma [11.2.1] we now generalise Proposition to linear processes. We show
that just like the DFT the Periodogram is also ‘near uncorrelated’ at different frequencies. This

result will be useful when motivating and deriving the sampling of the spectral density estimator

in Section 1.3l

Theorem 11.2.1 Suppose { X} is a linear time series Xy = Y22 bjer—j, where ) 72 FREVIRS
oo with Blgy] = 0, var[e;] = 02 and E[e}] < co. Let I,(w) denote the periodogram associated with

{X1,..., X} and f(-) be the spectral density. Then

(i) If f(w) >0 for allw € [0,27] and 0 < w1, ..., wy, <, then

(In(wl)/f(wl)7 ceey In(wm)/f(wm))
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converges in distribution (as n — o) to a vector of independent exponential distributions

with mean one.

(ii) Furthermore, for w; = 2= and wy, = 2% we have
n n

2f(wWr)? +O0(n1?) wj=wp=0o0rm
cov(In(wr), In(wj) = ¢ flwp)? +0n?) O<wj=wp <
O(n™") wj # Wk

where the bound is uniform in w; and wy.

Remark 11.2.1 (Summary of properties of the periodogram) (i) The periodogram is non-
negative and is an asymptotically an unbiased estimator of the spectral density (when Zj ;| <

00).
(ii) It symmetric about zero, I, (w) = I,(w + ), like the spectral density function.
(111) At the fundemental frequencies {I,(w;j)} are asymptotically uncorrelated.
(iv) If 0 < w < m, In(w) is asymptotically exponentially distributed with mean f(w).

It should be mentioned that Theorem [11.2.1] also holds for several nonlinear time series too.

11.3 Estimating the spectral density function

There are several explanations as to why the raw periodogram can not be used as an estimator of
the spectral density function, despite its mean being approximately equal to the spectral density.
One explanation is a direct consequence of Theorem where we showed that the distribution
of the periodogram standardized with the spectral density function is an exponential distribution,
from here it is clear it will not converge to the mean, however large the sample size. An alternative,
explanation is that the periodogram is the Fourier transform of the autocovariances estimators
at n different lags. Typically the variance for each covariance ¢, (k) will be about O(n~!), thus,
roughly speaking, the variance of I,,(w) will be the sum of these n O(n~!) variances which leads to
a variance of O(1), this clearly does not converge to zero.

Both these explanations motivate estimators of the spectral density function, which turn out to

be the same. It is worth noting that Parzen| (1957) proposed a consistent estimator of the spectral
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density. These results not only lead to a revolution in spectral density estimation but also the
usual density estimation that you may have encountered in nonparametric statistics (one of the
first papers on density estimation is Parzen| (1962])).

We recall that J,(wy) are zero mean uncorrelated random variables whose variance is almost

equal to f(wy,). This means that E|J,(wi)|? = E[L,(wn)] = f(wk).

Remark 11.3.1 (Smoothness of the spectral density and decay of the autocovariances)

We observe that

F(w) = — Z(ir)sc(r) exp(irw).

r€Z

Therefore, the smoothness of the spectral density function is determined by finiteness of >, |r°c(r)|,
in other words how fast the autocovariance function converges to zero. We recall that the acf of

ARMA processes decay exponential fast to zero, thus f is extremely smooth (all derivatives exist).

11.3.1 Spectral density estimation using a lagged window approach

To motivate the lagged window approach we recall that

n—1
I(w) = — cn (k) exp(ikw),
k=—(n—1)

where ¢,(r) = n~! Z?:_l‘rl X X1 . Observe it is the sum of n autocovariance estimators. As
explained above, this estimator is not a consistent estimator of f(-) because it uses “too many”
coefficient estimators to estimate f.

The population autocovariances decay to zero for large lags, this suggests that we do not use
all the sample covariances in the estimator, just some of them. This motivates the estimator of the

spectral density based on truncating the sample autocovariances:

fon(w) = — n (1) exp(irw), (11.16)

where ¢,(r) = n~! Z?:_IM XXy r. The important feature of this estimator is that not all the
sample covariances are used, just the first (2m + 1) sample covariances.

A generalised version of this which down weights the sample autocovariances at larger lags is
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the scaled lag kernel estimator

n—1
fmn(w) = L Z A(%)/c\n(r)exp(irw), (11.17)

2m
r=—(n—1)

where A : R — R is the so called lag window. There are two types of scaled lagged kernels:

e The truncated scaled lag kernel A : [-1,1] — R where A\(z) = 0 for x ¢ [—1,1]. In this case
(11.17) reduces to

- 1 & N
fmn(w) o Zm A (%) Cn (1) exp(irw). (11.18)
e The non-truncated scaled lag kernel where A\(s/m) does not “vanish” after some point. Ex-
amples include the Bartlett kernel of the form \,,(s) = (ws/m) !sin(rs/m)). For such
kernels m should not be treated as a truncation parameter that truncates the number of
sample autocovariances. Indeed if a truncation were applied one could not truncate at m

and would require a far larger truncation to obtain a near approximation.

Often non-truncated scaled lag kernels will correspond to a truncated spectral kernel in the

frequency domain i.e. have the form

~ 1/m
Fron(w) = — / L ()W (w0 — A)dow.

B 2 —1/m
[ We discuss this in more detail below.

To understand why fmn(w) is estimating f we rewrite in the frequency domain (in terms of

the periodogram). Using the inverse Fourier transform we have

2m
En(T) = / In(w) eXp(—i?"w)dw.
0
Replacing ¢,(r) in (11.17) with the above yields the convolution

1

" 2r

n—1
Frn@) = 5 [RO) Y A explik(w - A)dA = o [ L) Win(w — X)duf11.19)
)

o
k=—(n—1

Tt is important to remember that truncation over covariance means that truncation over frequency is
not possible and vice versa. This is famously due to the Heisenberg uncertainty principle; that one cannot
have simultaneously time and frequency localisation.
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where Wy, (w) = 5= Z;i(nfl) )\(%)exp(ikw). fn(w) is a convolution/weighted integral average
between the periodogam and W,,(w). If W,,(w — A) is largest at w = A, it gives most weight to
periodogram at frequency A. At the extreme end if W,,,(w — \) were the Dirac delta function (you
can think of this as the indicator variable which zero everywhere but w = \), then simply

returns the periodogram. The precise result is given below.

Lemma 11.3.1 (Expectation of lagged window estimator) Suppose {X.} is a stationary time
series with absolutely summable covariance " |r|¥|c(r)| < oo and fourth order cumulants

Dy lCUM(Xo, Xy Xy, Xog)| < 00 If A(7) is a truncated lagged window, then

E[fn(w)] = ;T/f(w)Wm(w ~ Ndw+0(nY)
n—1
= % Z A (:;) c(r) exp(irw) + O(n™1)
k=—(n—1)

= flw)+0 (m_K)

and
rl L[ 2 2 L[ 2
var|fmn(w)] = - Wi (w = N)2f(A)%dX + n/ Win(w — AW (w 4+ X —27) f(A)“dA +o(m/n)
if w is far from zero ~ 0.
= O(m/n).

See Section 6.2.4 in|Priestley (’1983&.

The lemma above tells us that if the truncation parameter m is such that m/n — oo as n and

m — 0 then the variance of the spectral density estimator will improve as the sample size grows.
Below we list some lag windows and their corresponding spectral window W, (w). For some

examples an exact analytic expression for W, (w) cannot be derived. However by using the Possion

summation formula we have

Wi(w) =m Z K(m(w + 27y))

j=—00

2Recall the variance of the sample mean of iid random variables is var[X] = 02 /n = O(n™1). The variance
of f,(w) will be larger because it is the sum of many averages.
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where

K(w) ! /OO A(u) exp(—iuw)du.

2 )
Example 11.3.1 (Examples of Lag windows) Below are ezamples of lag windows.

1. Truncated Periodogram lag window \(u) = I|_y 11(u), where {\(k/m)} corresponds to

B ik 1 sin[(m 4+ 1/2)z]
Wole) =50 20 ™ =0 Gy

which is the Dirichlet kernel and

! sin(w
K(w) ! / exp(—iuw)du = EL

o ) T W

Note that the Dirchlet kernel is negative at some frequencies, thus we can see from

that fn can be negative. Which is one potential drawback of this estimator (see Example
.

2. The Bartlett lag window \(z) = (1 — |x|)[_1 1(x), where {\(k/m)} corresponds to

e =ge 3 (-0) =0 (5)

which is the Fejer kernel and

K(w) = % /11(1 ~ Jul) exp(—iuw)du = % (W)Q

We can immediately see that one advantage of the Bartlett window is that it corresponds to
a spectral density estimator which is positive.

Note that in the case that m = n (the sample size), the truncated periodogram window

estimator corresponds to Z|T|<n c(r)e™ and the Bartlett window estimator corresponds to

S i<nll = IPl/nle(r)e™.
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3. The Parzen lag window

1—62%+6lz> |z|<1/2
A(z) = 201 — |z)®  1/2<|z] <1

0 otherwise

No analytic expression for W, (+) exists, however

K(w) = % /Z A(u) exp(—iuw)du = 8% (S%)

4. The Danielll (non-truncated) lag window

and

1/27) |w| <
0w >0

K(w) =

5. The Bartlett-Priestley (non-truncated) lag window

M) = — <Sin7m—cos(7r:x)>.

T2 T
and

(1= (w/m)?) |l <7 |

0 lw| >0

K(w) =

Observe that K(-) has a compact support for both the Daniell and Bartlett-Priestley kernel. Thus

for these kernels

Wi (w) = mK(m#).

Different lag windows lead to different biases and variances. A list of the variance and bias of each

window is given on page 463 in Priestley| (1983]).
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11.3.2 Spectral density estimation by using a discrete average pe-
riodogram approach

In this section we focus on an alternative approach for estimating the spectral density function
which is closely related to the non-truncated lagged window estimators.
To motivate this approach we note that from Theorem [11.2.1] that {I,,(wg)} are close to un-

correlated and I, (wg)/f(wk) is 271x3. Therefore we can write I,,(wy) as

In(wp) = E(n(wk)) + [In(wr) — E(Zn(wi))]

~ flwp) + flwe)Us,  k=1,....n, (11.20)

where {Uy} is sequence of mean zero and constant variance almost uncorrelated random variables.
In the remark below we briefly review nonparametric regression methods and then compare

equation (|11.20)) to the classical nonparametric regression equation.

Remark 11.3.2 (Nonparametric Kernel estimation) Let us suppose that we observe Y; where
Y-g( >+5l 1<i<n, (11.21)

and {&;} are iid random variables and g(-) is a ‘smooth’ function. The kernel density estimator of

gn(L)
~ (] _ ZLW J—1 v
"\n - bn bn v

where W (-) is a smooth kernel function of your choosing, such as the Gaussian kernel, etc.

Comparing ((11.21)) with (11.20) motivates the following nonparametric estimator of f(w).

Fon(w)) an < - >In(wk), (11.22)

where W : [—=1,1] — R is a spectral window which satisfies the condition f_ll W(z)dx = 1 and
f_l W (z)%dx < co. We observe that fbm(wj) resembles the lagged window estimator representation
given in (11.19), where the integral is replaced with a sum. The main difference is (i) the support

that the limits of the sum/integral are from [—nb,nb] (or —1/b,1/b) whereas for the general lag

378



window in (11.19) the integral is from [—1,1] (ii) W,,(:) cannot be written as a rescaled W(-).
The exceptions are the non-truncated lag windows which can be written as (|11.22)), in this case

b=l =m, ie.

fonlws) = — SN X XA pexpli(t — T)wj)

t=11=1
where )\t—r,l/b = % Zj W(L;wj) exp(i(t — T)wp—j) = % Zj W(%) exp(i(t — 7)ws)

Example 11.3.2 (Spectral windows) Here we give examples of spectral windows (see Section

6.2.3, page 437 in|Priestley (1985)).

(i) The Daniell spectral Window is the local average

1/2 |z| <1
W(z) =
0 Jz|>1
This window leads to the estimator
N 1 j+bn/2
fb,n(wj) = % Z In(wk)-
k=j—bn/2

A plot of the periodgram, spectral density and different estimators (using Daniell kernel with
bn = 2 and bn = 10) of the AR(2) process Xy = 1.5X;—1 — 0.75X;_2 + & is given in Figure
[I1.1. We observe that too small b leads to undersmoothing but too large b leads to over
smoothing of features. There are various methods for selecting the bandwidth, one commonly

method based on the Kullbach-Leibler criterion is proposed in|Beltrao and Bloomfield (1987).

(i) The Bartlett-Priestley spectral Window

3 (1 _ 2 <
W(a) = v (1 T ) lz| <1
0 |z| > 1

This spectral window was designed to reduce the mean squared error of the spectral density

estimator (under certain smoothness conditions).

We now analyze the sampling properties of the spectral density estimator. It is worth noting
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Autoregressive

P2[c(1:128)]
spectrum
0 10 20 30 40 50 60

00 02 04 06 08 10

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
frequency[c(1:128)] frequency
Series: ar2 Series: ar2
Smoothed Periodogram Smoothed Periodogram
§ n <
o
© (=3
s
S 3B 5
5 El o
=1 =1 IS
3 o 3
& = &
o
o =
K
o PE—
T T T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
frequency frequency
bandwidth = 0.00564 bandwidth = 0.0237

Figure 11.1: Using a realisation of the AR(2): X; = 1.5X;_1 — 0.75X;_5 + &; where n = 256.
Top left: Periodogram, Top Right: True spectral density function. Bottom left: Spectral
density estimator with bn = 2 and Bottom right: Spectral density estimator with bn = 10.

that the analysis is very similar to the analysis of nonparametric kernel regression estimator %(%) =
= W(%)Yl, where Y; = g(£) 4+ g(%)e; and {e;} are iid random variables. This is because the
periodogram {I,(w)}x is ‘near uncorrelated’. However, still some care needs to be taken in the

proof to ensure that the errors in the near uncorrelated term does not build up.

Theorem 11.3.1 Suppose { X} is a stationary time series that satisfies the conditions ) .., |re(r)| <

oo and Zrl s

. Then

|cum(Xo, Xry, Xry, Xry)| < 00. Let ﬁm(w) be the spectral estimator defined in

[E(fon(w))) — flwj)| < C <1 + b> (11.23)

and

var[fyn (wj)] — , (11.24)

bn — oo, b — 0 as n — oo.

PROOF. The proof of both ({11.23]) and (11.24]) are based on the spectral window W (z/b) becom-

ing narrower as b — 0, hence there is increasing localisation as the sample size grows (just like
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nonparametric regression).

We first note that since Y, |rc(r)| < oo, then | f'(w)] < )7, |re(r)| < co. Hence f is continuous
with a bounded first derivative.

To prove (|11.23]) we take expections

E(fon(wi) = Fw))| = ‘Z " <bl;> L] = f(wj)}‘
k

1
— gbn
= IT+1I.

W ([)l;) ‘ |E[I(wj—)] — f(wj—k)| + ; %

Using Lemma [11.1.1f we have

1
I:Z%

k

e (b; > rwg,’;)r) (Z ek + - 3 kc<k>) =00,
k

k| =n [k|<n

W (;;) ) [B(I(wj-r)) = flwj-r)]

IN

To bound IT we use that |f(w1) — f(w2)| < sup |f'(w)| - |w1 — wal, this gives
1 k
I = |3 KGo) ) ~ Sy} = O,
k

Altogether this gives I = O(n™!) and IT = O(b) as bn — oo, b — 0 and n — co. The above two
bounds mean give (11.23)).

We will use Theorem [11.2.1] to prove (11.24]). We first assume that j # 0 or n. To prove the

result we use that

cov (| Jn (W, )1?, [ Jn(wiy) %) =
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where the above follows from Proposition [10.7.1} This gives

Var(ﬁ),n (wj ))
= Z (brll)QW (J ;n]ﬁ) w (] ;nk2> CoV(I(wk1>,I(wk1))
k1,k2
_ 1 j— ki §— ko
- klz,k;z (bn)2W< bn >W< bn )
(L7010 = k) + O] + (£l = n = k) + O [F )T — by = k) + O )

+[%f4(w17 —wi,w2) + O(nlg)])
= > W (2 ;nk1>2f(w2)
+3° (L) w (220 s o

k
- 1 1 wj —w 2 9 1 1 wj — 2T+ w wj —w 1
= 2mmb bW< b ) fwyde+ 500 bW< b W=7 ) f@dw+0()

—0

_ %zbf(wjﬁ/iw (%)2dw+0(%)

where the above is using the integral approximation of the sum. A similar proof can be used to

prove the case 5 = 0 or n. g

The above result means that the mean squared error of the estimator

E[fon(w;) — f(w)]” =0,

where bn — oo and b — 0 as n — oco. Moreover

B fon(ews) — flay)]? = o(b1n+b2).

11.3.3 The sampling properties of the spectral density estimator
The Y? approximation (mainly heuristics)
Using that the periodogram I,,(w)/f(w) is asymptotically exponentially distributed and uncorre-

lated at the fundemental frequencies, we can heuristically deduce the limiting distribution of fn (w).
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Here we consider the distribution with the rectangular spectral window

| dtm/2
O S (]
n
k=j—bn/2
Since I(wy)/f(wy) are approximately x2(2)/2, then since the sum Z{;I;n_/ b2n ol (wg) is taken over a
local neighbourhood of wj, we have that f(w;)~? iizn_/biﬂ I(wy) is approximately x2(2bn)/2.

Gaussian approximation of the spectral density estimator

In general, to prove normality of the spectral density estimator we rewrite it as a quadratic fornﬂ

We first consider the truncated lagged window estimator of the form

fmn(w) = % _z”i: )\<£> Cn (1) exp(irw)

m

1 = t—

= MZZ%
t=11=1

mlnn tm

l .
= 5 Z Z A (M) X X exp(itw)

t=1 ¢=max(—t+1,—m)

) X X exp(i(t — 7)w)

There are various methods to show the above is asymptotically Gaussian depending on whether
one assumes the process is linear, mixing, physical dependent etc. But the classical method is to
rewrite the sum over ' | into large and small blocks of the form

kn—1

Fnn (@) = E[fmn(w Z Lijn+ Z Sjm;

j=—1

3Tt is also possible to show asymptotic normality using the average of periodogram representation under
the assumption of Gaussianity or absolute summability of cumulants of all orders.
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(G+1)rn

1 = 4 . :
Lijn = n Z Z (Xe X — E[X X, )N <m) exp(ilw) for0<j<k,—1
t:]Tn+Q'VL+1 l=—m
jrn"l‘q'n m

1 14 . .
Sjm = Z Z (XiXipe — E[X Xy )N (m> exp(ilw) for 0 <j<k,—1
t=jrn+1l=—m

m 1
1 14 _
S-1n = n E E (Xi Xi o — E[X, X, ) (m> exp(ilw)

=1 (=141
1 n n—t /
Skum = > (X Xipo — E[X X )A (m> exp(ilw),

t=n—m (=1

with r, = pp, + qn, kn = n/ry, and p, > ¢, > m. Under certain conditions it can be shown that

\/Z (Fmn (@) = Elfman(@)]) = S Latn
§=0

where E[R?] = ¢,,/(pn + ). Thus if the size of the large block is order of magnitude larger
than the size of the small block f~mn(w) can be approximated by the sum of large blocks. The
key ingredient in this approximation is that the large blocks L;, do not contain an common Xjs,
thus if the time series were independent random variable then {ij}?;al would be the sum of k-
independent random variables and a Lindeberg-Levy central limit theorem could be used to prove
asymptotic normality of fmm(w). Of course, {X;}s are a time series so we cannot immediately
apply the Lindeberg-Levy central limit theorem and one more approximation is necessary. Let
Sn = Z?zgl Lj,. Given L;, and S,, we start by defining auxillary variables {E]n}] that are
independent and define the sum S, = Z?;El E]n There are then two different strategies on how

to proceed:

e If we assume the time series satisfies a linear or physical dependence condition (a notion

7 sequence L; , associated with

developed by Wei Bao Wu) we can define an “m-dependen
L; such that {E]n}J are independent and show that (n/m)E[S, — S,|? = o(1). We can
then show that S, satisfies the conditions of the Lindeberg-Levy central limit theorem. Since

(n/m)E|S, — S,|2 = o(1) this would prove asymptotic normality of S, and thus f~m7n(w).

e An alternative route is to work under mixing (say a-mixing). To replace Uj,, with ﬁj,n where
the random variable U j.n has the same distribution as U; , but is independent over j. Then to
show that the characteristic functions of S, and S, asymptotically converge (under mixing).

Using this we proceed as before by applying the conditions of the Lindeberg-Levy central

384



limit theorem to show asymptotic normality of §n

Therefore under suitable conditions it can be shown that from this asymptotic normality can be

derived, where
O (@)™ | Fonin @) = Elfman(@)]| ~ N (0,1)
and

Omm(w)? = % i War(w — A)2f(N)2dX + 1 /Tr Win(w — Wi (w + X = 27) £(A)2dA

—r n.J x

as m,n — oo.

The outline of the proof described above is for the truncated lagged window estimator. For
the averaged periodogram estimator or equivalently the non-truncated lagged window estimator
the proof requires a slight modification. We recall that the average periodogram estimator can be

written as

1 n n

fb,n(wj> = E Z Z XtXTAt—T,l/b eXp(i(t - T)wj)

t=171=1

where N1/ = 5 > W (2 ) exp(i(t — T)wi—j) = 7 > W(%)exp(i(t — 7)ws). Unlike the
truncated lagged window estimator A;_.;, is non-zero for most lags. Thus we cannot divide the
sum » ;> into sums which do not overlap. Thus to derive the sampling properties of ﬁ,n(wj)
we truncate \;_, 1/, by setting to zero large lags. The following lemma (due to Lemma A.2 in ?)

allows us to obtain a bound on this approximation.

Lemma 11.3.2 Suppose the kernel W : [-1,1] — C has a bounded derivative. Then

bn s ir2ms O(bn) lr| <mborn—b"t<|r|<n
> W () eXP( ) = 1 1
s=tn " " 0 (W) bt <l <n—b7
The above lemma implies that
O(1) r|<blorn—bt1<|r|<n
At = O (7 b l<|r|<n—b1
(bmin(|r|,n7\r|)) <lrl<n-

We observe that A, 1/, declines as we r becomes large. Thus it should be possible to truncate A, 1,
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for a sufficiently large r and thus approximate fbm (w;) with a truncated lag window to a sufficient

degree. Let
T min(n—t,Bbn)
Jomplwy) = — > > X X eA—r 1/ exp(i(t — T)wj)

t=1 ¢=maz(—t+1,—Bbn)

where 1 < B < 1/b. By using Lemma [11.3.2it can be shown that

(0Bl ) ~ Fon ) = 0 ().

Thus if we allow B — oo as nb and n — oo, then the approximate truncated lag window estimator
has the sample asymptotic distribution as the averaged periodogram estimator. Note that B simply
plays the role as a dummy variable and has no role in the estimation scheme.

Using these approximations we can use asymptotic normality of the truncated lagged window

periodogram estimator (as described above) to give

00 (@) ™! | Fon(®) = Elfon(@)]] = N (0,1)

as b — 0 and n — oo.

11.4 The Whittle Likelihood

In Chapter [§] we considered various methods for estimating the parameters of an ARMA process.
The most efficient method (in terms of Fisher efficiency), when the errors are Gaussian is the
Gaussian maximum likelihood estimator. This estimator was defined in the time domain, but it is
interesting to note that a very similar estimator which is asymptotically equivalent to the GMLE
estimator can be defined within the frequency domain. We start by using heuristics to define the
Whittle likelihood. We then show how it is related to the Gaussian maximum likelihood.

To motivate the method let us return to the Sunspot data considered in Exercise 5.1. The
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Periodogram and the spectral density corresponding to the best fitting autoregressive model,

flw) = (2n)711 — 1.1584¢€™ — 0.3890e™?* — 0.1674€"% — 0.1385€™ — 0.1054e* — 0.0559¢%0% —

-2
0.0049¢°™ — 0.0572e™% — 0.2378¢%|

is given in Figure We see that the spectral density of the best fitting AR process closely
follows the shape of the periodogram (the DFT modulo square). This means that indirectly the
autoregressive estimator (Yule-Walker) chose the AR parameters which best fitted the shape of
the periodogram. The Whittle likelihood estimator, that we describe below, does this directly. By
selecting the parametric spectral density function which best fits the periodogram. The Whittle

80 120

P2[c(2:n3)]

40

0

T T T T T
0.0 0.1 0.2 0.3 0.4 0.5

frequency2[c(2:n3)]

Autoregressive

spectrum

0 50 100

frequency

Figure 11.2: The periodogram of sunspot data (with the mean removed, which is necessary
to prevent a huge peak at zero) and the spectral density of the best fitting AR model.

likelihood measures the distance between I,,(w) and the parametric spectral density function using

the Kullbach-Leibler criterion

n

Ly0) =Y <logf0(wk) + In(wk)) YES %7

— fo(wr) n

and the parametric model which minimises this ‘distance’ is used as the estimated model. The choice
of this criterion over the other distance criterions may appear to be a little arbitrary, however there

are several reasons why this is considered a good choice. Below we give some justifications as to
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why this criterion is the prefered one.

First let us suppose that we observe {X;}}" ;, where X; satisfies the ARMA representation

P q

X = Z ¢;Xi—j + Z¢j5t—j + &1,
j=1 J=1

and {e;} are iid random variables. We will assume that {¢;} and {¢;} are such that the roots

of their corresponding characteristic polynomial are greater than 1 +J. Let 8 = (¢,0). As we

mentioned in Section if >, |re(r)| < oo, then

Fln) +0(3) k= ke

cov(Jn (W, ), In(Wky)) = 1
O(ﬁ) kl 7é kQ’

where

o a?|1+ 321, 0 exp(ijw)|?
2|1 + 21;:1 ¢jexp(ijw)|?

In other words, if the time series satisfies an ARMA presentation the DFT is ‘near’ uncorrelated,
its mean is zero and its variance has a well specified parametric form. Using this information
we can define a criterion for estimating the parameters. We motivate this criterion through the
likelihood, however there are various other methods for motivating the criterion for example the
Kullbach-Leibler criterion is an alternative motivation, we comment on this later on.

If the innovations are Gaussian then R.J, (w) and IJ,,(w) are also Gaussian, thus by using above

we approximately have

TIn = NN(07diag(f(w1)7f(wl)""7f(wn/2)7f(wn/2)))'

In the case that the innovations are not normal then, by Corollary [11.2.1] the above holds asymp-
totically for a finite number of frequencies. Here we construct the likelihood under normality of the
innovations, however, this assumption is not required and is only used to motivate the construction.

Since J, is normally distributed random vector with mean zero and ‘approximate’ diagonal
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matrix variance matrix diag(f(wi), ..., f(wy)), the negative log-likelihood of 7, is approximately

n

w 2
L) =Y <1og|fe<wk>| n "]X”‘)')

p fo(wr)
To estimate the parameter we would choose the # which minimises the above criterion, that is

/éw

n

= in L. (0 11.25
arglglelél n(0), ( )

where © consists of all parameters where the roots of the corresponding characteristic polynomial
have absolute value greater than (1 + §) (note that under this assumption all spectral densities

corresponding to these parameters will be bounded away from zero).

Example 11.4.1 Fitting an ARMA(1,1) model to the data To fit an ARMA model to the data

using the Whittle likelihood we use the criterion

n/2

2 wy |2 Wy |2
%1 + fe*“k| 27|11 — pe'k|
LY () = log————— + 1, — .
n( ) ; <Og 27T|1 — ¢elwk| + n(wk) O'2|1 —|—(96“"’k’2
By differentiating L with respect to ¢, o> and § we solve these three equations (usually numeri-

cally), this gives us the Whittle likelihood estimators.

Whittle (1962)) showed that the above criterion is an approximation of the GMLE. The correct
proof is quite complicated and uses several matrix approximations due to |Grenander and Szegd

(1958)). Instead we give a heuristic proof which is quite enlightening.

11.4.1 Connecting the Whittle and Gaussian likelihoods

We now give the details of a derivation which explicitly connects the Whittle and the Gaussian like-
lihood. The details can be found in [Subba Rao and Yang (2020). To understand the construction,
we review some results from likelihoods of independent random variables and Principal Component

analysis.
Background First suppose that Y/ = (Y7,...,Y,) is a random vector comprised of independent

random variables where var[Y;] = 0%, Let A, = var[Y,,]. It is easy to show

VIAY, =) 0772

j=1 "7
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We show below that any random vector can be written in the above form (even when the variance
is not a diagonal matrix).

Suppose X! = (X1,...,X,,) is a n-dimension random vector with mean zero and variance %,,.
Let us suppose that 3, is non-singular. Since ¥, is symmetric and positive definite it has the

spectral decomposition
S, = U, AU,
where U, ! = U and A,, = diag(A1, ..., \,). This means
=U,A'UL.

The matrix U, is built of orthogonal vectors but has the additional property that it decorrelates
the random vector X,,. To see why, let U,, = (uy, ..., u,) define the transformed vector Y, = U/ X,

where the jth entry in the vector is
YV, = (u,X,)=u;X, Zu]s
We observe

varlY,] = var [U,X,]| = U}var[X,]U,

= UUAULU, = Ay,

where we recall A,, = diag(A1,...,A,). This means that the entries of the transformed random
vector Y = (Y1,Ys,...,Y,) are uncorrelated:
cov [Yj,,Y),] = 0if ji # jo and var[Y;] = A; for j =1,.

Using the inverse transform X, = (U})"Y,, = U,Y,, we can represent X, as

n
X, =) Y,
j=1
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Returning to X/, -1 X we have

X35X, = XU.ALULX,

= Y,A'Y,

- Y%

Jj=1

However, the above expansion is very specific to the spectral decomposition of ¥,,, which is unique.

We now describe an analogous result, which can apply to any unique pairing of matrices.

Biorthogonal transforms and Likelihoods Let us return to the eigenvector matrix U,. It has the

unique property that its vectors {u;} are orthogonal and var[U,X,] is a diagonal matrix. We now

define a more general concept (called a biorthogonal transform) that yields a similar result. For

any transform matrix U, (it does not need to be such that U,U] = I,,), there exists a matrix V,

such that cov[U,X,,, Vo X,,] = A, (where A,, = diag(d,...,0,) is a diagonal matrix). U, and V,

are called biorthogonal transforms. By definition of the biorthogonal transform we have

cov [UpX,,, Vo X, ] = Upvar[ X, |V," = A,,.

n
Rearranging the above gives

var[X,| = U;lAn(Vrf)*l
next inverting it gives

var[X,,| 7' = VAU,

Now we define two transformed random vectors Y, = U,X, and Z, = V,X,,.

(Y1,...,Y,) and Z/, = (Z1,...,Z,). Then the biorthogonality properties means

cov[Zj,,Y},] = 0if ji # jo and cov[Z;, Y]] = 0;.
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Thus

“~ Z, Yy
= . (11.26)
, On
7=1
It is this identity that will link the Gaussian and Whittle likelihood.
The Whittle likelihood We recall that the Whittle likelihood is
[ Jn(wr)
Ly(0) = —
©) ; flwi: 0)
where for simplicity we have ignored the log f(wy; 6) term. The DFT vector
Yy = (Ju(wr), ..., Jn(wn))
is a linear transform of the observed time series X! = (Xi,...,X,). Let F,, be the DFT matrix

with (Fj,)xs = n~ /2 exp(itwy,), then Y,, = F,X,,. Then we can write £, (0) as

| (Fn X))kl
L,(0) = e
©) ; f(wg: 0)
The biorthogonal transform of Y, will give a representation of the Gaussian likelihood in terms

of Y,,. In particular, if V;, is the biorthogonal transform of F),, with respect the variance matrix

', (fo) then by using (11.26)) we have

X;Zn(fb)_l&n = 5
k

k=1

But in Section [10.2.3| we have already encountered the biorthogonal transform to the DFT J,,(wy)

it is simply the complete DFT

=~ 1 ) 1 )
Jn(w; f) = Jn(w)+ 7n > Px(Xn)e™ = —= Y Px(X;)e™.
7#{1,2,....,n}

where Py (X,) denotes the projection of X, onto {X;},. Let Z/, = (Ju(wi; f), - .-, Jn(wn; f)). By
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using the results in Section [10.2.3] we have the biorthogonality

cov[Jp (Wi, ), In(whys £)] = 0 if ky # kg and cov][Jn(wy), Jn(wi; f)] = flwg) for k=1,...,n

Thus

n

nZn(fo) ' X, =

k=1

T (Wiy ) I (Wi 5 fo)
Jo(wr) '

This places the Gaussian likelihood within the frequency domain and shows that the difference

between the Gaussian and Whittle likelihood is

| T (wie) 2

X2 (fo) 7' X, Z s 0)

k=1

Y

_ i Jn wkl wk27f9)

P Jo(wr)

where

~ 1 .
Tn(wif)=— Y Px(X;)e™.
\/ﬁ 7#£{1,2,...,n}

This result allows us to rewrite the Gaussian likelihood in the frequency domain and understand

how precisely the two likelihoods are connected.

11.4.2 Sampling properties of the Whittle likelihood estimator

Lemma 11.4.1 (Consistency) Suppose that {X;} is a causal ARMA process with parameters 0
whose roots lie outside the (14 9)-circle (where § > 0 is arbitrary). Let 6" be defined as in
and suppose that E(}) < oco. Then we have

0" %o

PROOF. To show consistency we need to show pointwise convergence and equicontinuity of %En.

Let

o) -5 [ - (108 fo) + 2228 o,
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It is straightforward to show that E(1£2(0)) — L,(0). Next we evaluate the variance, to do this
we use Proposition and obtain

lw = i ” ;COV wie, )|? w 2y = —
o [nan)] oo Iﬂ%:l fo(wk,) fo(w,) (nlek )1 [ (o)) = OC)

Thus we have

12(6) B 1V(6).
To show equicontinuity we apply the mean value theorem to %L}f We note that because the
parameters (¢,0) € O, have characteristic polynomial whose roots are greater than (1 + J) then
fo(w) is bounded away from zero (there exists a 0* > 0 where inf,, g fo(w) > 6*). Hence it can be
shown that there exists a random sequence {K,} such that |1 L¥(6:) — LL¥(0,))| < K, (]|61 — 62])
and /C,, converges almost surely to a finite constant as n — oo. Therefore %Ln is stochastically
equicontinuous. Since the parameter space © is compact, the three standard conditions are satisfied

and we have consistency of the Whittle estimator. ([l

To show asymptotic normality we note that %L}f (0) can be written as a quadratic form

1 w 2m 1 n—1 n—|r|
#M@:AI%M%Hw_%%%MﬂZ;&&M

)

where
1 & o ,
Aur:0) = =3 folen) ™ exp(iru).
k=1

Using the above quadratic form and it’s derivatives wrt € one can show normality of the Whittle
likelihood under various dependence conditions on the time series. Using this result, in the following
theorem we show asymptotic normality of the Whittle estimator. Note, this result not only applies

to linear time series, but several types of nonlinear time series too.

Theorem 11.4.1 Let us suppose that {X;} is a strictly stationary time series with a sufficient

dependence structure (such as linearity, mizing at a certain rate, etc.) with spectral density function
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fo(w) and E|X}!| < co. Let

001 = S~ {tog o) 5 o)
170 =32 (tog o] + ")

n _ sTw _ s Tw
0, = arg min LY(0) 0 = arg IOIél(IalL (9)

Then we have
Vi (8, —8) BN, 2V +Vviwy

where

R

)
2w 27
W= (272T)2/0 /0 Vofo(wi) ™) (Vofo(ws)™) fuey(wr, —wi,ws)dwydws,

and fy.9,(w1,w2,ws) is the fourth order spectrum of {X;}.

We now apply the above result to the case of linear time series. We now show that in this case,

in the fourth order cumulant term, W, falls out. This is due to the following lemma.
Lemma 11.4.2 Suppose that the spectral density has the form f(w) = 0?1 + PR exp(ijw)|?
and inf f(w) > 0. Then we have

1 2

— log f(w)dw = log o
21 0

PROOF. Since f(z) is non-zero for |z| < 1, then log f(z) has no poles in {z;|z| < 1}. Thus we have

1 2w 1 2w 1 2 o0
/ log f(w)dw = / log o2dw + / log |1+ E ) exp(ijw)|2dw
27 0 27 0 2 0 =

! /%1 2dw + 1/ 1 |1+§:¢ 1d
= — ogodw + — og iz|"dz
27 0 27 |z|=1 = J

1 2w

= — log o2 dw.
2T 0

An alternative proof is that since f(z) is analytic and does not have any poles for |z| < 1, then
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log f(z) is also analytic in the region |z| < 1, thus for |z| < 1 we have the power series expansion

log |1+ 3272 ; exp(ijw)|? = Py bjz7 (a Taylor expansion about log1). Using this we have

1 2T o0 ) 1 2r X
277/ log |1+ Zd}j exp(ijw)|“dw = 27r/ Z bj exp(ijw)dw
0 . 0 -
J=1 j=1
1 o0

2m
= — bj/ exp(ijw)dw = 0,
2 = 0

and we obtain the desired result. O

Lemma 11.4.3 Suppose that { X} is a linear ARMA time series Xt—zg?:l ¢ Xy =31 Oierit
et, where Ele] = 0, var[e;] = 02 and E[e}] < co. Let 6 = ({¢;,0;}), then we have W =0 and

NG (5: - 0) B N(0,2v Y.

PROOF. The result follows from Theorem however we need to show that in the case of
linearity that W = 0.
We use Example [10.7.1] for linear processes to give fy0(wi,w1, —w2) = k] A(w1)]?|A(we)|* =

24 f(w1) f(w2). Substituting this into W gives

o4

wo= L " /27T <Vof9(w1)_1> (Vofo(wz)_l)/fzw (w1, —wr, wo)dws dws
27 0 0 e ' ’

ka1 [ Vefg(w) > ki1 [T Vefe(w) , \°

= o)) o) =56 [ e )
27 2

= :,i<2177 ; Vglogfg(w)dw>

K4 1 2m 2 K4 (72 2
- (= ] dw)| =2 log — | =
o (27TV0/0 og fo(w) w) g <Vo og 27T> 0,

where by using Lemma [11.4.2] we have fozﬂ log fo(w)dw = 27 log % and since 6 does not include
02 we obtain the above. Hence for linear processes the higher order cumulant does not play an

asymptotic role in the variance thus giving the result. O

On first appearances there does not seem to be a connection between the Whittle likelihood
and the sample autocorrelation estimator defined in Section However, we observe that the
variance of both estimators, under linearity, do not contain the fourth order cumulant (even for

non-Gaussian linear time series). In Section we explain there is a connection between the two,
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and it is this connection that explains away this fourth order cumulant term.

Remark 11.4.1 Under linearity, the GMLE and the Whittle likelihood are asymptotically equiva-
lent, therefore they have the same asymptotic distributions. The GMLE has the asymptotic distri-
bution \/ﬁ@n — Q,Qn —0) LA N(0,A™1), where

EUU]) EW:UY)
EU:V)) EW:iVY)

and {U;} and {V;} are autoregressive processes which satisfy ¢(B)Uy = ¢ and 0(B)V; = &;.
By using the similar derivatives to those given in we can show that

EWUU]) EWVU) \ 1 [*" (Vafe(w)\ (Vefo(w) ’w
E(U,V)) EWV) 27r/o ( fo(w) )( fo(w) )d '

11.5 Ratio statistics in Time Series

We recall from (|11.4]) that the covariance can be written as a general periodogram mean which has

the form
1
Ao, I,) = — I, . 11.2
(6:1n) = > _ In(wr)$(wi) (11.27)
The variance of this statistic is

var(A(¢, In)) = % > dlwry)dlwr)eov(|Ju(wr) P [T (wrs) )

ki ka=1
- % Z G (wr, )P(wr, ) [COV(Jn(wk’l)’ In(Wiy))eov(JTn (Wi, ), Jn (Wi, ))
ki ka=1
+COV(Jn(wk1)7 Jn(wkz))COV(Jn(wkl)v Jn(wkz))
+eum(Jn (Wi, ), In(Wky )y In (Wi, ) Jn(wkz)] . (11.28)
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By using Proposition we have

COV(‘Jn(wkl)Fa "] (wkz

Fla) I(kr = k) +0(;>] [ wry) (klzn—k2)+o<i)] [f(wkl)l(n—klzkzw()(;ﬂ

1 1
+Ef4(wl7 _Wlaw2) + O <2> .

n

Substituting ((11.29)) into (|11.28]) the above gives

var(A(¢, In))
- %Z dwr)) > f (wr) +%Z¢(%)Mﬂwk)2
k=

k=1

LS Gon )8 ety —on o)+ O )

kl,k2 1

1

21
- ‘/|<Mf<wm+1

2m
P(w)d(2m — w) f(w) duw

27 27
/ P(w1)(wa) fa(wr, —wi, wa)dwidws +0(%), (11.30)

where fy is the fourth order cumulant of {X;}. From above we see that unless ¢ satisfies some
special conditions, var(A(¢,I,)) contains the fourth order spectrum, which can be difficult to
estimate. There are bootstrap methods which can be used to estimate the variance or finite sample
distribution, but simple bootstrap methods, such as the frequency domain bootstrap, cannot be
applied to A(¢, I,,), since it is unable to capture the fourth order cumulant structure. However, in
special cases the fourth order structure is disappears, we consider this case below and then discuss

how this case can be generalised.

Lemma 11.5.1 Suppose {X;} is a linear time series, with spectral density f(w). Let A(¢,I,) be
defined as in and suppose the condition

Aw4v=/¢wvaw=o (11.31)

holds, then

2m 2
(A1) = 1 [ )P+ [ oo —w) ).
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PROOF. By using (|11.30]) we have

var(A(¢, I,))

1 2T

2m
= o [P @ra 1 [ sw)aer = e

n Jo

2w 2 L
711/0 ; ¢(w1)¢(w2)f4(w1,—w1,wQ)+O(%)_

But under linearity fi(w1, —w1,ws) = 24 f(w1) f(w2), substituting this into the above gives

var(A(¢, 1))
27 2T
. / 92 () o + [ o(wyatr =

nJo

/i41

S T )o@ ) fn)dndin + O ()

2
1 / \d>(w)\2f(w)2dw+% [ stwyaer =P

nJo
2
ra 1| (27 1
2542 | [Tsrwad 1o ().
Since f ¢(w) f(w)dw = 0 we have the desired result. ]

Example 11.5.1 (The Whittle likelihood) Let us return to the Whittle likelihood in the case
of linearity. In Lemma we showed that the fourth order cumulant term does not play a role
in the variance of the ARMA estimator. We now show that condition holds.

Consider the partial derivative of the Whittle likelihood

wig N~ (Vofolwr)  In(wr) .
Vol (0) = ;( fo(wr) fe(wk:)2vo'f9( k))'

To show normality we consider the above at the true parameter @, this gives

Wi e Vofo(wr)  In(wk) w
VgLn(G)—];< folwe)  fo(wi)? zVofol k)>

Only the second term of the above is random, therefore it is only this term that yields the variance.

Let

A(fo*Vofo,In) Z Vefe (wg)-

k
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To see whether this term satisfies the conditions of Lemma|11.5.1| we evaluate

2w
Al *Volo o) = | ﬁ%ﬂm@)

2

=, Ve log fo(w)

27 1 27
— Vo [ logfolw) = Yoy [ log folw)dw =0,
0 ™ Jo

by using Lemma [11.4.9. Thus we see that the derivative of the Whittle likelhood satisfies the
condition (11.31). Therefore the zero cumulant term is really due to this property. O

The Whittle likelihood is a rather special example. However we now show that any statistic of
the form A(¢, I,) can be transformed such that the resulting transformed statistic satisfies condition
(11.31)). To find the suitable transformation we recall from Section that the variance of ¢, ()
involves the fourth order cumulant, but under linearity the sample correlation p,(r) = ¢,(r)/¢,(0)
does given not. Returning to the frequency representation of the autocovariance given in we

observe that

n/2 n
1 1 1
on(r) = = - I, (wy) exp(irwy) - ) exp(irwg
Pn(r) Cn(o)nk; n(wi) exp(i 5 ”kg p(irw),

(it does not matter whether we sum over n or n/2 for the remainder of this section we choose the

case of summing over n). Motivated by this example we define the so called ‘ratio’ statistic

n

i _ I In(we)dlwr) 1§ In(@i) $(wi)
A, In) = — ; 50 n ; Bam (11.32)

where E,(27) = IS L(wg) = 130 X2 = 2,(0). We show in the following lemma that
K(qb, I,,) can be written in a form that ‘almost’ satisfies condition ([11.31)).

Lemma 11.5.2 Let us suppose that A(¢, I,) satisfies and

n

Ag, f) = Z :

k;:
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where F,(27) = %Z?zl f(wg). Then we can represent A(¢, I,,) as

A1) = A6 1) = oo S e
n\em) ™ k=1

where
Ynlor) = B Fa(2m) = = S Gl fley)  amd Y (e fle) =0 (113
k=1

PROOF. Basic algebra gives

) . B l d(w P(wr) f(wi)
Ao, I,) — Ao, f) = ”k1< F,(2m) )
o nb(w )_(;5( 1) (27) f (wi)
I ;( om) E, (2r) >
1 n In(wk)
= 23 () Fa2m) = = 3 bl flun) ) —)
n kz:l ( Z ‘ >Fn(27r)Fn(27r)
_ 1y b))
"= F (2m) B (27) ’

where F,(27) and ¢ are defined as above. To show ({11.33]), again we use basic algebra to give

LS v fen) = Z( A (2m) ——quj ) )
k=1

- %Zwk L (2m) —dewk =3 feg) =0

From the lemma above we see that A(¢, I,,) — A(¢, f) almost seems to satisfy the conditions in
Lemma [11.5.1] the only difference is the random term ¢, (0) = F,(2) in the denominator. We now
show that that we can replace ﬁn(Qw) with it’s limit and that error is asymptotically negligible.
Let

D>z

Ald, L) = Ao, f) = —%—an wi) In(wi) == B, I,)

Fo(2
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and
1 1
B(wmfn) = Wﬁ kZ:l¢(wk)In(wk)-

By using the mean value theorem (basically the Delta method) and expanding B(tn, I,) about

B(tn, I,) (noting that B(¢,, f) = 0) gives

B(i, I) = B(t, 1)

R 1 1 1
= n\&T) — Lpl LT - n\Wk ) In (W :Opfa

(o) ~Fo0m) sy S )] = O

Op(n=1/2) —
Op(n=112)

where F,(27) lies between F,(27) and F,(27). Therefore the limiting distribution variance of

A(¢,I,,) — A(¢, f) is determined by
Z(qb, In) - Av(gba f) = B(d}na In) + Op(n_1/2)'

B(tn, I,) does satisfy the conditions in (11.31])) and the lemma below immediately follows.

Lemma 11.5.3 Suppose that {X;} is a linear time series, then

2 2
wr(Bn) = & [P+ [ e@ilr @) e+ O(g).

where

Therefore, the limiting variance of A(¢,I,) is

1 27

2w ) 2d 1
| werseras

n

(PR — @) f()do + O(g).

This is a more elegant explanation as to why under linearity the limiting variance of the correlation

estimator does not contain the fourth order cumulant term. It also allows for a general class of

statistics.
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Remark 11.5.1 (Applications) As we remarked above, many statistics can be written as a ra-
tio statistic. The advantage of this is that the variance of the limiting distribution is only in
terms of the spectral densities, and not any other higher order terms (which are difficult to esti-
mate). Another perk is that simple schemes such as the frequency domain bootstrap can be used
to estimate the finite sample distributions of statistics which satisfy the assumptions in Lemma
or is a ratio statistic (so long as the underlying process is linear), see|Dahlhaus and Janas
(1996) for the details. The frequency domain bootstrap works by constructing the DFT from the
data {Jp(w)} and dividing by the square root of either the nonparametric estimator of f or a
parametric estimator, ie. {Jp(w)/ fn(w)}, these are close to constant variance random variables.
{Je(wi) = Jn(wi)/A) fu(wi)} is bootstrapped, thus J*(wi) = J*(wi)\/ fn(wr) is used as the bootstrap

DFT. This is used to construct the bootstrap estimator, for example
o The Whittle likelihood estimator.
e The sample correlation.

With these bootstrap estimators we can construct an estimator of the finite sample distribution.
The nature of frequency domain bootstrap means that the higher order dependence structure is
destroyed, eg. cum*(J}(wk, ), J(Wky)s -« -, I (W, )) = 0 (where cum™ is the cumulant with respect
to the bootstrap measure) if all the k;s that are not the same. However, we know from Proposition
that for the actual DFT this is not the case, there is still some ‘small’ dependence, which
can add up. Therefore, the frequency domain bootstrap is unable to capture any structure beyond
the second order. This means for a linear time series which is not Gaussian the frequency domain
bootstrap cannot approximate the distribution of the sample covariance (since it is asymptotically
with normal with a variance which contains the forth order cumulant), but it can approximate the

finite sample distribution of the correlation.

Remark 11.5.2 (Estimating x4 in the case of linearity) Suppose that {X:} is a linear time

series

X = Z Vigt—j,

j=—o0

with E(g;) = 0, var(e;) = 02 and cumy(e;) = k4. Then we can use the spectral density estimator to

estimate Ky without any additional assumptions on {X;} (besides linearity). Let f(w) denote the
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spectral density of {X;} and go(w) the spectral density of {X?}, then it can be shown that

o 27g2(0) — 4w fo% f(w)?dw
(o™ f(w)dw)*

Thus by estimating f and go we can estimate Kq.
Alternatively, we can use the fact that for linear time series, the fourth order spectral density

falwi,wo,ws) = kgA(w1)A(w2)A(ws) A(—w1 — we — ws). Thus we have

U4f4(w17 —(A)1,0J2)

flw1) f(w2)

R4 =

This just demonstrates, there is no unique way to solve a statistical problem!

11.6 Goodness of fit tests for linear time series models

As with many other areas in statistics, we often want to test the appropriateness of a model. In this
section we briefly consider methods for validating whether, say an ARMA(p, q), is the appropriate
model to fit to a time series. One method is to fit the model to the data and the estimate the
residuals and conduct a Portmanteau test (see Section[f], equation (8.15))) on the estimated residuals.
It can be shown that if model fitted to the data is the correct one, the estimated residuals behave

almost like the true residuals in the model and the Portmanteau test statistic

h
Sh=n_|pn(r),
r=1
where ﬁn(r) = én(r)/én(o)
1 n—|r|
en(r) = o Z Et€tyr
t=1

should be asymptotically a chi-squared. An alternative (but somehow equivalent) way to do the

test, is through the DFTs. We recall if the time series is linear then (11.11) is true, thus

= ’JE(W)F + 0p(1).
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Therefore, if we fit the correct model to the data we would expect that

= |Je(w)[* + 0p(1).

where 0 are the model parameter estimators. Now |J-(w)|? has the special property that not only is

it almost uncorrelated at various frequencies, but it is constant over all the frequencies. Therefore,
we would expect that

n/2

1 Ix(w) _ D
277\/5,;1(]‘9(@ 2) = N(0,1)

Thus, as an alternative to the goodness fit test based on the portmanteau test statistic we can use

the above as a test statistic, noting that under the alternative the mean would be different.

11.7 Appendix

Returning the the Gaussian likelihood for the ARMA process, defined in (9.25)), we rewrite it as
Ln(0) = — (det |Ry(0)| + X, Ry (0) ' X,,) = — (det |Ry(fo)| + X, Ru(fo) 'Xn),  (11.34)

where R, (fg)st = [ fo(w)exp(i(s — t)w)dw and X!, = (Xi,...,X,,). We now show that L,(0) ~
—LY(0).

Lemma 11.7.1 Suppose that {X;} is a stationary ARMA time series with absolutely summable

covariances and fg(w) is the corresponding spectral density function. Then

n

w 2
det | Rulfo)] + X R (fo) X = 3 (mg folwo)] + "”’“)') o),

— fo(wr)
for large n.

PROOF. There are various ways to precisely prove this result. All of them show that the Toeplitz
matrix can in some sense be approximated by a circulant matrix. This result uses Szegd’s identity
(Grenander and Szegd| (1958)). The main difficulty in the proof is showing that R,(fg)™! =~
Un(fe_l), where U, (fy')st = [ fo(w) Lexp(i(s — t)w)dw. An interesting derivation is given in

Brockwell and Davis| (1998)), Section 10.8. The main ingredients in the proof are:
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1. For a sufficiently large m, R,(fg)~' can be approximated by R,(gmn)~!, where g, is the
spectral density of an mth order autoregressive process (this follows from Lemma [10.6.2)),

and showing that

XoRn(fo) ' X, — X Ra(9m) ' X, = X [Ru(fo)™' = Rulgm) '] X,y

= X/an(gm)_l [Rn(gm) - Rn(f@)] Rn(fgl)&n — 0.

2. From Section we recall if g, is the spectral density of an AR(m) process, then for
n >>m, Ry(gm)~! will be bandlimited with most of its rows a shift of the other (thus with

the exception of the first m and last m rows it is close to circulant).

3. We approximate R, (g,,)~ " with a circulant matrix, showing that
X0, [Ralgm) ™" = Culg)] X, = 0,

where Cy,(g,,,?) is the corresponding circulant matrix (where for 0 < |i—j| < m and either i or
j is greater than m, (Cy,(g71))ij = 2 Zzl:h’—ﬂ i kP k—li—j|+1 — Prm,Ji—j|) With the eigenvalues

{gm (Wk)_l}Z:1 .

4. These steps show that
X0 [Ra(fo) ™" = Unlgn')] X, = 0

as m — oo as n — oo, which gives the result.

Remark 11.7.1 (A heuristic derivation) We give a heuristic proof. Using the results in Sec-
tion we have see that R,(fg) can be approximately written in terms of the eigenvalue and

eigenvectors of the circulant matriz associated with Ry (fg), that is
R.(fo) = FnA(fo)Fn  thus  Ry(fe) = F,A(fe)  F, (11.35)

where A(fg) = diag(fg” (w1, f§" (wn), f§"(w) = L0 colk) explikw) — fo(w) and

406



w = 2wk /n. Basic calculations give

X Fp = (Jn(@1)s- - s Jn(wn)). (11.36)

Substituting and into yields

n

w 2
L) ~ 230 <logf9(wk) + M) - %wa). (11.37)

n n fo(wr)

Hence using the approximation in leads to a heuristic equivalence between the Whittle and

Gaussian likelihood.
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Chapter 12

Multivariate time series

Objectives

12.1 Background

12.1.1 Preliminaries 1: Sequences and functions

Suppose the sequence a = (...,a_2,a_1,ag,a1,...) satisfies the property that ||a||3 = >jez laj|? <

oo. Using a we define the function
Alw) = Z a; exp(ijw).
JEZL

A(w) is defined on [0, 27) and has wrapping. In the sense A(0) = A(27). Further A(w) = A(—w) =

A(2m — w). We can extract a, from A(w) using the inverse Fourier transform:

1 2

ap = — A(w)e™ " duw.
2 0

To understand why use (12.1)) below.
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12.1.2 Preliminaries 2: Convolution

We state some well known results on the convolution of sequences, which will be very useful when

analysing multivariate time series.

Let ¢35 denote the space of square summable sequences. This means if the sequence a =

(...,a_9,a_1,a9,a1,...) is such that ||a|3 = diez la;j|> < oo, then a € 5. Examples of sequences

in /5 is the short memory autocovariance function which is absolutely summable (> |c(r)] < oo)

Suppose a,b € £5, and define the convolution

Z ajbj_k.

JET

The convolution can be represented in the Fourier domain. Define

A(N) =) ajexp(—ijA) and B(A) =) bjexp(—ij)).
JEL JEZ

Then

1 21
> abik =5 / AN B(A) exp(—ikA)dA.
JEL 0

Proof of identity We use the property

1 [27 1 j=0

— exp(ijN\)d\ = )
2m Jo 0 jez/{0}

Expanding the integral gives

I e — , 12
27r/o ANB(A) exp(—ikN)dA = Y Z%bﬁ%/ e~ HmHRTRIA g

J1€EZ j2 €L 0

= Z ajbj,k,

JEZ

=0 unless jo=j1—k

this proves the identity.
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12.1.3 Preliminaries 3: Spectral representations and mean squared

errors

Univariate times series

We state some useful identities for mean squared errors, first in the univariate case, then in the
multivariate case. First we recall the spectral representation of a second order stationary time
series (described in Section [10.3.1). Suppose that {X;} is a second order stationary time series.

Then it has the representation

1 2m
Xy / exp(itw)dZ (w),
0

" or

where {Z(w);w € [0,27]} is a complex random function that satisfies the orthogonal increment
property. We will use the follow properties. If A and B are zero mean, complex random variables,

then cov[A, B] = E[AB] and var[A] = cov(A4, A) = E[AA] = E|A|?. Using this we have

o If (w1, ws) and (w3, wy4) are non-intersection intervals, then cov|Z(we2)—Z(w1), Z(w4)—Z(w3)] =

0.

e Thus var[Z(w)] = E[|Z(w)|?] = F(w), where F is the spectral distribution function (positive
non-decreasing function). If {X;} is purely non-deterministic and its autocovariance belongs

to fa, then F' = f(w), where f(w) = (2m)~' Y, oy c(r)e'™.

e Using the above E[|dZ(w)|?] = E[dZ(w)dZ (w)] = dF (w) = f(w)dw and E[dZ(w;)dZ (w2)] = 0

if w1 75 w9.

Mean squared errors Our aim is to rewrite the mean squared error

2

E Xt — Zant_j
J#0

using the spectral representation. To do so, we replace X;_; in the above with

1 2

Xi—j exp(i(t — j)w)dZ(w).

We will use the fact that if A is a real random variables then E(A) = E(AA), which will simplify
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the calculations. This gives

2 1 27 2 ?
X — Zant,j = E o ), exp(itw)dZ (w Zaj 27r/ exp(i(t — j)w)dZ(w)
J7#0
1 27 ?
= E ), exp(itw)dZ (w 2%2 / exp(i(t — j)w)dZ(w)
1 [ y ’
= EQ— et 1—2@6“" Z(w)
" J7#0

= B [ A Az 7))

where we set A(w) =1-3, aje”%. Now we use the property that E[|dZ (w)|?] = E[dZ(w)dZ (w)] ==
dF (w) = f(w)dw and E[dZ(w;)dZ(w2)] = 0 if wy # wa this gives

2

Xt_zant—j -
J#0
1 1 27
- (%)/O A@PEZWP = 5 [ 1AW,

Observe that |A(w)|? > 0 for all w.

21 27r

A(w)A wg (dZ(wl)dZ(w2)>

Multivariate times series

Suppose U} = (X3,Y7}) (column vector) is a d-dimensional, zero mean, second order stationary mul-
tivariate time series. Second order stationarity in the multivariate set-up is similar to second order
stationarity for univariate time series. But there are some important differences. A multivariate

time series is second order stationary if for all t € Z and h € Z we have
cov (Uy, Uyyp,) = C(h), (12.2)

where C'(h) is a d x d matrix. However, unlike univariate time series, C'(h) = C(—h) does not

necessarily hold. Similar to univariate time series, the spectral density matrix is defined as

Z C(h) exp(ihw).

heZ
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The matrix ¥ (w) looks like

fiiw)  fizw) .. fra(w)
S(w) = for(w)  faa(w) ... faa(w)

far(w) fao(w) ... faa(w)

The diagonal of ¥(w) is simply the regular univariate spectral density, i.e. fqq(w) is the spectral
density of the stationary time series {Xt(a)}t. The off-diagonal gives cross dependence information.

For example by using (|12.2)) we can see that

fan(w) = cap(h) exp(ihw),

heZ

where cqp(h) = cov(Xt(a),Xt(_?_)h). Thus fup(w) is a frequency measure of cross dependence between

two time series. With a litte thought one can see that

fba(w) = fab(w) = fab(277 - w)-

In other words, ¥ (w) = ¥(w)* (where A* denotes the conjugate transpose of A).

The vectors time series {U,} has the representation

1 2

Uy =5 exp(itw)dZy (w), (12.3)
0

where Z;;(w) is an orthogonal increment process, which has similar properties to the univariate
orthogonal increment process. Under summability conditions on the autocovariance matrix we have

for w1 75 w2
E (ng(wl)ng(m)) =0
and
—_—

B (4Zy (@)dZy(@)' ) = E(dZy(@)dZy(w)) = S(w)do,

where V* denotes the conjugation and transpose of the vector V.
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We write the spectral matrix as the block matrix below

fxx(w) fxy(w)
frix(Ww)  frv(w)

Y(w) =

Spectral representations of linear sums Using (12.3]) we have

1 2 iy
Vi=) BiY,; = ZBJ’Q?T/ e IAZ,y (w)
JEZ JET 0
1 [27 " g
= 5 ; et ZBjefl]‘” dZy (w)
JEZ
1 27

= 5 ; e B(w)dZy (w).

Using the same arguments as in the univariate case we have

1 2 i .
corlVi Veunl = BV Vi) = 5= [ 7™ Bw) fry (@)Bw)"de

Therefore, by the uniqueness of Fourier transforms the spectral density of {V,} is B(w) fyy (w)B(w)*.
In order to obtain best linear predictors in a multivariate time series we note that by using the

: !/
above we can write X; — >, ATY,_;

1 2
X — ZA;'Xt—j = 27T/0 e [dZx (w) — A(w) dZy (w)], (12.4)
JEL

where A(w) =3,y Aje~%_ This will be our focus below.

Mean squared errors Our aim is to rewrite the mean squared error

2

B Xi— A,
JEZ
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using the spectral representation. To do this, we substitute (12.4]) into the above to give

1 2

2m
3 | e 4x(w) - Ay dzy ()]

JET

2
E (Xt -y A;.YH) =E

2 2w -
= (2711_)2/0 /0 eit(w1—w2) [dZX(wl) _A(Wl)/dZy(wl)] |:dZX(w2) _A(W2)*dZy(WQ)

21
= (glﬂ) /0 B [dZx (w) — A)'dZy (@1)] [dZx (@) ~ Aw)"dZy )|,

where in the last equality of the above we use that E (dZU(wl)dZU(wg)) = 0 if w; # wa. We note
that E [dZx (w) — A(w)' dZy (w1)] [dZX(w) — A(w)*dZy (w)] is positive and can be written as

E [dZx(w) — A(w)dZy ()] [dZX (@) — A(@*dgy(w)}

= B[ldZx (@) - Aw)dZy ()] [dZx (@) - Aw) dZy ()]

= [fxx(@) = AWY frox(@) = Foy (@)AW) + A@) fry (@) AW)| dw.

Substituting this into the integral gives

JEZ.

2
E (Xt -y A;Ytj)

1

27 L -
B (277)/0 [fXX(w) — Aw) frx (@) = fxy (Ww)A(w) + A(w)lfyy(w)A(w)} dw.

By using a similar argument we have that

cov [ Xp =Y AY, ; Xo =Y ALY,
jez jez
1

27 -
- (277)/0 exp(i(t = 7)) [fxx(w) = AW) frx (W) = fxy (@) Aw) + A(w)'fyy(w)A(w)} dw.

Thus by the uniqueness of Fourier transforms

[ Foox(w) = AW frx (@) = Fry @) Aw) + AW frv(@)A@)

is the spectral density of the transformed time series {X; — .y ALY, bt
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12.2 Multivariate time series regression

Suppose that {Xt(a)} is a univariate (for simplicity) time series and {Y,} a multivariate time series,

where {Xt(a),zt}tez is jointly second order stationary. Let 3(-) denote the spectral density matrix

Ixx(w) fxy(w)
frx(w) fry(w)

S(w) =

corresponding to {Xt(a),Xt}tez. Our aim is to project Xt(a) onto the space spanned by {Y,_;};i—;.
This is not a model but simply a projection. Since {Xt(a),Zt} is second order stationary the

regressions will be invariant to shift. That is
X =N" Ay, e, (12.5)
JEZ
where cov[sga),XF ;] = 0 and the d-dimension vectors A; do not depend on ¢. Let
Alw) = Z Al exp(—ijw).
JEZ

Wiener showed that the A(w) which gave the equation ([12.5]) could easily be solved in the frequency

domain with

Alw) = fyy(w) " frx (W), (12.6)

and by inverting A(w) we can obtain the coefficients {A;};

1 2w

A; A(w) exp(—ijw)dw.

Using this identity, one can easily obtain an estimator of A(w) by estimating fyy(-) and fy x ()
and using these estimators to estimate A(w). We prove (12.6) in Section ??. We start with some

implications and applications of the regression (|12.5]).
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12.2.1 Conditional independence

In this section we discuss some of the notable features of projecting Xt(a) onto {Y,} where Y} =

(Xt(l), - ,Xt(d)). We recall that

Xt(a) = Z A;Xt—] + Eta)
JEZ

d
= Z Z A],th(f)j + Ega)

JEZ =1

Remark 12.2.1 (Special case) Suppose A;s = 0 for all j. This means the contribution of the
time series {Xt(s)}t in “predicting” Xt(a) 1s zero. In other words, after projecting on the remain-
ing time series, the vector Y, . = (Xt(l),...,Xt(s_l),Xt(sH),...,Xt(d)), {Xt(s)}t s conditionally

=t,—s

uncorrelated (or independent if Gaussian) with {Xt(a)}.

The regression is one-sided. But we know in the multivariate set-up the regression coefficients

are related to the partial correlation though the expression identity

var(g;)

i = Pii . 12.7
We now show a similar expression holds in the context of partial correlation. However, we first

need to define the notion of partial correlation and coherency of a time series.

12.2.2 Partial correlation and coherency between time series

We now define the notion of partial correlation between time series and relate it to the regression
coefficients in time series, mentioned above.
Typically this is defined in terms of elements in one large vector time series, but to simplify

notation suppose {(Xt(a), Xt(b),xg)}t is a (d+ 2)-dimension second order stationary time series. Let

faa(w
E(w): fba(w
fraWw) frpw) frv(w)

)
)
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denote the spectral density matrix. Let

ey = x- Y vy,
j=—00

b b > b

5151)/ = Xt()_ Z (Aﬁ))’Xt_j
Jj=—00

where {Ag-a)} ; and {A}b)} ; are the coefficients which minimise the MSE and by using ((12.6

AD (W) = fyy (W) fra(w) and A (w) = fyy (@) frp(w) (12.8)

with A@(w) = ZjezA )exp[(ijw) and A®)(w) = Z]EzA )exp[(ijw). We define the partial

covariance between {8t Y}t and {Egby}t as

cov |:€§ 3)/, 6_(1_(13)/] = Ca7b|y(t —T).

(a)

Observe that because the original time series is second order stationary, €,y are also second order
stationary (as it is a linear combination of a second order stationary time series time series).

As in the case the regression coefficient is zero for all lags (as discussed in the previous section).
If ¢4y (h) = 0 for all h, then {X } and {X } are conditonally independent (when conditioned
on {Y}).

12.2.3 Cross spectral density of {6£?,8§?})/}: The spectral partial
coherency function

We now evaluate the cross spectral density function of {(6,(5'1;, eg }),)}t which is the Fourier transform

of {cq v (h)}n-

Remark 12.2.2 (What to look out for) If Caply (h) = 0 for all h then its spectral density will

be zero too.

To calculate this we use the representations in Section [12.1.3] In particular equation (12.4)),
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with

" a 1 27 it a
XAy = g [ e [0t - A )]
JEZ 0
b b 1 °n itw
TN e et
JEZ

where {Z,(w), Zp(w), Z;,(w)} is an orthogonal increment vector process. Thus by using the result

in Section [2.1.3] we have

Coppy(t—7) = (2;)2 / " / " et ((|dZy(wn) — AV () dZy (w1)] [dZy(ws) = AV (wp)'dZy (w2) )

- = Ow/ohe“t—T)‘”E([dzb@)—A<b>(w>’dzy<w>] [02,(w) — AP (w)dZy )] ).

Now we focus on evaluating

E ([dzb(w) — A®(wYdz, (w)] [dZq(w) — Al®) (w)’dzy(w)])

!

= B[dZ,(w)dZy(w)] — EldZs(w)dZy (w) AW (w)* — A (W) E[dZy (w)dZ,(w)] +

!

AV (@) E[dZy (w)dZy (@) 1A® )",

Substituting (12.8]) into the above gives

E ([de(w) — A(b)(w)/dgy(w)} [dZa(w) _ A(“)(w)’dzy(w)D
= [fab(w) - fa,Y(w)fy(w)_lfyvb(w)] dw.

Altogether this gives the decomposition

1 27 27 )
camn®) = 5= [ [T [ful) = Fo () ) )] s

Thus by the uniqueness of the spectral density function, the spectral density of {Cayb‘y(h)} is

Japy (W) = an,b\Y(h) exp(ihw) = fap(w) — fay (W) fy (W) frp(w).

heZ
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The standardized version of f, 4y (w):

_ fa(@) = fay (W) fy (W) frp(w)
V aly @) oy (@)

Pa,b|Y(W)

is often called the spectral partial coherence in multivariate time series.

12.3 Properties of the inverse of the spectral density

matrix

We now show that results analogous to those in multivariate analysis, also apply to the inverse
spectral density matrix. In particular, the linear regression A(w) and partial coherency Jap|y are
found within the inverse spectral density matrix. To do this we write everything in terms of the
multivariate time series {Y, };.

The important results that we will use is that if ¥ is a positive definite matrix and T' = £~ (it

can be complex). Then
e The diagonal

1
Eaa - Ea,—az—i,—izl ’

a,—a

I\aa =

where ¥, _, denotes the ath row of X with the ath column removed.

e The off-diagonal For a # b we have

I1ab = _Ba,braa

where
/6a = (5a,la ceey 5a,d)/ = [E—a,—a]_lz—a,a- (129)
e The formula for partial correlation. The partial covariance is

Ya,b = Ea,b - E:17—(a,b) [Z—(a,b)]_lza,—(a,b)' (1210)
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Thus the partial correlation is

Ya,b

vV YaaYbb .

Pa,b =

The regression coefficients and partial correlations are linked by pa, = Bap4/ 1;‘;: Using this

we can represent the partial correlation as

Puy = — b
“ V 1—\aal—\bb

We will compare the above formulas with the time series regression coefficients (the Fourier
transform) and spectral coherency. We will show that these quantities are hidden in the inverse
of the spectral density matrix. Let us suppose that {Y,}; is a second order stationary time series,

where Y}, = (Xt(l), . ,Xt(d)). The corresponding spectral density matrix is

fuw) fizw) ... fia(w)

S(w) = for(w)  fao(w) ... fag(w)

Jon(w) fa(w) ... fa(w)

We let I'(w) = B(w) L

Formulas for time series regression coefficients and spectral coherency:

e The best linear predictor of Xt(a) given {Xg_a)}t is

LEL

Let A®(w) = > ez Aéa) exp(ifw), then
A0 ) = [£0) ol 5) aa: (12.11)

where ¥ (w)_q,—q is X(w) but with the jth column and row removed.

e Formulas for spectral coherency (Fourier transform of partial covariance) between {Xt(a)}t
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and {Xt(b)}t given {Xt_(a’b)}t is

Fapl—(ap) (@) = ab(w) = Za,— (a,6) (@) [E_(0,0),~(a,0) (@)] T B (a0 p(w) (12.12)

where ¥, _(q,5)(w) is the ath row of ¥(w) but with the (a,b)th column removed. Using the
above we define
 fab(W) = fa—(a) (@) (a5 (@) T () 5 (W)

pa,b(w) = :
\/fa,a|—(a,b) (w)fb,b|—(a,b) (w)

Making the comparison Comparing (12.9) with (12.11)), we observe that

Nw)g,e = _f_al(w) where f_q(w) = 2(Waa — 2(W)a—a[Z(W)—a—a] o _a(w)'.

For a # b
F(w)a,b = _[A(a) (w)]br(w)a,a‘ (12‘13)

Comparing f_,(w) with Section [12.1.3] it can be seen that f_,(w) is the spectral density of the
residual time series {Xt(a) - ZZ(AEQ) )’XE:(Z)}. This links the regression coefficients in time series
with those of the precision matrix.

We now turn to partial spectral coherency. Again comparing ((12.10) with (12.12) we can see
that

F(w)a,b

T(W)aal (W)ey (12.14)

pa,b(w) = -

In conclusion we have shown that all the formulas which connect the precision matrix to linear
regression and partial correlation in multivariate analysis transfer to the precision spectral density
matrix in stationary time series. However, the results derived above are based simply on a compar-
ision of formulas. Below we give an intuition why these must hold using the orthogonal increment

process {Z(w);w € [0,27)}.
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A heuristic understanding in terms of the orthogonal increment process

Let Y} = (Xt(l), . ,Xt(d)), and suppose {Y,}; is a second order stationary time series. Then it has
the spectral representation

1 2w

Yy=o- ; exp(itw)dZy (w),

where Zy-(w) is an orthogonal increment process. Very roughly speaking (and totally ignoring Ito
Calculus) this means we can treat the increments/segments {ék}ii/o&*l where A, = Z((k+1)0) —
Z (ko) as roughly uncorrelated (but not identically distributed) random vectors. The random vector

A, has mean zero and variance that is
var[A,] = 3((k 4+ 1)d) — 3(kd) =~ 0X(k9).

Now we can apply all the results in multivariate analysis to the random vector A, (regression and

partial correlation) and obtain the formulas above.

12.4 Proof of equation (12.6

We recall in equation 1' we stated that the best linear predictor of Xt(a) given Y, is

Xt(a) = Z A;thj + Ega),
JEZ

where
Aw) = fyy (W) frx (W),

A(w) = 3 ez Ajexp(—ijw). We now prove this result. There are various method but in this

section we use the spectral representation which reduces the mean squared error

2

Bl Xi= A,
JEZ
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By using the results in Section [12.1.3| we can write the MSE as

1 2

2

27
/0 ¢ [dZx () — A(w)dZy ()]

2
E Xt_ZAg‘Zt—j =B
JEZ
1

2m -
- (277)/0 E [dZx(w) = A(w)'dZy (w1)] {dZX(w) — A(w)*dgy(w)} ,

where

E [dZx(w) — A(w)dZy ()] [dZX @) — A(w)*dgy(w)}

= [fxx(@) = AWY frox(@) = Foy (@) AW) + A@) fry (@) AW)| do.

Substituting this into the integral gives

2
E (Xt -> A;.Ytj)

JEZ.

1

27 o -
= (27T)/0 [fXX(W) — Aw) frx (@) = fxy (W) A(w) + A(w)lfyy(w)A(w)} dw. (12.15)

Studying the above expansion we observe that the term inside the integral
L(430) = [ Fxx(@) — A@) frx (@) = fry (@) AW) + Aw) fry (@) AW)]

is non-negative. Thus we can find the A(w) which minimises (12.15) by finding the A(w) which

minimises L(A;w) for each w € [0, 7] (since A(w) = A(2m —w)). We first note that the vector A(w)

is a complex vector, thus we partition it in terms of its real and imaginary parts
Aw) = a(w) + ib(w).
Substituting this into L(A;w) and differentiating with respect to the entries in a(w) and b(w) gives

Val(Ajw) = —fraw) = fay (W) + fry (w)A(w) + (Aw)" fry(w))"
VbL(A;w) = —ify,a(w) + Z'fa7y(w)* + ifyy(w)A(w) - Z(A(w)*fyy(w))*
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Equating the derivatives to zero and solving for a(w) and b(w) gives
Aw) = fry (@) frx (W)

Thus we have proved the required result.

An alternative proof involves the normal equations (derivatives of the MSE):

2
B Xe- DAYy | Yo
JEZ
This avoids going immediately going into the frequency domain (we have done above) and thus
the need to take complex derivatives. One then replaces the autocovariances in the above with the
spectral density function. It has the advantage of avoiding the need to consider the derivatives of

real and imaginary parts (or their complex derivatives). We leave the details as a exercise.
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Chapter 13

Nonlinear Time Series Models

Prerequisites

e A basic understanding of expectations, conditional expectations and how one can use condi-

tioning to obtain an expectation.
Objectives:
e Use relevant results to show that a model has a stationary, solution.
e Derive moments of these processes.
e Understand the differences between linear and nonlinear time series.

So far we have focused on linear time series, that is time series which have the representation

)
Xe= Y ey, (13.1)
j=—00

where {e;} are iid random variables. Such models are extremely useful, because they are designed
to model the autocovariance structure and are straightforward to use for forecasting. These are
some of the reasons that they are used widely in several applications. Note that all stationary
Gaussian time series have a linear form (of the type given in (13.1])), where the innovations {e;}

are Gaussian.
A typical realisation from a linear time series, will be quite regular with no suddent bursts
or jumps. This is due to the linearity of the system. However, if one looks at financial data, for

example, there are sudden bursts in volatility (variation) and extreme values, which calm down
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after a while. It is not possible to model such behaviour well with a linear time series. In order to
capture ‘nonlinear behaviour several nonlinear models have been proposed. The models typically
consists of products of random variables which make possible the sudden irratic bursts seen in
the data. Over the past 30 years there has been a lot research into nonlinear time series models.
Probably one of the first nonlinear models proposed for time series analysis is the bilinear model,
this model is used extensively in signal processing and engineering. A popular model for modelling
financial data are (G)ARCH-family of models. Other popular models are random autoregressive
coefficient models and threshold models, to name but a few (see, for example, Subba Rao| (1977),
Granger and Andersen| (1978]), [Nicholls and Quinn| (1982), |[Engle (1982), Subba Rao and Gabr
(1984)), Bollerslev; (1986), Terdik| (1999), Fan and Yao (2003), Straumann| (2005) and Douc et al.
(2014)).

Once a model has been defined, the first difficult task is to show that it actually has a solution
which is almost surely finite (recall these models have dynamics which start at the —oo, so if they
are not well defined they could be ‘infinite’), with a stationary solution. Typically, in the nonlinear
world, we look for causal solutions. I suspect this is because the mathematics behind existence of
non-causal solution makes the problem even more complex.

We state a result that gives sufficient conditions for a stationary, causal solution of a certain
class of models. These models include ARCH/GARCH and Bilinear models. We note that the
theorem guarantees a solution, but does not give conditions for it’s moments. The result is based

on Brandt| (1986), but under stronger conditions.

Theorem 13.0.1 (Brandt (1986)) Let us suppose that { X} is a d-dimensional time series de-

fined by the stochastic recurrence relation
Xt = AtXt—l + Bt7 (132)

where {A¢} and {B:} are iid random matrices and vectors respectively. If Elog||A:] < 0 and
Elog || Bi|| < oo (where || - || denotes the spectral norm of a matriz), then
o0

k—1
X;=B;+ Z (H At—i> B;_; (133)
k=1 \i=0

converges almost surely and is the unique strictly stationary causal solution.

Note: The conditions given above are very strong and Brandt (1986]) states the result under
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which weaker conditions, we outline the differences here. Firstly, the assumption {As, B} are iid
can be relazed to their being Ergodic sequences. Secondly, the assumption Elog ||A:]| < 0 can be
relazed to Elog || A¢| < oo|I| and that {A¢} has a negative Lyapunov exponent, where the Lyapunov
exponent is defined as limy,_,o | [Tj=; Ajll =, with v <0 (see|Brand{| (1986)).

The conditions given in the above theorem may appear a little cryptic. However, the condition
Elog|A; < 0 (in the unvariate case) becomes quite clear if you compare the SRE model with
the AR(1) model X; = pX;_1 + &, where |p| < 1 (which is the special case of the SRE, where
the coefficients is deterministic). We recall that the solution of the AR(1) is X; = Y 70 plet_j.
The important part in this decomposition is that |p?| decays geometrically fast to zero. Now let
us compare this to , we see that p? plays a similar role to Hi‘:ol Ay_;. Given that there are
similarities between the AR(1) and SRE, it seems reasonable that for to converge, H;:Ol A
should converge geometrically too (at least almost surely). However analysis of a product is not

straight forward, therefore we take logarithms to turn it into a sum
L= =
% log H) A = % z; log A;_; “3 Ellog A¢] :== 7,
= =

since it is the sum of iid random variables. Thus taking anti-logs
k—1
H As—i =~ explky],

=0

which only converges to zero if v < 0, in other words E[log A;] < 0. Thus we see that the condition

Elog|A:| < 0 is quite a logical conditional afterall.

13.0.1 Examples

The AR(1) model

It is straightforward to see that the causal, stationary AR(1) model satisfies the conditions in

Theorem [[3.0.11 Observe that since

Xi=0Xi—1+e

has a stationary causal solution when |¢| < 1, then E[log |¢|] = log|¢| < 0 (since |¢ < 1]).

1Usually we use the spectral norm, which is defined as the \/Amax(A4’A)
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The AR(2) model

Things become a little tricker with the AR(2) case. We recall from Section ?? that the causal
AR(2) model

Xt =01 Xp—1+ 02 Xp_ o+ e

can be written as an VAR(1) model

X, =AX, +eg =) Ag (13.4)
j=0
where
o1 P2 | (13.5)
1 0

and g} = (g¢,0). For the process to be causal the eigenvalues of the matrix A should be less than
one. Thus in the above example ¢; = a + b and ¢2 = —ab, for some |al,|b| < 1. This implies that
the eigenvalues of A will be less than one, however the eigenvalues of A’A may not be less than

one. For example consider the AR(2) model

X, =2x02X;1— 022X, 5+ ¢

which correspond to A with the eigenvalues 0.2 and 0.2.

A = matrix(c(2*phi,-phi**2,1,0),byrow =T, ncol = 2)
>eigen(A)

eigen() decomposition

$values

[1] 0.2+0i 0.2-0i

> eigen(A%*%t (A))

eigen() decomposition

$values

[1] 1.160220952 0.001379048
From the code above, we see that the spectral radius of A (largest eigenvalue of A) is 0.2, but
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| Allspec = 1.16. However, if we evaluate the spectral norm of A2, it is less than one;

> A2 = AYx*YA

> eigen(A2%*%t (A2))
eigen() decomposition
$values

[1] 1.762415e-01 1.452553e-05

In this example we see that ||A2| spec = v/0.176. Since we can group the product A* into the
products of A2, this is what gives the contraction. This will happen for any matrix, A, whose
eigenvalues are less than one. For a large enough k, the spectral norm of A* will be less than on
Therefore the conditions of Theorem are not satisfied. But the weaker conditions (given
below the main conditions of the theorem) is satisfied.

Nonlinear Time series models There are many other (nonlinear) models that have the representa-

tion in ([13.2]). The purpose of this chapter is to introduce and motivate some of these models.

13.1 Data Motivation

13.1.1 Yahoo data from 1996-2014

We consider here the closing share price of the Yahoo daily data downloaded from https://uk.
finance.yahoo.com/q/hp?s=YHOO. The data starts from from 10th April 1996 to 8th August 2014
(over 4000 observations). A plot is given in Figure Typically the logarithm of such data
taken, and in order to remove linear and/or stochastic trend the first difference of the logarithm
is taken (ie. X; = logS; — log S;—1). The hope is that after taking differences the data has been
stationarized (see Example . However, the data set spans almost 20 years and this assumption
is rather precarious and will be investigated later. A plot of the data after taking first differences
together with the QQplot is given in Figure From the QQplot in Figure we observe that
log differences {X;} appears to have very thick tails, which may mean that higher order moments
of the log returns do not exist (not finite).

In Figure we give the autocorrelation (ACF) plots of the log differences, absolute log

2This result is due to Gelfand’s lemma
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Figure 13.1: Plot of daily closing Yahoo share price 1996-2014
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Figure 13.2: Plot of log differences of daily Yahoo share price 1996-2014 and the correspond-
ing QQplot

differences and squares of the log differences. Note that the sample autocorrelation is defined as

a(k) =R .
p(k) = 30)° where (k) = (X = X)(Xew — X). (13.6)
t=1

The dotted lines are the errors bars (the 95% confidence of the sample correlations constructed
under the assumption the observations are independent, see Section . From Figure
we see that there appears to be no correlation in the data. More precisely, most of the sample
correlations are within the errors bars, the few that are outside it could be by chance, as the
error bars are constructed pointwise. However, Figure the ACF plot of the absolutes gives
significant large correlations. In contrast, in Figure we give the ACF plot of the squares,
where there does not appear to be any significant correlations.

To summarise, {X;} appears to be uncorrelated (white noise). However, once absolutes have
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(a) ACF plot of the log differ- (b) ACF plot of the absolute (¢c) ACF plot of the square of
ences of the log differences the log differences

Figure 13.3: ACF plots of the transformed Yahoo data

been taken there does appear to be dependence. This type of behaviour cannot be modelled with
a linear model. What is quite interesting is that there does not appear to be any significant
correlation in the squares. However, on explanation for this can be found in the QQplot. The data
has extremely thick tails which suggest that the forth moment of the process may not exist (the
empirical variance of X; will be extremely large). Since correlation is defined as involves

division by ¢(0), which could be extremely large, this would ‘hide’ the sample covariance.

R code for Yahoo data

Here we give the R code for making the plots above.

yahoo <- scan("”/yahoo304.96.8.14.txt")

yahoo <- yahoo[c(length(yahoo):1)] # switches the entries to ascending order 1996-2014
yahoo.log.diff <- log(yahoo[-1]) - log(yahoo[-length(yahoo)])
# Takelog differences

par (mfrow=c(1,1))

plot.ts(yahoo)

par (mfrow=c(1,2))

plot.ts(yahoo.log.diff)

qgqnorm(yahoo.log.diff)

gqqline(yahoo.log.diff)

par (mfrow=c(1,3))

acf (yahoo.log.diff) # ACF plot of log differences
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acf (abs(yahoo.log.diff)) # ACF plot of absolute log differences

acf ((yahoo.log.diff)**2) # ACF plot of square of log differences

13.1.2 FTSE 100 from January - August 2014

For completeness we discuss a much shorter data set, the daily closing price of the FTSE 100
from 20th January - 8th August, 2014 (141 observations). This data was downloaded from http:
//markets.ft.com/research//Tearsheets/PriceHistoryPopup?symbol=FTSE:FSI.

Exactly the same analysis that was applied to the Yahoo data is applied to the FTSE data and
the plots are given in Figure [13.413.6]
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Figure 13.4: Plot of daily closing FTSE price Jan-August, 2014
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Figure 13.5: Plot of log differences of daily FTSE price Jan-August, 2014 and the corre-
sponding QQplot

We observe that for this (much shorter) data set, the marginal observations do not appear to

deviate much from normality (note just because the marginal is Gaussian does not mean the entire
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Figure 13.6: ACF plots of the transformed FTSE data

time series is Gaussian). Furthermore, the ACF plot of the log differences, absolutes and squares
do not suggest any evidence of correlation. Could it be, that after taking log differences, there is
no dependence in the data (the data is a realisation from iid random variables). Or that there is
dependence but it lies in a ‘higher order structure’ or over more sophisticated transformations.
Comparing this to the Yahoo data, may be we ‘see’ dependence in the Yahoo data because it
is actually nonstationary. The mystery continues (we look into this later). It would be worth while

conducting a similar analysis on a similar portion of the Yahoo data.

13.2 The ARCH model

During the early 80s Econometricians were trying to find a suitable model for forecasting stock
prices. They were faced with data similar to the log differences of the Yahoo data in Figure [13.2
As Figure demonstrates, there does not appear to be any linear dependence in the data,
which makes the best linear predictor quite useless for forecasting. Instead, they tried to predict
the variance of future prices given the past, var[Xy4+1|X¢, X;—1,...]. This called for a model that
has a zero autocorrelation function, but models the conditional variance.

To address this need, Engle (1982) proposed the autoregressive conditionally heteroskadastic
(ARCH) model (note that Rob Engle, together with Clive Granger, in 2004, received the Noble prize
for Economics for Cointegration). He proposed the ARCH(p) which satisfies the representation

p
2 § 2
Xt = O'tZt Oy = Qg + ant7j7
=1
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where Z; are iid random variables where E(Z;) = 0 and var(Z;) = 1, ag > 0 and for 1 < j < p
aj Z 0.
Before, worrying about whether a solution of such a model exists, let us consider the reasons

behind why this model was first proposed.

13.2.1 Features of an ARCH

Let us suppose that a causal, stationary solution of the ARCH model exists (X; is a function of

Zy, Zy—1,Z1—1,...) and all the necessary moments exist. Then we obtain the following.

(i) The first moment:

E[Xt] = E[ZtO't] = E[E(ZtUt|Xt,1, Xt,Q, .. )] = E[O'tE(Zt|Xt,1, Xt,Q, .. )]

ot function of Xy 1,...,X¢p

= E[O’t E(Zt) ] == E[O . O't] =0.
——
by causality

Thus the ARCH process has a zero mean.

(ii) The conditional variance:

var(Xe| Xo—1, Xe—0, -, Xi—p) = BXP X1, Xi 0, ., Xip)

= B(Z{o?|Xi 1, Xt 0,..., Xsp) = 0?B[Z}] = o7

Thus the conditional variance is 07 = ag + E§:1 anthj (a weighted sum of the squared

past).
(iii) The autocovariance function:

Without loss of generality assume k& > 0

COV[AXVt7 Xt+k] = E[XtXt—l—k;] = E[XtE(Xt+k|Xt+k;—1a e ,Xt)]

= EXio1kE(Zek| Xepr—1, - - Xo)] = E[Xy0r 1k E(Zi1r)] = E[Xyot4y - 0] = 0.

The autocorrelation function is zero (it is a white noise process).

(iv) We will show in Section [13.2.2| that E[X %] < oo iff [Y-F_; a;]E[Z7]"/4 < 1. It is well known

1/d

that even for Gaussian innovations E[Z?9]Y/? grows with d, therefore if any of the a; are
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non-zero (recall all need to be positive), there will exist a dy such that for all d > dy E[X{]

will not be finite. Thus the we see that the ARCH process has thick tails.

Usually we measure the thickness of tails in data using the Kurtosis measure (see wiki).

Points (i-iv) demonstrate that the ARCH model is able to model many of the features seen in the
stock price data.
In some sense the ARCH model can be considered as a generalisation of the AR model. That

is the squares of ARCH model satisfy

P
X2 =0%Z2 =ag+ Z antQ_j + (22 = 1)o?, (13.7)
j=1
with characteristic polynomial ¢(z) = 1->0_, a;jz’. It can be shown that if >F_1aj <1, then the
roots of the characteristic polynomial ¢(z) lie outside the unit circle (see Exercise 4.2)). Moreover,
the ‘innovations’ ¢; = (Z7 —1)o? are martingale differences (see wiki). This can be shown by noting

that

E[(Z7 — 1)o}| X1, Xi—9,...] = 0?B(Z} —1|X¢—1, X¢—9,...) = 0f E(Z} — 1) = 0.
=0

Thus cov(es, €5) = 0 for s # t. Martingales are a useful asymptotic tool in time series, we demon-
strate how they can be used in Chapter

To summarise, in many respects the ARCH(p) model resembles the AR(p) except that the
innovations {¢;} are martingale differences and not iid random variables. This means that despite
the resemblence, it is not a linear time series.

We show that a unique, stationary causal solution of the ARCH model exists and derive con-

ditions under which the moments exist.

13.2.2 Existence of a strictly stationary solution and second order

stationarity of the ARCH

To simplify notation we will consider the ARCH(1) model

Xy =07  o0f=ao+auXP . (13.8)
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It is difficult to directly obtain a solution of X}, instead we obtain a solution for 0,52 (since X; can
immediately be obtained from this). Using that X? ; = 07 ;Z? ; and substituting this into (13.8)

we obtain
ol =ag+ a1 X}, = (a2t ,)or | + ag. (13.9)

We observe that (13.9) can be written in the stochastic recurrence relation form given in ([13.2))
with Ay = a1 Z? | and B; = ag. Therefore, by using Theorem [13.0.1} if Eloga; Z2 ;] = loga; +

Ellog Z2 ;] < 0, then o7 has the strictly stationary causal solution

0o k
2 k 2
o; = ap + ag g allth_j.
k=1 j=1

The condition for ezistence using Theorem [13.0.1) and (13.9)) is

E[log(a1Z?)] = log a1 + E[log Z2] < 0, (13.10)
which is immediately implied if a; < 1 (since E[log Z?] < log E[Z?] = 0), but it is also satisfied

under weaker conditions on aq.

To obtain the moments of X? we use that it has the solution is

(13.11)

e k
X} =277 ao—i—aOZalfHZtQ_j
k=1 j=1
therefore taking expectations we have
00 k 00
EX7] = B[ZJJE|a+a0Y ai[[ 27, | =ao+ao0) al.
k=1 j=1 k=1
Thus E[X?] < oo if and only if a1 < 1 (heuristically we can see this from E[X?] = E[Z3](a¢ +
a E[X? 4])).

By placing stricter conditions on aj, namely a;E(Z7%)'/% < 1, we can show that E[X??] < oo

(note that this is an iff condition). To see why consider the simple case d is an integer, then by
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using (|13.11)) we have

2
2d
Xt

Y

() k
Zvagy ot (112,
ZZd d dk E Z Z2d d dkE Z2d]k
i Z H i ; i
— E[Z2*a Z (atE(22) )

A\

= E[X?]

It is immediately clear the above is only finite if a;E[Z724]'/? < 1.

The ARCH(p) model

We can generalize the above results to ARCH(p) processes (but to show existence of a solution we
need to write the ARCH(p) process as a vector process similar to the Vector AR(1) representation
of an AR(p) given in Section ??). It can be shown that under sufficient conditions on the coefficients

{a;} that the stationary, causal solution of the ARCH(p) model is

X? = aoZP+) _ my(k) (13.12)
k>1

where my(k) = Z H a;, H S (jo = 0).

Jleegp>l  r=1

The above solution belongs to a general class of functions called a Volterra expansion. We note

that E[X?] < oo iff dha; <L

13.3 The GARCH model

A possible drawback of the ARCH(p) model is that the conditional variance only depends on finite
number of the past squared observations/log returns (in finance, the share price is often called
the return). However, when fitting the model to the data, analogous to order selection of an
autoregressive model (using, say, the AIC), often a large order p is selected. This suggests that
the conditional variance should involve a large (infinite?) number of past terms. This observation
motivated the GARCH model (first proposed in Bollerslev| (1986) and Taylor| (1986)), which in

many respects is analogous to the ARMA. The conditional variance of the GARCH model is a
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weighted average of the squared returns, the weights decline with the lag, but never go completely
to zero. The GARCH class of models is a rather parsimonous class of models and is extremely

popular in finance. The GARCH(p, ¢) model is defined as
P q
Xo=01Zy o} =ao+ Y ajX? ;+ ) biot, (13.13)
j=1 i=1

where Z; are iid random variables where E(Z;) = 0 and var(Z;) = 1, ap > 0 and for 1 < j <p
a;j >0and 1 <i<qb >0.
Under the assumption that a causal solution with sufficient moments exist, the same properties
defined for the ARCH(p) in Section also apply to the GARCH(p, ¢) model.
It can be shown that under suitable conditions on {b;} that X, satisfies an ARCH(00) represen-
2

tation. Formally, we can write the conditional variance o7 (assuming that a stationarity solution

exists) as
q A p
(1 — Z b@'BZ)O'? = ((lo + ZanE_j),
i=1 j=1

where B denotes the backshift notation defined in Chapter Therefore if the roots of b(z) =
(1 =37, b;2") lie outside the unit circle (which is satisfied if Y, b; < 1) then

1 p ~

2 9 )

o = Ao gm0t uXly) = a0t ) Xl (13.14)
=195 o =

where a recursive equation for the derivation of a; can be found in Berkes et al. (2003)). In other
words the GARCH(p, q) process can be written as a ARCH(oo) process. This is analogous to the
invertibility representation given in Definition This representation is useful when estimating
the parameters of a GARCH process (see Berkes et al.| (2003)) and also prediction. The expansion
in helps explain why the GARCH(p, q) process is so popular. As we stated at the start of
this section, the conditional variance of the GARCH is a weighted average of the squared returns,

the weights decline with the lag, but never go completely to zero, a property that is highly desirable.

Example 13.3.1 (Inverting the GARCH(1,1)) If by < 1, then we can write o} as

o0
a Z .

[e.9]
ol = ijBj - [ao —|—a1Xt2_1] =1
j=0 =0
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This expansion offers us a clue as to why the GARCH(1,1) is so popular in finance. In finance one
important objective is to predict future volatility, this is the variance of say a stock tomorrow given

past information. Using the GARCH model this is o2, which we see is

oo
2 ao i 2
o = 1—b+m;%wXFkT

This can be viewed as simply an exponentially weighted average of Xt{j. Some researchers argue
that other models can lead to the same predictor of future volatility and there is nothing intrinsically

specially about the GARCH process. We discuss this in more detail in Chapter 5.

In the following section we derive conditions for existence of the GARCH model and also it’s

moments.

13.3.1 Existence of a stationary solution of a GARCH(1,1)

We will focus on the GARCH(1, 1) model as this substantially simplifies the conditions. We recall

the conditional variance of the GARCH(1,1) can be written as
of =ap+ a1 Xi 4 +bioj = (amZ7_, +b) oy + ao. (13.15)

We observe that ([13.15) can be written in the stochastic recurrence relation form given in (13.2)
with Ay = (a1 Z% {+b1) and B; = ag. Therefore, by using Theorem [13.0.1} if E[log(a1 Z2_;+b1)] < 0,

then o7 has the strictly stationary causal solution

o k
of =ao+aoy_ [J(ar1Z?; +by). (13.16)

k=1j=1
These conditions are relatively weak and depend on the distribution of Z;. They are definitely
satisfied if a; + b1 < 1, since Ellog(a1Z2 | + b1)] < logE[a1Z2 | + b1] = log(a; + b1). However
existence of a stationary solution does not require such a strong condition on the coefficients (and
there can still exist a stationary solution if a; + b; > 1, so long as the distribution of Z? is such

that E[log(a1 Z? + b1)] < 0).
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By taking expectations of ((13.16]) we can see that

E[XtQ}: [Ut —GO+GOZH ay + by) —ao—l—aoz a1—|—b1

k=1j=1

Thus E[X?] < oo iff a1 + b; < 1 (noting that a; and b; are both positive). Expanding on this

argument, if d > 1 we can use Minkowski inequality to show

[e.9]

k 00 k
(Elo?NY? < ag+ao Y (B[] J(a127; + b1)])"* < ag + aoz [1Eli 27 ; + b))
k=1 j=1

k=1 j=1
Therefore, if E[(alzf,j +01)? < 1, then E[X?9] < oo. This is an iff condition, since from the

definition in (|13.15)) we have

Elo}!] = Elao + (a1 27y +b1)oi 1] > El(a1 27y +bi)oi 1)* = E[(a1 22, + by)*|E[o??y],

every term is positive

since o7 ; has a causal solution, it is independent of Z? ;. We observe that by stationarity and if
E[0?9] < oo, then E[o?9] = E[0??,]. Thus the above inequality only holds if E[(a1 Z? | + b1)%] <
Therefore, E[X??] < oo iff E[(a1Z2 | +b1)4] < 1

Indeed in order for E[X?9] < oo a huge constraint needs to be placed on the parameter space

of a1 and b;.

Exercise 13.1 Suppose {Z;} are standard normal random variables. Find conditions on a1 and

b1 such that E[X}] < co.

The above results can be generalised to GARCH(p, ¢) model. Conditions for existence of a
stationary solution hinge on the random matrix corresponding to the SRE representation of the
GARCH model (see [Bougerol and Picard (1992al) and Bougerol and Picard (1992b))), which are
nearly impossible to verify. Sufficient and necessary conditions for both a stationary (causal)
solution and second order stationarity (E[X?] < oo) is f_1a; + 370, b < 1. However, many
econometricians believe this condition places an unreasonable constraint on the parameter space of
{a;} and {b;}. A large amount of research has been done on finding consistent parameter estimators
under weaker conditions. Indeed, in the very interesting paper by [Berkes et al. (2003]) (see also
Straumann| (2005)) they derive consistent estimates of GARCH parameters on far milder set of

conditions on {a;} and {b;} (which don’t require E(X?) < c0).

440



Definition 13.3.1 The IGARCH model is a GARCH model where

p q
Xe=01Zy of=ao+ Y a; X} ;+> bio, (13.17)
j=1 i=1

where the coefficients are such that Z§:1 aj + >0, b; = 1. This is an ezample of a time series

model which has a strictly stationary solution but it is not second order stationary.

Exercise 13.2 Simulate realisations of ARCH(1) and GARCH(1,1) models. Simulate with both iid
Gaussian and t-distribution errors ({Z;} where E[Z2] = 1). Remember to ‘burn-in’ each realisation.

In all cases fix ag > 0. Then
(i) Simulate an ARCH(1) with a1 = 0.3 and a3 = 0.9.

(ii) Simulate a GARCH(1,1) with a; = 0.1 and by = 0.85, and a« GARCH(1,1) with a; = 0.85

and by = 0.1. Compare the two behaviours.

13.3.2 Extensions of the GARCH model

One criticism of the GARCH model is that it is ‘blind’ to negative the sign of the return X;. In
other words, the conditional variance of X; only takes into account the magnitude of X; and does
not depend on increases or a decreases in S; (which corresponds to X; being positive or negative).
In contrast it is largely believed that the financial markets react differently to negative or positive
X;. The general view is that there is greater volatility /uncertainity /variation in the market when
the price goes down.

This observation has motivated extensions to the GARCH, such as the EGARCH which take
into account the sign of X;. Deriving conditions for such a stationary solution to exist can be
difficult task, and the reader is refered to Straumann| (2005 and more the details.

Other extensions to the GARCH include an Autoregressive type model with GARCH innova-

tions.

13.3.3 R code

install.packages("tseries"), library("tseries") recently there have been a new package

developed 1library ("£GARCH").
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13.4 Bilinear models

The Bilinear model was first proposed in Subba Rao| (1977) and (Granger and Andersen (1978) (see
also Subba Rao| (1981)). The general Bilinear (BL(p, ¢, r, s)) model is defined as

k=1k'=1

P q r s
Xi=> ¢iXij=er+ Y Oierit Y bewXirrow,
=1 i=1
2

where {e;} are iid random variables with mean zero and variance o~.

To motivate the Bilinear model let us consider the simplest version of the model BL(1,0,1,1)
Xy = 1 X1+ Xeqe1 +e = [01 +biie1] X1 + e (13.18)

Comparing with the conditional variane of the GARCH(1,1) in we see that they are
very similar, the main differences are that (a) the bilinear model does not constrain the coefficients
to be positive (whereas the conditional variance requires the coefficients to be positive) (b) the
e¢—1 depends on X;_1, whereas in the GARCH(1,1) Z2 ; and o7 ; are independent coefficients
and (c) the innovation in the GARCH(1,1) model is deterministic, whereas in the innovation in
the Bilinear model is random. (b) and (c) makes the analysis of the Bilinear more complicated
than the GARCH model. From model we observe that when ,_; and X;_; “couple” (both
are large, mainly because g, is large) it leads to large burst in X;. We observe this from the

simulations below. Therefore this model has been used to model seismic activity etc.

13.4.1 Features of the Bilinear model

In this section we assume a causal, stationary solution of the bilinear model exists, the appropriate
number of moments and that it is invertible in the sense that there exists a function g such that
&t = g(Xt—la Xi2,.. )

Under the assumption that the Bilinear process is invertible we can show that

E[Xt’Xt—h Xt—?a .- ] - E[((bl + bl,lgt—l)Xt—l‘Xt—la Xt—27 .. ] + E[Et‘Xt—la Xt—27 .. }

= (¢1+br1e—1) X1, (13.19)

thus unlike the autoregressive model the conditional expectation of the X; given the past is a

nonlinear function of the past. It is this nonlinearity that gives rise to the spontaneous peaks that
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we see a typical realisation.

To see how the bilinear model was motivated in Figure we give a plot of
X = 01 X4 1 +b11 X161 + &y (13.20)

where ¢; = 0.5 and b;; = 0,0.35,0.65 and —0.65. and {e;} are iid standard normal random
variables. We observe that Figure is a realisation from an AR(1) process and the subsequent
plots are for different values of by 1. Figure is quite ‘regular’, whereas the sudden bursts in

activity become more pronounced as by grows (see Figures [13.7b[ and [13.7¢). In Figure [13.7d

we give a plot realisation from a model where by ; is negative and we see that the fluctation has

changed direction.

bilinear(400, 0.5, 0)
0
1
bilinear(400, 0.5, 0.3)

T T T T T
0 100 200 300 400

T T T
100 200 300 400

o

Time Time

(a) ¢>1 = 0.5 and b171 =0 (b) ¢1 = 0.5 and b171 =0.35
(C) ¢1 =05 and b171 =0.65 (d) (251 =05 and 1)171 = —0.65

Figure 13.7: Realisations from different BL(1,0, 1, 1) models
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Remark 13.4.1 (Markov Bilinear model) Some authors define the BL(1,0,1,1) as
i = &Y +bi1Yioier + e = [p1 + buiee]Yeo1 + &

The fundamental difference between this model and 1s that the multiplicative innovation
(using ¢ rather than e,_1) does not depend on Y;_1. This means that E[Y:|Yi—1,Yi—2,...] = ¢1Yi_1
and the autocovariance function is the same as the autocovariance function of an AR(1) model
with the same AR parameter. Therefore, it is unclear the advantage of using this version of the
model if the aim is to forecast, since the forecast of this model is the same as a forecast using the
corresponding AR(1) process Xy = ¢1Xy—1 + €. Forecasting with this model does not take into

account its nonlinear behaviour.

13.4.2 Solution of the Bilinear model

We observe that ((13.20) can be written in the stochastic recurrence relation form given in ((13.2)) with
Ay = (¢1 + br1er_1) and By = ag. Therefore, by using Theorem [13.0.1] if Eflog(¢; + b11e¢-1)?] < 0
and E[e;] < 0o, then X; has the strictly stationary, causal solution

oo |k—1

Xo =Y |[](61+braeej)| - [(d1 + brace—ir)er—i] + (13.21)
k=1 | j=1
To show that it is second order stationary we require that E[X?] < oo, which imposes additional
conditions on the parameters. To derive conditions for E[X?] we use (13.22)) and the Minkowski
inequality to give
2y 1/2

(BIX2) < ﬁ Grtbe)| |- (Bl +bnaes?)

Mg

8

1/2

= Z H E ¢1 + bl,lzft_j)]Q) 2 . (E [(¢1 + bljlétfk)&“t,k]Q) / . (13.22)
k=1 j=1

Therefore if E[e}] < oo and
E[(¢1+ brie))* = ¢ + biyvar(e) < 1,

then E[X?] < oo (note that the above equality is due to E[g;] = 0).
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Remark 13.4.2 (Inverting the Bilinear model) We note that
et = —(bXi—1)er-1 + [Xte — ¢ Xi1],

thus by iterating backwards with respect to €;—; we have

o0 J
a= ((—b)j_1 HXt1j> [Xi—j = ¢Xi—j1].

=0 =0
This invertible representation is useful both in forecasting and estimation (see Section .

Exercise 13.3 Simulate the BL(2,0,1,1) model (using the AR(2) parameters ¢1 = 1.5 and ¢2 =

—0.75). Experiment with different parameters to give different types of behaviour.

Exercise 13.4 The random coefficient AR model is a monlinear time series proposed by Barry
Quinn (see Nicholls and Quinn (1982) and Aue et al.| (2006)). The random coefficient AR(1)

model is defined as
Xi = (¢ +m)Xe—1 + e

where {1} and {n:} are iid random variables which are independent of each other.
(i) State sufficient conditions which ensure that {X;} has a strictly stationary solution.
(ii) State conditions which ensure that {X:} is second order stationary.

(iii) Simulate from this model for different ¢ and var|n].

13.4.3 R code

Code to simulate a BL(1,0,1,1) model:

# Bilinear Simulation

# Bilinear(1,0,1,1) model, we use the first n0O observations are burn-in
# in order to get close to the stationary solution.

bilinear <- function(n,phi,b,n0=400) {

y <= rnorm(n+n0)
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w <= rnorm(n + n0)

for (t in 2:(n+n0)) {

y[t] <= phi * y[t-1] + b * w[t-1] * y[t-1] + w[t]
}

return(y[(n0+1) : (n0+n)])

}

13.5 Nonparametric time series models

Many researchers argue that fitting parametric models can lead to misspecification and argue that
it may be more realistic to fit nonparametric or semi-parametric time series models instead. There
exists several nonstationary and semi-parametric time series (see Fan and Yao| (2003)) and Douc
et al. (2014) for a comprehensive summary), we give a few examples below. The most general

nonparametric model is
Xt = m(Xt—17 s 7Xt—p7 515)7

but this is so general it looses all meaning, especially if the need is to predict. A slight restriction

is make the innovation term additive (see |Jones (1978))
Xt = m(Xt_l, ey Xt_p) + ¢,

it is clear that for this model E[X¢|X;_1,..., X;—p] = m(X;—1,..., X;—p). However this model has
the distinct disadvantage that without placing any structure on m(:), for p > 2 nonparametric
estimators of m(-) are lousy (as the suffer from the curse of dimensionality).

Thus such a generalisation renders the model useless. Instead semi-parametric approaches have

been developed. Examples include the functional AR(p) model defined as

P
X = Z Gj(Xi—p) Xt—j + &
j=1

the semi-parametric AR(1) model
X = X1 +v(Xi-1) + &,
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the nonparametric ARCH(p)
P
Xy = 0174 0'152 :ao—l—Zaj(Xf_j).
j=1

In the case of all these models it is not easy to establish conditions in which a stationary solution
exists. More often then not, if conditions are established they are similar in spirit to those that
are used in the parametric setting. For some details on the proof see [Vogt| (2013) (also here), who
considers nonparametric and nonstationary models (note the nonstationarity he considers is when
the covariance structure changes over time, not the unit root type). For example in the case of the

the semi-parametric AR (1) model, a stationary causal solution exists if |¢ ++/(0)] < 1.

Remark 13.5.1 There are several other parametric nonlinear models that are of interest. A no-
table example, is the Markov Switching (Vector) Autorregressive model, which is popular in econo-
metrics.

This model generalises the classical autoregressive model in the sense that X; has the presenta-

tion
P
Xt = Z ¢ (St) Xi—1 + &
j=1
where Sy € {1,...,M} is a discrete Markov process that is unobserved and {¢;(s)}i_, are the

AR(p) parameters in state s. Note that for these models we are only interested in causal solutions
(i.e. those which are generated from the past)

One fascinating aspect of this model, is that unlike the classical AR(p) process, in order for X;
to have a well defined solution, the characteristic function corresponding to {qﬁj(s)}?:l need not
have roots which lie outside the unit circle. If the switch into the state s is “short enough” the roots
of {6j(s)}j=, can lie within the unit circle (and a short explosion can occur), see 7 for further

details.
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Chapter 14

Consistency and and asymptotic

normality of estimators

In the previous chapter we considered estimators of several different parameters. The hope is that
as the sample size increases the estimator should get ‘closer’ to the parameter of interest. When we
say closer we mean to converge. In the classical sense the sequence {zj} converges to = (z; — ),
if |z, — x| — 0 as k — oo (or for every € > 0, there exists an n where for all k£ > n, |z — x| < ¢).
Of course the estimators we have considered are random, that is for every w € 2 (set of all out
comes) we have an different estimate. The natural question to ask is what does convergence mean

for random sequences.

14.1 Modes of convergence
We start by defining different modes of convergence.

Definition 14.1.1 (Convergence) e Almost sure convergence We say that the sequence
{Xi} converges almost sure to p, if there exists a set M C Q, such that P(M) =1 and for

every w € N we have

Xt(w) — .
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In other words for every € > 0, there exists an N(w) such that
Xe(w) — il < =, (14.1)

for all t > N(w). Note that the above definition is very close to classical convergence. We

denote Xy — 1 almost surely, as X; 5 p.

An equivalent definition, in terms of probabilities, is for every e >0 Xy %3 1 if

P03 M35y U {1 Xe () — 1] > }) = 0.

It is worth considering briefly what No°_; U2, {|X¢(w) — pu| > €} means. If N0 UX,,
{|Xt(w) — pu| > e} # @, then there exists an w* € NYO_; UL {| X¢(w) — | > €} such that for
some infinite sequence {k;}, we have | Xy, (w*) — p| > &, this means Xi(w*) does not converge
to p. Now let No°_1 U2 {| X (w) —pu| > e} = A, if P(A) =0, then for ‘most’ w the sequence

{Xi(w)} converges.

e Convergence in mean square

We say X; — u in mean square (or Loy convergence), if E(Xy — p)? — 0 as t — oc.

e Convergence in probability

Convergence in probability cannot be stated in terms of realisations Xi(w) but only in terms

of probabilities. Xy is said to converge to p in probability (written Xy A w) if
P(|X;—pul>e) =0, t— .

Often we write this as | Xy — p| = op(1).

If for any v > 1 we have
E(X:—pn)”—0 t— oo,

then it implies convergence in probability (to see this, use Markov’s inequality).
¢ Rates of convergence:
(i) Suppose a; — 0 as t — oco. We say the stochastic process {X;} is | Xy — p| = Op(ar),
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if the sequence {at_1|Xt — p|} is bounded in probability (this is defined below). We see
from the definition of boundedness, that for all t, the distribution of a;1|Xt — p| should
mainly lie within a certain interval.

(ii) We say the stochastic process {X;} is | Xy — p| = op(ar), if the sequence {a; | Xy — p|}

converges in probability to zero.

Definition 14.1.2 (Boundedness) (i) Almost surely bounded If the random variable X
is almost surely bounded, then for a positive sequence {er}, such that e — 00 as k — oo

(typically e}, = 2F is used), we have
Plw{Uz {[X (W) < ex}}) = 1.
Usually to prove the above we consider the complement
P(wi {2 {IX] < ex}})%) = 0.

Since (U2 {|X| < ep})® =N {|X] > ep} N2, UX_ {|X] > ex}, to show the above we

show
P(w: {mZy Up—p {| X (w)[ > ex}}) = 0. (14.2)

We note that if (w: {Ng2; Us_, {|X(w)| > exr}}) # @, then there exists a w* € Q and an
infinite subsequence kj, where | X (w*)| > ex;, hence X (w*) is not bounded (since e, — o). To
prove we usually use the Borel Cantelli Lemma. This states that if Y g P(Ay) < 0o,
the events {Ar} occur only finitely often with probability one. Applying this to our case,
if we can show that > o7 | P(w : {|X(w)| > em|}) < oo, then {|X(w)| > em|} happens
only finitely often with probability one. Hence if > - | P(w : {|X(w)| > em|}) < oo, then

Pw: {ng2, U, {|X(w)| > er}}) =0 and X is a bounded random variable.

It is worth noting that often we choose the sequence e, = 2%, in this case Yo Plw :
{X W) > eml}) = XX, P(w : {log|X(w)| > log2*|}) < CE(log|X|). Hence if we can
show that E(log | X|) < oo, then X is bounded almost surely.

b

(ii) Sequences which are bounded in probability A sequence is bounded in probability,
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written Xy = Op(1), if for every e > 0, there exists a §(g) < 0o such that P(|X¢| > d(e)) < e.
Roughly speaking this means that the sequence is only extremely large with a very small

probability. And as the ‘largeness’ grows the probability declines.

14.2 Sampling properties

Often we will estimate the parameters by maximising (or minimising) a criterion. Suppose we have
the criterion £,(a) (eg. likelihood, quasi-likelihood, Kullback-Leibler etc) we use as an estimator
of ag, a, where

an = argmax L, (a)
acO

and © is the parameter space we do the maximisation (minimisation) over. Typically the true
parameter a should maximise (minimise) the ‘limiting’ criterion L.

If this is to be a good estimator, as the sample size grows the estimator should converge (in
some sense) to the parameter we are interesting in estimating. As we discussed above, there are
various modes in which we can measure this convergence (i) almost surely (ii) in probability and
(iii) in mean squared error. Usually we show either (i) or (ii) (noting that (i) implies (ii)), in time

series its usually quite difficult to show (iii).

Definition 14.2.1 (i) An estimator a,, is said to be almost surely consistent estimator of ag, if

there exists a set M C Q, where P(M) =1 and for all w € M we have

an(w) — a.

(ii) An estimator a, is said to converge in probability to ag, if for every § > 0
P(la, —al >90) =0 T — oc.

To prove either (i) or (ii) usually involves verifying two main things, pointwise convergence and

equicontinuity.
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14.3 Showing almost sure convergence of an estimator

We now consider the general case where £, (a) is a ‘criterion” which we maximise. Let us suppose

we can write £, as
1 n
Ln(a) =~ > i(a), (14.3)
t=1
where for each a € O, {/;(a)}: is a ergodic sequence. Let
L(a) = E(l(a)), (14.4)
we assume that L£(a) is continuous and has a unique maximum in ©. We define the estimator &,
where &, = argmingco L,(a).

Definition 14.3.1 (Uniform convergence) L, (a) is said to almost surely converge uniformly

to L(a), if

sup |£,(a) — L(a)] 3 0.
acO

In other words there exists a set M C Q where P(M) =1 and for every w € M,

sup |Ln(w,a) — L(a)| — 0.
ac®

Theorem 14.3.1 (Consistency) Suppose that a, = arg maxgce Ln(a) and ay = arg max,co L(a)
is the unique mazimum. If sup,cq |Ln(a)—L(a)] “3 0 as n — co and L(a) has a unique mazimum.

Then Then a, %3 ag as n — oo.

PROOF. We note that by definition we have L£,(ap) < L,(a,) and L(a,) < L(ag). Using this

inequality we have
Ln(ag) — L(ag) < Ly(ayn) — L(ag) < Lp(an) — L(ap)-
Therefore from the above we have

|[Ln(ar) = L(ao)| < max {|Ln(a0) = L(ao)l, |Ln(ar) — L(an)[} < sup [Ln(a) — L(a)].
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Hence since we have uniform converge we have |L£,(G,) — L(ag)| 23 0 as n — oo. Now since £(a)

has a unique maximum, we see that [£,(a,) — L(ag)| %3 0 implies a, %% ag. O

We note that directly establishing uniform convergence is not easy. Usually it is done by assum-
ing the parameter space is compact and showing point wise convergence and stochastic equiconti-
nuity, these three facts imply uniform convergence. Below we define stochastic equicontinuity and

show consistency under these conditions.

Definition 14.3.2 The sequence of stochastic functions { f,(a)}n is said to be stochastically equicon-
tinuous if there exists a set M € Q where P(M) = 1 and for every w € M and and € > 0, there

erists a & and such that for every w € M

sup | fa(w,a1) — fn(w,a2)| <,
lai—az|<é

for alln > N(w).
A sufficient condition for stochastic equicontinuity of fn(a) (which is usually used to prove

equicontinuity), is that f,(a) is in some sense Lipschitz continuous. In other words,

sup |fn(a1) — fu(az)| < Knllar — az|,
a1,a2€0

where k, is a random variable which converges to a finite constant as n — oo (K, 22 Ky as
n — o0). To show that this implies equicontinuity we note that K, % Ko means that for every
weM (P(M)=1) and v > 0, we have |K,(w) — Ko| < v for all n > N(w). Therefore if we
choose 6 = ¢/(Ky + ) we have

sup |fn(w7a1)_fn(w7a2)| <g,
ar1—az|<e/(Ko+v)

for alln > N(w).

In the following theorem we state sufficient conditions for almost sure uniform convergence. It

is worth noting this is the Arzela-Ascoli theorem for random variables.

Theorem 14.3.2 (The stochastic Ascoli Lemma) Suppose the parameter space © is compact,
a.s.

for every a € © we have L, (a) = L(a) and Ly (a) is stochastic equicontinuous. Then sup,cg |Ln(a)—

L(a)] 30 asn — oco.
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We use the theorem below.

Corollary 14.3.1 Suppose that a,, = arg max,co L,(a) and ag = arg maxqece L(a), moreover L(a)

has a unique maximum. If

a.s.

(i) We have point wise convergence, that is for every a € © we have L,(a) = L(a).
(i) The parameter space © is compact.
(iii) Ly (a) is stochastic equicontinuous.
then a, =3 ag as n — 0.

PROOF. By using Theorem |14.3.2| three assumptions imply that |supgeg ||£n(6) — L£(0)] — 0, thus
by using Theorem [14.31] we obtain the result.
We prove Theorem [14.3.2]in the section below, but it can be omitted on first reading.

14.3.1 Proof of Theorem [14.3.2| (The stochastic Ascoli theorem)

We now show that stochastic equicontinuity and almost pointwise convergence imply uniform con-
vergence. We note that on its own, pointwise convergence is a much weaker condition than uniform
convergence, since for pointwise convergence the rate of convergence can be different for each pa-
rameter.

Before we continue a few technical points. We recall that we are assuming almost pointwise
convergence. This means for each parameter a € © there exists a set N, € Q (with P(N,) = 1)
such that for all w € N, £,,(w,a) — L(a). In the following lemma we unify this set. That is show
(using stochastic equicontinuity) that there exists a set N €  (with P(N) = 1) such that for all
weN Ly(w,a) = L(a).

Lemma 14.3.1 Suppose the sequence {Ly(a)}y, is stochastically equicontinuous and also pointwise
convergent (that is Ln(a) converges almost surely to L(a)), then there exists a set M € Q where

P(M) =1 and for every w € M and a € © we have
|Ln(w,a) — L(a)] — 0.

PROOF. Enumerate all the rationals in the set © and call this sequence {a;};. Since we have almost

sure convergence, this implies for every a; there exists a set M,, where P(M,,) = 1 and for every
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w € M,, we have |Lr(w,a;) — L(a;)] — 0. Define M = NM,,, since the number of sets is countable
P(M) =1 and for every w € M and a; we have L, (w,a;) = L(a;).

Since we have stochastic equicontinuity, there exists a set M where P(M) = 1 and for every
we M, {L,(w,-)} is equicontinuous. Let M = M N {NM,,}, we will show that for all € © and
w € M we have L, (w,a) — L(a). By stochastic equicontinuity for every w € M and /3 > 0, there

exists a & > 0 such that

sup  |Lp(w,b1) — Ly (w,b2)| < /3, (14.5)
|b1 —b2|<d

for all n > N(w). Furthermore by definition of M for every rational a; € © and w € N we have
|Ln(w,a;) — L(a;)| < e/3, (14.6)

where n > N'(w). Now for any given a € ©, there exists a rational a; such that ||a —a;|| <. Using

this, and we have
|Ln(w,a) — L(a)| < |Ln(w,a) — Ly(w,a;)| + |Ln(w,a;) — L(a;)| + |L(a) — L(a;)| < e,

for n > max(N (w), N'(w)). To summarise for every w € M and a € ©, we have | L, (w,a) — L(a)| —

0. Hence we have pointwise covergence for every realisation in M. O
We now show that equicontinuity implies uniform convergence.

Proof of Theorem [14.3.2] Using Lemma [14.3.1] we see that there exists a set M € Q with
P(M) = 1, where £, is equicontinuous and also pointwise convergent. We now show uniform

convergence on this set. Choose £/3 > 0 and let § be such that for every w € M we have

sup |Lr(w,a1) — Lp(w,az)| <e/3, (14.7)

la1—az|<é

for all n > n(w). Since © is compact it can be divided into a finite number of open sets. Construct
the sets {O;}7_,, such that © C U}_,O; and sup, , , |lz — y|| < 0. Let {a;};_; be such that a; € O;.
We note that for every w € M we have L, (w,a;) — L(a;), hence for every £/3, there exists an

n;(w) such that for all n > n;(w) we have |Lr(w, a;) — L(a;)| < /3. Therefore, since p is finite (due
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to compactness), there exists a n(w) such that

nax [Ln(w, ai) — L(as)] < €/3,

for all n > n(w) = maxi<;<p(ni(w)). For any a € ©, choose the i, such that open set O; such that

a € O;. Using we have
|Lr(w,a) — Lo(w,a;)| <e/3,
for all n > n(w). Altogether this gives
[Lr(w,a) = L(a)] < [Lr(w,a) = Lr(w, ai)| + [Lr(w, ai) — L(ai)| + [L(a) — L(ai)] <,

for all n > max(n(w),n(w)). We observe that max(n(w),n(w)) and £/3 does not depend on a,
therefore for all n > max(n(w),n(w)) and we have sup, |Ly(w,a) — L(a)| < e. This gives for every

w€ M (P(M) =1), sup, |Ln(w,a) — L(a)| — 0, thus we have almost sure uniform convergence. [J

14.4 Toy Example: Almost sure convergence of the

least squares estimator for an AR(p) process

In Chapter 7?7 we will consider the sampling properties of many of the estimators defined in Chapter
However to illustrate the consistency result above we apply it to the least squares estimator of
the autoregressive parameters.

To simply notation we only consider estimator for AR(1) models. Suppose that X; satisfies

X = ¢Xi—1 + & (where |¢| < 1). To estimate ¢ we use the least squares estimator defined below.

Let
R )
Lo(a) = —— ) (Xt —aXe1)7, (14.8)
" t=2
we use gZA)n as an estimator of ¢, where
¢n = argminLy(a), (14.9)
acO
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where © = [—1,1].

How can we show that this is consistent?

e In the case of least squares for AR processes, ap has the explicit form

1 n
qg n—1 Zt:Q XXy
n 1 T-1 x2
n—1 t=1 Xt

By just applying the ergodic theorem to the numerator and denominator we get gZ;n 2% 6.

1 n
ﬁthz Xy Xi—1

It is worth noting, that unlike the Yule-Walker estimator ‘ Ty xz
n—1 t=1 t

‘ < 1 is not neces-

sarily true.

e Here we will tackle the problem in a rather artifical way and assume that it does not have an
explicit form and instead assume that ¢, is obtained by minimising L, (a) using a numerical

routine.

e In order to derive the sampling properties of qgn we need to directly study the least squares

criterion £, (a). We will do this now in the least squares case.

We will first show almost sure convergence, which will involve repeated use of the ergodic
theorem. We will then demonstrate how to show convergence in probability. We look at almost
sure convergence as its easier to follow. Note that almost sure convergence implies convergence in
probability (but the converse is not necessarily true).

The first thing to do it let
€t(a) = (Xt — CLXt_l)Q.

Since {X:} is an ergodic process (recall Example ?7(ii)) by using Theorem ?? we have for a, that

{l;(a)}; is an ergodic process. Therefore by using the ergodic theorem we have

1 ¢
Lo(@) = ——= 3" (a) 5 B(lo(a)).
t=2
In other words for every a € [—1,1] we have that £,(a) %3 E(fy(a)) (almost sure pointwise conver-
gence).
Since the parameter space © = [—1,1] is compact and a is the unique minimum of ¢(-) in the
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parameter space, all that remains is to show show stochastic equicontinuity. From this we deduce
almost sure uniform convergence.

To show stochastic equicontinuity we expand L7(a) and use the mean value theorem to obtain
Ln(al) — En(ag) = V,CT(@)(al - ag), (14.10)

where a € [minfa;, as], maxa1, az]] and

—2 =
Vﬁn(d) - n—1 ZXt—l(Xt - aXt_l).
t=2

Because a € [—1, 1] we have

n

(X X + XP).
t=2

2
n—1

|\VL,(a)| <D, where D,, =

Since {X:}; is an ergodic process, then {|X;_1X¢| + X2 ;} is an ergodic process. Therefore, if

var(e¢) < 0o, by using the ergodic theorem we have
Dy, 23 2B(| X1 Xy | + X2 1)

Let D := 2E(|X;—1X¢| + X? ;). Therefore there exists a set M € 2, where P(M) = 1 and for every

w € M and € > 0 we have
|Dr(w) — D] <67,
for all n > N(w). Substituting the above into we have
[Ln(w;a1) = Ln(w,a2)] < Dplw)ar — az| < (D +6%)|ar — azl,
for all n > N(w). Therefore for every € > 0, there exists a ¢ := ¢/(D + §*) such that
sup |Ln(w,a1) — Ly(w,a2)] < g

la1—az|<e/(D+6%) a

for all n > N(w). Since this is true for all w € M we see that {L£,,(a)} is stochastically equicontin-

uous.
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a.s.

Theorem 14.4.1 Let gzgn be defined as in . Then we have qgn = ¢.

PROOF. Since {£,(a)} is almost sure equicontinuous, the parameter space [—1,1] is compact and
we have pointwise convergence of £, (a) 23 £(a), by using Theorem [14.3.1| we have that ¢, =3 a,

where a = mingee £(a). Finally we need to show that a = ¢. Since
L(a) = E(lo(a)) = ~E(X1 — aXo)?,

we see by differentiating £(a) with respect to a, that it is minimised at a = E(XoX1)/E(X#), hence
a = E(XoX1)/E(X?). To show that this is ¢, we note that by the Yule-Walker equations

X;=¢Xi1+e = BE(XiXi1)=¢E(X? ) +E(eXi1).
=0
Therefore ¢ = E(XoX1)/E(X?), hence ¢, =5 ¢. O
We note that by using a very similar methods we can show strong consistency of the least

squares estimator of the parameters in an AR(p) model.

14.5 Convergence in probability of an estimator

We described above almost sure (strong) consistency (a7 =3 ag). Sometimes its not possible to show
strong consistency (eg. when ergodicity cannot be verified). As an alternative, weak consistency
where arp LS ag (convergence in probability), is shown. This requires a weaker set of conditions,
which we now describe:
(i) The parameter space © should be compact.
P

(ii) Probability pointwise convergence: for every a € © L, (a) = L(a).

(iii) The sequence {L,(a)} is equicontinuous in probability. That is for every ¢ > 0 and n > 0

there exists a § such that

lim P ( sup |Ln(a1) — Lp(a2)| > 6) <. (14.11)

n—o0 |(11—UL2|S(5

If the above conditions are satisified we have ar 2> agp.
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Verifying conditions (ii) and (iii) may look a little daunting but by using Chebyshev’s (or
Markov’s) inequality it can be quite straightforward. For example if we can show that for every

a€0O
E(Ln(a) — L(a))?* -0 T — .

Therefore by applying Chebyshev’s inequality we have for every € > 0 that

E(Ln(a) — £(a))?

3 —0 T — oo.

P([Ln(a) = L(a)] > &) <

e

Thus for every a € © we have L,,(a) A L(a).
To show (iii) we often use the mean value theorem £,(a). Using the mean value theorem we

have
[Ln(a1) — Ln(az)| < sup [[VaLln(a)(2llar — az].

Now if we can show that sup,, Esup, |V.L,(a)|l2 < oo (in other words it is uniformly bounded in

probability over n) then we have the result. To see this observe that

IN

P ( sup |Ln(a1) — Ly(ag)| > e)

la1—a2|<é

P <sup IVoLr(a)|2]ar — ag| > e)
a€e)

sup,, E(la1 — ag|sup,eq [|VaLn(a)l2)
€

Therefore by a careful choice of 6 > 0 we see that (14.11]) is satisfied (and we have equicontinuity

in probability).

14.6 Asymptotic normality of an estimator

Once consistency of an estimator has been shown this paves the way to showing normality. To
make the derivations simple we will assume that 6 is univariate (this allows to easily use Taylor
expansion) . We will assume that that the third derivative of the contrast function, £, (6), exists,
its expectation is bounded and it’s variance converges to zero as n — oo. If this is the case we have

have the following result
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Lemma 14.6.1 Suppose that the third derivative of the contrast function L,(0) exists, for k =

ILa(0)y _ OFL 0" L (0) 83 L (0)
0,1,2 E( Othetak ) — 96k and var( Othetak Otheta3

) > 0 asn — oo and

1s bounded by a random

variable Z, which is independent of n where E(Z,) < co and var(Z,) — 0. Then we have

0, —600) =V (0)! 1 ,
( 0) ( ) 69 0=0, + OP( ) 8 0=0,
where V(0y) = 828%29) 80"
PROOF. By the mean value theorem we have
8['71('9) a»cn(e) 2 82£n(0) N 82,6”(9)
_ 0, — )= _h, — )= (412
00 o=0, 00  o=d, ( 0) 002 09=p, ( 0) 002 9=a, ( )
where 0, lies between 6y and 0,,. We first study 82553(0) 9—6," By using the man value theorem we
have
PLAO)  _PLO) g 0L
90 o=g, 002 4 " V002 =i,
where én lies between 6y and 6,,. Since 8255‘2(9) o 328%&0) 6o = V(6), under the stated assumptions
we have
0’L - 0%L,(0) -
— —Viby)| <16, — 06 < |0y, — Op|W,.
|802 00, ( 0)‘ > ‘ OH 002 9:67”‘ = ’ 0’
Therefore, by consistency of the estimator it is clear that g% -3, A V(6p). Substituting this into
(14.12)) we have
oL -
Wos, —(6n = 00)(V (60) + 0(1)),
since V() is bounded away from zero we have [82759:@”]_1 =V (0p)~! + 0,(1) and we obtain the
desired result. O

The above result means that the distribution of (én — 6p) is determined by g—g 9—6," In the

following section we show to show asymptotic normality of g—g 9—6o"
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14.6.1 Martingale central limit theorem

Remark 14.6.1 We recall that

(6 — &) = — (V2L,) ' VL,.(0) = ”_él Z?Z;?_ll’ (14.13)
and that var(—=% Y1 o e Xy—1) = =2 Y1, var(eiXy—1) = O(L). This implies
(6n — ¢) = Op(n™/?).
Indeed the results also holds almost surely
(fn — 6) = O(n™1/2). (14.14)
The same result is true for autoregressive processes of arbitrary finite order. That is
Vg, — &) B N(0,E(L,) 0%, (14.15)

n

14.6.2 Example: Asymptotic normality of the weighted periodogram

Previously we have discussed the weight peiodogram, here we show normality of it, in the case
that the time series X; is zero mean linear time series (has the representation Xy = 3, ¥jei—;).

Recalling Lemma [11.2.2| we have
1 n
A@dn) = = dwi)n(w
k=1

= 3 bl AR ) + of )

k=1

Therefore we will show asymptotic normality of 2 37| ¢(wy,)| A(wk)?|1z(wy,), which will give asymp-

totic normality of A(¢, I,). Expanding |I.(wy) and substituting this into
7 i1 O(wn) | A(wr)?| L (wr,) gives

LS AL = L3 et Z¢ (A explisalt —7) = = 3 erergnlt — 1)

k=1 t‘r 1 = tT 1
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where

n 2
gult = 1) = = " o) Alwn)? explica(t — ) =

k=1

o [ SAWP explist - D)o +O()

(the rate for the derivative exchange is based on assuming that the second derivatives of A(w) and

¢ exist and ¢(0) = ¢(2m)). We can rewrite X dota—1 Etergn(t — T) as

% Z [StET — E(gth)]gn(t - 7-)

= % ([(5? — E(7)]gn(0) + 6t(Z€7—[gn(t —7) — gn(T — t)]))
= iznzzt,n

where it is straightforward to show that {Z;,} are the sum of martingale differences. Thus we can

show that

\/15 Z gergn(t — ) — E(\/lﬁ Z e1ergn(t — T)) = \/15 tZIZtvn

t,r=1 t,r=1

satisfies the conditions of the martingale central limit theorem, which gives asymptotic normality
of %22721 etergn(t — 7) and thus A(e, I,).

In the remainder of this chapter we obtain the sampling properties of the ARMA estimators
defined in Sections [9.2.1] and [0.2.5]

14.7 Asymptotic properties of the Hannan and Rissa-

nen estimation method

In this section we will derive the sampling properties of the Hannan-Rissanen estimator. We will
obtain an almost sure rate of convergence (this will be the only estimator where we obtain an almost
sure rate). Typically obtaining only sure rates can be more difficult than obtaining probabilistic
rates, moreover the rates can be different (worse in the almost sure case). We now illustrate why

that is with a small example. Suppose {X;} are iid random variables with mean zero and variance
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one. Let S, = Z?:l X;. It can easily be shown that

var(Sy) = ! therefore S,, = Op(i). (14.16)

= 7

However, from the law of iterated logarithm we have for any ¢ > 0

P(S, > (1 +¢)y/2nloglogn infinitely often) = 0P(S,, > (1 — €)+/2nloglogn infinitely often) =(14.17)

Comparing (|14.16)) and (14.17) we see that for any given trajectory (realisation) most of the time

18, will be within the O(ﬁ) bound but there will be excursions above when it to the O(logl%

bound. In other words we cannot say that %Sn = (ﬁ) almost surely, but we can say that This

basically means that

1 _O(\/Qloglogn
n " LD

) almost surely.

Hence the probabilistic and the almost sure rates are (slightly) different. Given this result is true
for the average of iid random variables, it is likely that similar results will hold true for various
estimators.

In this section we derive an almost sure rate for Hannan-Rissanen estimator, this rate will
be determined by a few factors (a) an almost sure bound similar to the one derived above (b)
the increasing number of parameters p, (c) the bias due to estimating only a finite number of
parameters when there are an infinite number in the model.

We first recall the algorithm:

(i) Use least squares to estimate {b;}:"; and define

by = B, (14.18)
where B!, = (b1, .- -, by, n),
n T
o= 30 XXi,y fa= ) XiXe
t:pn+1 t:pn+1

and X:ﬁ—l = (thl, e ,Xt,pn).
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(ii) Estimate the residuals with
Pn

E=Xi— Y bjnXij.
j=1

(ili) Now use as estimates of ¢, and 6 én, 6, where

n p q
¢ .0, =argmin > (Xe— D ¢ X ;- Y 0i)” (14.19)
j=1 i=1

t=pn+1

We note that the above can easily be minimised. In fact

where

Y, = (Xi—1,- s Xty Etm1, - -, Et—q)- Let G = (60, 0).

We observe that in the second stage of the scheme where the estimation of the ARMA parameters
are done, it is important to show that the empirical residuals are close to the true residuals. That
is £, = €4+ 0(1). We observe that from the definition of &, this depends on the rate of convergence

of the AR estimators lA)jyn

pn
& o= Xi— ) binXi
j=1
Pn R 0
= a+ > (bim—b)Xej— > biXi (14.20)
j=1 J=pnt1
Hence
Pn . [e’e]
& —ee| < | (i —0)Xej| +] D biXe . (14.21)
Jj=1 j=pn+1

Therefore to study the asymptotic properties of ¢ = én, Qn we need to

e Obtain a rate of convergence for sup; 1Dj.n — byl
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e Obtain a rate for |&, — &4

e Use the above to obtain a rate for ¢,, = (éﬁn,Qn).

We first want to obtain the uniform rate of convergence for sup; |Bjn — bj|. Deriving this is
technically quite challanging. We state the rate in the following theorem, an outline of the proof
can be found in Section The proofs uses results from mixingale theory which can be found
in Chapter [B]

Theorem 14.7.1 Suppose that {X;} is from an ARMA process where the roots of the true char-
acteristic polynomials ¢(z) and 0(z) both have absolute value greater than 1+ 4. Let b,, be defined

as in , then we have almost surely

A~ log 1 1+v] 3
[or—bulo = O (pi\/( glogn) 7 ogn , +pnppn)

n n

for any v > 0.

PROOF. See Section 4711

Corollary 14.7.1 Suppose the conditions in Theorem [14.7.1] are satisfied. Then we have
|§t — 8,5‘ < pp max |lA)j7n — bj|Zt,pn + KppnY%_pn, (1422)
1<j<pn
where Zy ,,, = pin S 1 Xi—j| and Yy = 320 07| Xy,

n

1

Yo [EiXinj — emiXij| = O(paQ(n) + p) (14.23)
t=pn+1
1 & . - .
~ D [EiEe — eifi ] = O(paQ(n) + ) (14.24)
n t:pn+1

umm@m:ﬁ¢@mwi&&+%+%wm

n

PROOF. Using (|14.21]) we immediately obtain ({14.22]).
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To obtain (14.23]) we use (|14.21)) to obtain

1 & . 1 « B
— Z |Et—iXi—j — er—iXi—j| < - Z | X¢—jl|E—i — eri
t=pn+1 t=pn+1
1 & 1 &
< 0mQM), Y XullZep, |+ 0P 0 IXil[Yiey,|
t=pn+1 t=pn+1
= O(pnQ(n) + p™).
To prove (14.24) we use a similar method, hence we omit the details. O

We apply the above result in the theorem below.

Theorem 14.7.2 Suppose the assumptions in Theorem [14.7.1] are satisfied. Then

1+ 4
|@n —®0ll, = 0<pi\/(10g10gn) Vlogn+1;:b+pipp">-

n

fO?" any vy > 07 where Sbn = (énvén) and ¥o = (90760)'

PROOF. We note from the definition of ¢,, that
(@n—®0) = Ry (8n— Rno)-

Now in the 7~€n and S,, we replace the estimated residuals &, with the true unobserved residuals.

This gives us

(@n—®0) = Ry (sn—Rugy) + (Ry'sn — R '8n) (14.25)

R R
Ro== Y. YYV, s,=— > Y.X,

t=max(p,q) t=max(p,q)

Yé = (thl, PN ,Xt,p, Et—1y--- ,Et,q) (recalling that Y| = (thl, PN ,Xt,p, ENt,l, PN ,ENt,q). The

error term is
(Rilsn — R18,) =R U Ry — Ru)R, tsn + Ry sy — 8).
Now, almost surely R;;', R~ = O(1) (if E(R,) is non-singular). Hence we only need to obtain a
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bound for 7~2n — R, and s,, —S,,. We recall that

3 1 s
Rn—Rp=— Z (Yth - YtY£)7

n
t=pn+1

hence the terms differ where we replace the estimated £; with the true e, hence by using (|14.23))
and (|14.24]) we have almost surely

|7§'n - 7?/n| = O(an(n) + ppn) and |§n - Sn’ = O(an(n) + ppn)
Therefore by substituting the above into ((14.26)) we obtain
(Sbn - SOO) = Rgl (Sn - Rnﬁoo) + O(PnQ(n) + o). (14.26)

Finally using straightforward algebra it can be shown that

n

1
Sn — Rnp, = ﬁt E : )Eth-
=max(p,q

By using Theorem |14.7.3| below, we have s,, — Rp¢,, = O((p + q)\/w). Substituting

n

the above bound into (?7), and noting that O(Q(n)) dominates O(\/M) gives

. (loglogn)*7logn  p4
16n = enll, = O (pi\/ p + 2 p”

and the required result. ]

14.7.1 Proof of Theorem [14.7.1 (A rate for ||br — by][5)

We observe that
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where b, R, and r, are deterministic, with b, = (b1...,bp,), (Rpn)i; = E(X;Xj) and (r,); =
E(XoX_;). Evaluating the Euclidean distance we have

1br, = bull2 < | By lspec
14

B — Rubaly + By lspecl B lopec

Rn _R"H2

£, — Rubyl|,, (14.27)

where we used that R;! — R>' = RV (R, — R,)R;,

n n

Lemma [7.14.2 we have A\jin(R; 1) > §/2 for all T. Thus our aim is to obtain almost sure bounds

! and the norm inequalities. Now by using

for ||, — Rybyl|l2 and ||R,, — R,||2, which requires the lemma below.

Theorem 14.7.3 Let us suppose that {X;} has an ARMA representation where the roots of the

characteristic polynomials ¢(z) and 0(z) lie are greater than 1 + 6. Then

()

1 < loglogn)1+71
SN ek, :0<\/ (loglogn) ™7 log (14.28)
n n
t=r+1
(it)
1 < log logn)1+71
LSS xx, o leeken)thosn (14.29)
n n
t=max(,5)
for any v > 0.
PROOQOF. The result is proved in Chapter ]

To obtain the bounds we first note that if the there wasn’t an MA component in the ARMA pro-

cess, in other words {X;} was an AR(p) process with p,, > p, then ¥, — R,b, = %Z?:pnﬂ et Xi—r,
which has a mean zero. However because an ARMA process has an AR(oc0) representation and we
are only estimating the first p,, parameters, there exists a ‘bias’ in t,, — R,b,,. Therefore we obtain

the decomposition

A R 1 n o0 1 n oo
(b0 = Raba)r = — > (Xt—ijXt_j)Xt_r—FE > ‘Z biXe i Xi ., (14.30)
t=pp+1 j=1 t=pn+1j=pp+1
1 n 1 n o0
=~ > aXit o Y Z bi X Xty (14.31)
t=pn+1 t=pn+1 j=pn+1

stochastic term bias
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Therefore we can bound the bias with

Z et Xi—r

t=pn+1

(En — Rnby < KpP— Z‘Xt r’ZP]’Xt ~pn—il- (14.32)

7=1

3\)—‘

Let Y; = Y202, p7| X¢—j and Sppp = 5 D00 [ Xer| D252, 07| X k5] We note that {Y;} and {X;}
are ergodic sequences. By applying the ergodic theorm we can show that for a fixed k£ and r,

Sh ke, % E(X;—,Y;—1). Hence S, i, are almost surely bounded sequences and

LS X D Pl = 0.
t=1 j=1

Therefore almost surely we have

.- 1 <
[t — Rpbyll2 = Hﬁt Z&-l etX¢—1/l2 + O(pnp®™).
=Pn

Now by using (|14.28]) we have

. 14
|£n — Rubpllz = O (pn {\/(log logng logn , ypn }) . (14.33)

This gives us a rate for r,, — R,b,. Next we consider R,. It is clear from the definition of R, that

almost surely we have

. 1 <«
(Rn)ij — B(XiX;) = — > XX - B(XiX;)
t=pn+1
1 - mln(z ])
= - Y XX — E(X Z X-iX—j + — =7 E(XiX))
t=min(z,5) t min(z,5)
1 T j2
= ) XX - BOXGX)]+ O,
t=min(z,5)
Now by using (|14.29) we have almost surely
- Dn loglogn)i*t7logn
(R~ ECXX)| = 022 [ logloan) T logn,,
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Therefore we have almost surely

. . log log n)1+71
IIRn—Rnllzz()(pi{z;f\/(og Og”:b Og”}). (14.34)

We note that by using (14.27)), (14.33) and (14.34) we have

. N . loglogn)*logn  p;
an—bnbﬁHRanspecHRanspecO<n\/( g ogn) 7 o +p+pnppn>.

As we mentioned previously, because the spectrum of X; is bounded away from zero, Apin(Ry)
is bounded away from zero for all 1. Moreover, since /\mm(Rn) > Amin(Rn) — AMmag (Rn —R,) >
Amin(Rn) —tr((R, — Rp)?), which for a large enough n is bounded away from zero. Hence we obtain

almost surely

n

- loglogn)l+7logn 3
[Ba —ball2 = O <pi\/( shogn) 7 o8 +f§+pnppn>, (14.35)
thus proving Theorem [14.7.1] for any v > 0.

14.8 Asymptotic properties of the GMLE

Let us suppose that {X;} satisfies the ARMA representation
2 (0 L0
Xi— Z ¢E X =&+ 293( )Et—j, (14.36)
i=1 =1
and 0y = (9§0), ... ,9((10)), by = (qﬁgo), .. ',%(70)) and o} = var(e). In this section we consider the

sampling properties of the GML estimator, defined in Section We first recall the estimator.

We use as an estimator of (6, @,), b, = (Qn,én,&n) = argming g)ce Ln(9,0,0), where

n—1 1771 (X — t( 191)2
~Ln(¢,0,0) = —Zlognﬂ 70 0)+ D ¢+)‘ (14.37)
t=1 ’

To show consistency and asymptotic normality we will use the following assumptions.

Assumption 14.8.1 (i) X; is both invertible and causal.
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(ii) The parameter space should be such that all $(z) and 0(z) in the parameter space have roots

whose absolute value is greater than 1+ §. ¢o(z) and Oy(z) belong to this space.

Assumption [14.8.1f means for for some finite constant K and
K 327201071127 ] and [¢(2) 71 < K 3272 7] 27).

To prove the result, we require the following approximations of the GML. Let

< p < 1, we have |¢(2)7!| <

1+6

0)
X0 Zb (6, 0) Xi1-5- (14.38)

This is an approximation of the one-step ahead predictor. Since the likelihood is constructed from
the one-step ahead predictors, we can approximated the likelihood %Ln@, 6, 0) with the above and
define

T—
Lu(¢.6,0) = logo®+—; ZX,:H X0 R (14.39)

We recall that X t(i)f& was derived from X t( +1\3t which is the one-step ahead predictor of X;iq

given X;, Xy_1,..., thisis

Xm't Zb (¢,0) Xt 11— (14.40)

Using the above we define a approximation of %Ln@, 0,0) which in practice cannot be obtained

(since the infinite past of {X;} is not observed). Let us define the criterion

S

-1

1 0
“La(6,0,0) = logo® + 5 3 (Xep — X1 ) (14.41)
t=1
In practice ~Ln(¢,0,0) can not be evaluated, but it proves to be a convenient tool in obtaining

the sampling properties of ¢,,. The main reason is because X ~Ly(4,0,0) is a function of {X;} and
{Xt(ff& = > 721 bj(¢,0)Xi41-5} both of these are ergodic (since the ARMA process is ergodic
when its roots lie outside the unit circle and the roots of ¢,8 € © are such that they lie outside
the unit circle). In contrast looking at L,(¢,0, ), which is comprised of {X;,;}, which not an
ergodic random variable because Xy is the best linear predictor of X,y given Xy, ..., X7 (see the

number of elements in the prediction changes with t). Using this approximation really simplifies

the proof, though it is possible to prove the result without using these approximations.
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First we obtain the result for the estimators ¢}, = (6],,¢",6n) = argmingg g)co Ln(9,0,0) and

then show the same result can be applied to ¢,.

Proposition 14.8.1 Suppose {X;} is an ARMA process which satisfies , and Assumption

14.8.1| is satisfied. Let Xt(f’fa, )N(t(flﬂi _and Xt(fle‘l __ be the predictors defined in (77), (14.38) and

14.40), obtained using the parameters ¢ = {¢;} and 0 = {6;}, where the roots the corresponding

characteristic polynomial ¢(z) and 0(z) have absolute value greater than 1+ . Then

t t
(d)ﬂ) % ((b?@) p 3
‘Xt+1|t - Xt+1|t,...‘ = 1—p ZPZ|XH, (14.42)
i=1
,0 >(¢,0
E(Xfflﬁ - Xt(flﬁt,‘,,)z < Kp', (14.43)
X, (1) = Xy | = | D0 bi(6,0) X5 S Kp' Y pIX 1, (14.44)
j=t+1 =0
79 v ,9
E(X, 0.~ X0 < Ko (14.45)
and
Ire(o,¢,0) — 0% < Kp' (14.46)

for any 1/(146) < p <1 and K is some finite constant.

PROOF. The proof follows closely the proof of Proposition First we define a separate
ARMA process {Y;}, which is driven by the parameters 6 and ¢ (recall that {X;} is drive by the
parameters 0y and ¢p). That is Y; satisfies Y; — 2521 ¢iYioj = e + Z?zl fjei—j. Recalling that
Xﬁ’fn , 1s the best linear predictor of X1 given Xy, ..., X; and the variances of {Y;} (noting that

it is the process driven by 6 and ¢), we have

t o0
X = 000X +( 3 b6, 0ris6.0%06,07) X0 (1047
Jj= Jj=
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where (¢, 0)s ¢ = E(YsY:), (r1;)i = E(Y,—;Y_;) and X} = (Xy,..., X1). Therefore

0
Xf)+1|t Xes,.. Z birt,;Te(6,0) ") Xy

Jj=t+1

Since the largest eigenvalue of 3¢(¢, 8) 7! is bounded (see Lemmal7.14.2)) and | (7 ;)i| = |E(Yi—iY—_;)| <
Kp'tﬂ'ﬂ| we obtain the bound in (|14.42f). Taking expectations, we have

o0
0 0
E(thirl\t Xf+1|t )2 = ( Z bt ;) Se(h, 0) " Si(do, 0) St (6, 60) Z biyiTe)-
j=t+1 j=t+1

Now by using the same arguments given in the proof of (7.23) we obtain ((14.43]).
To prove (|14.45|) we note that

E(Xpp,..(1) = Xipap,..)” = E( Z bj(¢,0)X111-;)° =E thﬂ (6,0)X_;)%,
J=t+1

now by using 1) we have |b.1(¢,0)| < Kp'*, for %4*5 < p < 1, and the bound in (14.44)).
Using this we have E()N(H”tw(l) — Xt+1|t7“_)2 < Kp', which proves the result. O

Using ¢; = X; — Z;)L bj(@g,00)X¢—; and substituting this into L,(¢, 0, o) gives
1 = 5
fﬁn(¢, 0, 0’) = log 0'2 + W (Xt — Z bj(?, Q)Xt+1_j)
i=1

T-1
= La(@8,0)log0” + > {008)”" ()0} {0(B) " o(B) X,

n

1 2 n oo
— 10g02+W25?+n25t > bi(¢,0)X, ;)
t=1 j=1

t=1

> (D (5(6,0) — bi(0,60) X )*.

Remark 14.8.1 (Derivatives involving the Backshift operator) Consider the transformation

[ee] oo
=Y 0BIX; =) X, ;.
=0 =0

Suppose we want to differentiate the above with respect to 6, there are two ways this can be done.

Either differentiate Z;’;O 07 X;_; with respect to 0 or differentiate ﬁ with respect to 0. In other
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words

d 1
el Ji—1x
01— 0B" (1—03 239 b=

Often it is easier to differentiate the operator. Suppose that 6(B) = 1 + Z§:1 0;B7 and ¢(B) =
1= ¢; B, then we have

d ¢(B), _ B¢B),  #(B) .,
de; 0(B) 0BT 9(B)? Xe = _9(3)2XH
d qS(B)X B 1

6, 6(B) T Bt T amRE

Moreover in the case of squares we have

d ¢B)yo_ ., ¢DB) (B d_¢(B) ¢(B) 1
%(@Xt) = _2(9(B)Xt)(9(3)2 t—); d%( o(B) 0)? —2(9(B>Xt)(9(3)2Xt7y)
Using the above we can easily evaluate the gradient of %En
1 29 1 (B)
;veiﬁn(¢7070) - _?t:1(0(3) ¢(B)Xt)th—z
L La(0.0) = 2 S OB B X
n G - no? — YoB)yt
i Vo2 ln(4,0,0) = 7—@2 =) bi(,0)X, ;)" (14.48)
t=1 7=1

Let V = (Vy,, Vy,,Vs2). We note that the second derivative V2L, can be defined similarly.

Lemma 14.8.1 Suppose Assumption holds. Then

1
sup H—VE o < KS, sup [|=V3L,|l2 < K S, (14.49)
$,0€0 ¢0c0 M

for some constant K,

Yt Vi, (14.50)

S\H
M@

H

r1,72=0 t=
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where

o0
S SR )

Jj=0

for(myﬁ<p<l.

PROOF. The proof follows from the the roots of ¢(z) and 6(z) having absolute value greater than
1+6. O

Define the expectation of the likelihood £(¢,0,0)) = E(+L,,(¢,0,05)). We observe

2

£(6,6,0)) =logo + T + E(Zu(9.6)")

where

Z _b ¢0790))Xt —J

7=1
Lemma 14.8.2 Suppose that Assumption are satisfied. Then for all §,$,0 € © we have

(i) %V’ n(®,0, J)) iL(p,0,0)) fori=0,1,2,3.

(i) Let S, defined in (14.50)), then S, “3 E(Zmax(pq Yo Y Yi,).

T1,72

PROOF. Noting that the ARMA process {X;} are ergodic random variables, then {Z;(¢,8)} and
{Y;} are ergodic random variables, the result follows immediately from the Ergodic theorem.

We use these results in the proofs below.

Theorem 14.8.1 Suppose that Assumption|14.8.1|is satisfied. Let (Qn, ,&;‘L) = argmin £,,(0, ¢, 0)

(noting the practice that this cannot be evaluated). Then we have

(i) (B, 8,,53) 3 (65, 6, 00)-

(i) vn(0, 00, —0p) 2)./\/(0,0[2)[\_1), where

EUU;) E(VUY)
EUV)) EWVY)

and {U;} and {V;} are autoregressive processes which satisfy ¢o(B)Uy = &1 and 0p(B)V; = &4.
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PROOF. We prove the result in two stages below. O

PROOF of Theorem [14.8.1{(i) We will first prove Theorem [14.8.1)i). Noting the results in
Section W’ to prove consistency we recall that we must show (a) the (?0’ 0y, 00) is the unique
minimum of £(-) (b) pointwise convergence =L(¢,8,0)) =3 L(¢, 0, 0)) and (b) stochastic equicon-

tinuity (as defined in Definition 14.3.2). To show that (¢, 6y, 00) is the minimum we note that

2

2
L(¢,0,0)) — L(¢g, 00,00)) = log(Z5) + 5 — 1+ E(Zi(¢,0)2).
) )

Since for all positive z, logx + z — 1 is a positive function and E(Z;(¢, 0)?) = E(X252,(bj(,0) —
bj (g, 00))Xi—;)? is positive and zero at (¢: 00, 00) it is clear that ¢, 80,00 is the minimum of
L. We will assume for now it is the unique minimum. Pointwise convergence is an immediate
consequence of Lemma (1) To show stochastic equicontinuity we note that for any ¢; =

(¢1,01,01) and @y = (9,02, 02) we have by the mean value theorem
Ln(@1,01,01) — Ln(@y,02,02)) = (¢1 — ¢2)Vﬁn(§$, 97 7).
Now by using (14.49) we have

Lin(¢1,01,01) — Ln(dg,02,02)) < Srl[(P1 — o), (01 — 02), (01 — 02)]|2.

By using Lemma|14.8.2((ii) we have S,, %% E(Zmax(pm Yoy Vi Yioy,), hence {S,, } is almost surely

r1,r2=0

bounded. This implies that £, is equicontinuous. Since we have shown pointwise convergence and
equicontinuity of L,,, by using Corollary [14.3.1] we almost sure convergence of the estimator. Thu
proving (i). O

PROOF of Theorem (ii) We now prove Theorem|(14.8.1{(i) using the Martingale central
limit theorem (see Billingsley| (1995)) and |Hall and Heyde, (1980)) in conjunction with the Cramer-
Wold device (see Theorem [9.1.1)).

Using the mean value theorem we have

(@5 — @) = V2L (@,) ' VL (Mg, 00, 00)

where @* = (.., 0..67), vy = (¢o, 00,00) and @, = ¢, 0,7 lies between ¢* and ¢,
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Using the same techniques given in Theorem [14.8.1{(i) and Lemma [14.8.2| we have pointwise
convergence and equicontinuity of V2£,. This means that V2L, (5,) %3 E(V2L,(¢g,00,00)) =
%A (since by definition of @, @, 3 ). Therefore by applying Slutsky’s theorem (since A is

nonsingular) we have
VL (@,) L B o2AL (14.51)

Now we show that VL, (¢,) is asymptotically normal. By using (14.48)) and replacing X;—; =
(150(3)7190(3)&_1 we have

1 2 < (-1 -2 «

—Vo. L 0 = — - = —— Vi, 1=1,...

n 0, L1(bg, 00, 00) GQn;&eO(B)St i azn;& t—i ? REREY’)

1 2 & 1 2 &

—Vu. L 0o, = — ——— i = —— Ui 7=1,...,

n % n(®o, 60, 00) o?n ;5t¢0(3)5t I o2n ;gt t=j J p
T T

1 1 1 9o 1 9 9

ﬁvoaLn((l)O,Oo,O'O) = 0_2—0_471;5 = 0_471;(0' — & ),

where U; = mst and V; = mat. We observe that %Vﬁn is the sum of vector martingale

differences. If E(e}) < oo, it is clear that E((e:Ui—;)*) = E((e})E(U—j)*) < oo, E((e:Vi—i)?) =
E((eH)E(Vi—i)*) < oo and E((0? — £?)?) < co. Hence Lindeberg’s condition is satisfied (see the

proof given in Section for why this is true). Hence we have
ViV Lo(dg, 00,00) 3 N (0, A).
Now by using the above and we have
Vi(@h = po) = VAVELA(@,) T VE(pg) = Va(h — @g) D N(0,0'ATY).

Thus we obtain the required result. ]

The above result proves consistency and asymptotically normality of (QZ, é;, . ), which is based
on L, (0, ¢,0), which in practice is impossible to evaluate. However we will show below that the
gaussian likelihood, L, (0, ¢,0) and is derivatives are sufficiently close to £,(6,¢,0) such that
the estimators (Q:L,;Z,&,’;) and the GMLE, (Qn,én,&n) = argmin L, (0, ¢,0) are asymptotically

equivalent. We use Lemma to prove the below result.

478



Proposition 14.8.2 Suppose that Assumption hold and Ly(8, ¢,0), L0, ¢,0) and L, (0, ¢,0)
are defined as in (14.37), (14.59) and (14.41) respectively. Then we have for all (0, ¢) € Theta we

have almost surely

1 ~ 1 1
sSup 7|v(k)[’(¢7 07 U) - vkLn(¢’ 07 U)‘ = O(i) sup 7“6 (¢)7 07 U) - ‘C(¢7 0)0-)| = 0(7)7
(¢.0.0) T o (¢00) " n
fork=0,1,2,3.

PROOF. The proof of the result follows from (14.42) and (14.44). We show that result for
SUP(¢.6.0) |£(¢, 0,0) — L,(¢,0,0)|, a similar proof can be used for the rest of the result.

Let us consider the difference

L0(9,0) ~ Ln(6,6) = ~ (I + I + T11,),

where

n—1

— 1 0 o
ho= (o000t Th=3 ol (e - X
_ x (69 (¢,0) (¢,0)\2 (0.0) 2
111, = Z {QXtJrl t+1|t Xt+1\t,...) + ((Xt+1\t) (Xt+1|t ) )}
Now we recall from Proposition [14.8.1] that
(06) _ 5(00) ¢
|Xt+i\t Xt+71|t ’ K- V;f(l )

where V; = 3°t_, p|X;|. Hence since E(X?) < oo and E(V;?) < co we have that sup,, E|I,,| < oo,
sup,, E|I1,| < oo and sup,, E|I11,| < co. Hence the sequence {|I,, + II,, + I11,|}, is almost surely

bounded. This means that almost surely

1
sup |Ln(4,0) — Lu(¢,8)| = O(~).
¢’97U n
Thus giving the required result. O

Now by using the above proposition the result below immediately follows.

Theorem 14.8.2 Let (0, &5) = argmin L (0, ¢,0) and (é,é) — argmin L7 (0 ,9,0)

479



(i) (6:9) *% (89, &) and (8,9) “% (60, &,)-

(ii) VT(Or — 09, &, — 8) > N(0,08A™1)
and T (01 90, 0y) 2 N(0, oaA7Y).

PROOF. The proof follows immediately from Proposition [14.8.1
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Chapter 15

Residual Bootstrap for estimation in

autoregressive processes

In Chapter 7?7 we consider the asymptotic sampling properties of the several estimators including
the least squares estimator of the autoregressive parameters and the gaussian maximum likelihood
estimator used to estimate the parameters of an ARMA process. The asymptotic distributions
are often used for statistical testing and constructing confidence intervals. However the results
are asymptotic, and only hold (approximately), when the sample size is relatively large. When
the sample size is smaller, the normal approximation is not valid and better approximations are
sought. Even in the case where we are willing to use the asymptotic distribution, often we need to
obtain expressions for the variance or bias. Sometimes this may not be possible or only possible
with a excessive effort. The Bootstrap is a power tool which allows one to approximate certain
characteristics. To quote from Wikipedia ‘Bootstrap is the practice of estimating properties of an
estimator (such as its variance) by measuring those properties when sampling from an approximat-
ing distribution’. Bootstrap essentially samples from the sample. Each subsample is treated like
a new sample from a population. Using these ‘new’ multiple realisations one can obtain approx-
imations for Cls and variance estimates for the parameter estimates. Of course in reality we do
not have multiple-realisations, we are sampling from the sample. Thus we are not gaining more
as we subsample more. But we do gain some insight into the finite sample distribution. In this
chapter we will details the residual bootstrap method, and then show that the asymptotically the
bootstrap distribution coincides with asymptotic distribution.

The residual bootstrap method was first proposed by J. P. Kreiss (Kreiss (1997) is a very nice
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review paper on the subject), (see also [Franke and Kreiss (1992)), where an extension to AR(oc0)
processes is also given here). One of the first theoretical papers on the bootstrap is Bickel and
Freedman| (1981). There are several other boostrapping methods for time series, these include
bootstrapping the periodogram, block bootstrap, bootstrapping the Kalman filter (Stoffer and
Wall (1991), |Stoffer and Wall (2004) and Shumway and Stoffer| (2006)). These methods have not
only been used for variance estimation but also determining orders etc. At this point it is worth
mentioning methods Frequency domain approaches are considered in |[Dahlhaus and Janas (1996)
and Franke and Hardle| (1992)) (a review of subsampling methods can be found in |[Politis et al.

(1999)).

15.1 The residual bootstrap

Suppose that the time series {X;} satisfies the stationary, causal AR process

p
X = Z O;Xi—j + e,
j=1
where {g;} are iid random variables with mean zero and variance one and the roots of the charac-
teristic polynomial have absolute value greater than (1 4+ ). We will suppose that the order p is
known.

The residual bootstrap for autoregressive processes
(i) Let

. 1

1 n . n
p=— > XX and 4 = - > XXy, (15.1)
t=p+1 t=p+1

~ ~

where X} = (X¢,...,X¢—p+1). We use én = (le,...,qﬁp)’ == F;l% as an estimator of
qb: (¢17"'7¢p)'

(ii) We create the bootstrap sample by first estimating the residuals {e;} and sampling from the

residuals. Let

p
ét - Xt - Z ¢th—j'

Jj=1
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(iii)

(vii)

(viii)

Now create the empirical distribution function based on &;. Let

. 1 "
Fn(x) - ni—p t:p;l I(—oo,ét](x)'

we notice that sampling from the distribution Fn(m), means observing é; with probability

(n—p)~h.

Sample independently from the distribution F},(z) n times. Label this sample as {¢; }.

Leth:E;forlgkgpand

p
X =>¢,X",+ex, p<k<n
j=1

We call {X ,j }. Repeating step (vi,v) N times gives us N bootstrap samples. To distinguish
each sample we can label each bootstrap sample as ({(X,j)(i)};i =p+1,...,n).

For each bootstrap sample we can construct a bootstrap matrix, vector and estimator (F; )(i),
()@ and (§,) = ((T5) @)L 0.

Using @:)(’) we can estimate the variance of én — ¢ with %E?:l(@:

)@ — én) and the

distribution function of én — ?

15.2 The sampling properties of the residual bootstrap

estimator

In this section we show that the distribution of \/ﬁ(éz - én) and \/ﬁ@n — ¢) asymptotically

coincide. This means that using the bootstrap distribution is no worse than using the asymptotic

normal approximation. However it does not say the bootstrap distribution better approximates

the finite sample distribution of @n — ¢), to show this one would have to use Edgeworth expansion

methods.

In order to show that the distribution of the bootstrap sample \/ﬁ(é: —én) asymptotically coin-

cides with the asymptotic distribution of \/ﬁ@n — ¢), we will show convergence of the distributions
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under the following distance

= i —_yv\n1l/p
d(HG) = _inf (B(X - YP}7,

where p > 1. Roughly speaking, if d,(F,,G,) — 0, then the limiting distributions of F;, and Gy,
are the same (see Bickel and Freedman (1981)). The case that p = 2 is the most commonly used p,
and for p = 2, this is called Mallows distance. The Mallows distance between the distribution H
and G is defined as

— : _ 211/2
dQ(H) G) Xw}}}}f/NG{E(X Y) } )

we will use the Mallow distance to prove the results below. It is worth mentioning that the
distance is zero when H = G are the same (as a distance should be). To see this, set the joint
distribution between X and Y to be F(z,y) == G(z) when y = z and zero otherwise, then it
clear that da(H,G) = 0. To reduce notation rather than specify the distributions, F' and G, we let
d,(X,Y) =d,(H,G), where the random variables X and Y have the marginal distributions H and
G, respectively. We mention that distance d, satisfies the triangle inequality.

The main application of showing that d,(F},,G,) — 0 is stated in the following lemma, which

is a version of Lemma 8.3, |Bickel and Freedman| (1981)).

Lemma 15.2.1 Let a, o, be two probability measures then dy(ap, a) — 0 if and only if
Fo, (| X]P) :/yx\panux) L Ea(XP) :/\x]pa(dx) n - oo.

and the distribution o, converges weakly to the distribution .

Our aim is to show that

day(Va(d, — ) v/n(d — ) =0,

T

which implies that their distributions asymptotically coincide. To do this we use

(\/ﬁ(én_?) = \/ﬁfgl('?p_fp?)
(V@ =) = VaTh) ' -T76 ).

—n n
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Studying how fp, Yp, T’ ;,r and 'y; are constructed, we see as a starting point we need to show
do(X;", X)) = 0 t,n— o0, do(Z,Z;) =0 n— oo

We start by showing that da(Z;", Z;) — 0

Lemma 15.2.2 Suppose €; is the bootstrap residuals and &; are the true residuals. Define the

discrete random variable J = {p+1,...,n} and let P(J = k) = L. Then

n—p
E((6) — )2 X1se., Xn) = op(%) (15.2)

and
do(Ep, F) < do(Ey, Fp) +do(Fn, F) » 0 as — oo, (15.3)

where F, = -1 Dot L—ooen) (@), Fo(z) = %_p Y tepi1 L(—ocz)(¥) are the empirical distribution
function based on the residuals {ei}, and estimated residuals {é;};, and F' is the distribution

function of the residual e;.

PROOF. We first show 1) From the definition of é'j and €5 we have

R 1 L
E(l¢) —es*| X1, .., Xn) = p— Z(Q—&)Q
pt:p+1
n

= nl_p > O b — b1 Xi-j)?

t=p+1 j=1
p . . 1 n
= Y bi — 0o — %]H > Xy X
J1,52=1 t=p+1

Now by using (14.14) we have sup;<;<, |qu5] — ¢j| = 0,(n~1/2), therefore we have E|é; — e;]2 =
0,(n=1/2).
We now prove ([15.3). We first note by the triangle inequality we have

d2<F7Fn) S d2(F7 Fn) + dQ(anFn)-

By using Lemma 8.4, Bickel and Freedman (1981), we have that da(F},, F') — 0. Therefore we need
to show that dg(Fn,Fn) — 0. It is clear by definition that dg(Fn,Fn) = dg(sf,ét), where ej is

485



sampled from F), = ﬁ Z?=p+1 I,y (z) and & is sampled from F), = ﬁ Z?:pﬂ I oo cp)(T).
Hence, &, gzr have the same distribution as €; and £;. We now evaluate d2(6;r ,€t). To evaluate
do(e) &) = infaj~ﬁn,ét~Fn Ele;” — &| we need that the marginal distributions of (¢, &) are F}, and
F,,, but the infimum is over all joint distributions. It is best to choose a joint distribution which
is highly dependent (because this minimises the distance between the two random variables). An
ideal candidate is to suppose that 5? = £y and &; = €, since these have the marginals Fn and F},

respectively. Therefore

. - R 1
do(F, Fy)? = , inf Elef — &l* <E((65 — )’ X1,..., Xn) = Op(=
€y ~Fn Et~Fy n

where the above rate comes from {i This means that dg(ﬁn, F,) A 0, hence we obtain |i
O

Corollary 15.2.1 Suppose E:'_ 1s the bootstrapped residual. Then we have
P
Ep ((67)%X1,. .., Xn) = Ep(e])

PROOF. The proof follows from Lemma [15.2.1) and Lemma [15.2.2 ]

We recall that since X; is a causal autoregressive process, there exists some coefficients {a;}

such that

oo
Xt: E aj€t—j,
J=0

where a; = aj(¢) = [A(¢)?]1.1 = [A7]11 (see Lemma |4.5.1)). Similarly using the estimated parame-

ters ¢ ~we can write X, as

t
X = Z a; (Qn)ej_j’
=0

where aj@n) = [A@n)j]l,l- We now show that da(X,;", X;) — 0 as n — oo and t — oo.

Lemma 15.2.3 Let J,1,...,J, be independent samples from {n—p+1,...,n} with P(J; = k) =
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1
g Define

t t t )
+ _ (] + v+ (] + v . _V . .
;"= Z aj(¢,)es, ;Y= Z aj(¢,)es,_;» Y= Z ajeg,; Y=Y+ Z a5€t—j>
j=p+1 j=p+1 j=p+1 Jj=t+p+1
where €, is a sample from {epy1,...,€n} and € is a sample from {épy1,...,én}. Then we have

- 1 -
E((Y;f—i_ _}/;+)2|X1>-"7Xn) :Op(g)v dQ(Y?_vYVt_‘—) —0 n— oo, (154)
- - 1 -~
E((Y;" =Y X1,..., Xn) = Op(=), do(Y,7, V) =0 n— oo, (15.5)
and
E((Y: - V)| X1,.... X,) < Kp', do(Yi,Y:) -0 n— oo (15.6)

PROOF. We first prove (15.4)). It is clear from the definitions that

E(( =Y X1y, Xa) <D (1A@Y I — (A, VL) E(E)? X0, X)) (15.7)
=0

n
J

Using Lemma|l5.2.1|we have that E((sj)2|X1, ..., Xy) is the same for all j and E((ej)2|X1, ey Xn) UA

E(e?), hence we will consider for now ([A(¢)’]11 — [A@n)j]l,l)Q. Using (|14.14)) we have @n —¢) =
O,(n~'/2), therefore by the mean value theorem we have [A(¢) — A(én)] = @n —¢)D ~ £D (for

some random matrix D). Hence

4G, = (4@ + oy a0y (14 40 £ )

—n

(note these are heuristic bounds, and this argument needs to be made precise). Applying the mean

value theorem again we have

4@y (1440 Ep) — a@r + Epawpa+ a0 oy,

n
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where B is such that || B||spec < H%DH Altogether this gives

1A~ 4@, Y}l < =D AP (1 + A@) S By,

Notice that for large enough n, (1+ A(¢) £ B)J is increasing slower (as n — co) than A(¢)’ is

contracting. Therefore for a large enough n we have

[4(0) ~ 4@, hal < 130,

for any ﬁ < p < 1. Subsituting this into () gives

~+

B((V — T X0, Xa) € B P = 0p(5) 50 ns oo

j=0
hence dy(Y;",Y;") = 0 as n — oo.
We now prove ((15.5). We see that
. ) ¢ t
E((Y -2 X1,.. . Xp) =Y alB(y,_, —e5,_,) 2 =E(és_, —es,_,)* Y _d. (15.8)
=0 j=0

Now by substituting (15.2) into the above we have E(Y;" — ¥;)? = O(n~'), as required. This means
that da(Y;",Y;) — 0.
Finally we prove ((15.6)). We see that

oo

B((Y; - Y)2(X1,.... Xp) = Y alE(e}). (15.9)
j=t+1
Using (4.21) we have E(Y; — Y;)? < K pt, thus giving us (15.6)). O

We can now almost prove the result. To do this we note that

. 1 < . R
(p — I'pg) = m Z e X¢-1, (7; - F;?n) N “p Z 5erttl- (15.10)
t=p+1 t=p+1

Lemma 15.2.4 Let Yy, Yf, 17? and Yy, be defined as in Lemma . Define f’p and f‘;r, Ap
and 'y; i the same way as fp and %, defined in , but using Y; and YtJr defined in Lemma
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rspectively, rather than X;. We have that

da(¥:, Y;) < {E(Y; — ;)12 = Oy (K (n™ 7 + o), (15.11)

da(Yy, Xt) = 0, n — oo, (15.12)

and

~ —

da(Vn(3p — Tp9), V(3 =T 6)) < nB((5, — Tpd) — (3 —~T50 ) =0 n— oo, (15.13)

—n

where Ty, T'F, 3, and 3,5 are defined in the same was as Ty, L, Ap and 7, but with {Y3} replacing

X; in Ty and ¥, and {Yf} replacing XtJr m f‘;,r and f_y;. Furthermore we have

EL, — Ty =0, (15.14)

do((p — Tpo), (p — Tpo)) = 0, E[T, —Tp| =0 n— . (15.15)
PROOF. We first prove ([15.11]). Using the triangle inequality we have

(B =Y, X0, X} < (B = Y2 X, Xa) M2 4+ {(B(Y: = V)X, X))}

BT = V)X X)) P2 = O V2 4 pty,

where we use Lemma [15.2.3] we get the second inequality above. Therefore by definition of
dQ(Xt,X;_ ) we have . To prove we note that the only difference between Y; and
X is that the {e;, } in Y}, is sampled from {epy1,...,e,} hence sampled from F),, where as the
{et}izpy1 in Xy are iid random variables with distribution F'. Since da(F,, F') — 0 (Bickel and

Freedman| (1981), Lemma 8.4) it follows that da(Y;, X¢) — 0, thus proving ((15.12)).
To prove (|15.13) we consider the difference (3, — Tp¢) — (3 = f‘;éﬂ) and use (15.10) to get

n

1 O 1
- > {€th—1 - E?_Y:——l} =— > {(€t —e ) Y1 +ef (Yo - Yt+—1)}a

n
t:p+1 t:p—i-l

where we note that Y;r_1 = (thl,...,Yttp)’ and Y;—1 = (Yi—1,...,Y:—p). Using the above,
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and taking conditional expectations with respect to {X1,...,X,} and noting that conditioned on

{X1,...,Xn}, (e — /) are independent of Xy, and X/ for k < ¢ we have

1 n 2 1/2
{nE< > {sth_l—ngjID |X17...,Xn} <T+1I

t=p+1
where
1 n
= - > {E((er = )X, X) PAE(Y X0, X))
t=p+1
1 n
= {E((‘gt - 5?_)2‘X17 s 7Xn)}l/2ﬁ Z {E((Ythl‘le oo 7Xn)}1/2

t=p+1

1 n
= - > B )X X)) P HE(Y e = Y2 X, X 2

t=p+1
n

= (B X ST BV = YK X)) 2
t=p+1

Now by using |D we have I < Kn~1/2, and (15.13)) and Corollary [15.2.1| we obtain I < Kn~1/2,

hence we have (15.13)). Using a similar technique to that given above we can prove (|15.14]).
(15.15)) follows from ([15.13)), (|15.14]) and (|15.12). (I

Corollary 15.2.2 Let F;, f‘p, Yp and ’y;r be defined in . Then we have

ia (VG ~ By vy~ 58,)) 0 (15.16)
dy(T},T}) — 0, (15.17)

as n — 0.

PROOF. We first prove (15.16)). Using (|15.13)), (15.15]) and the triangular inequality gives (|15.16)).

To prove ((15.17]) we use (|15.14]) and (|15.15)) and the triangular inequality and (15.16)) immediately
follows. 0

Now by using (15.17) and Lemma [15.2.1| we have



and by using ([15.16)), the distribution of \/ﬁ('yl‘f - I‘; én converges weakly to the distribution of
Vn(dp — fp@. Therefore

Vi —é ) B N(,2r; ),

—n

hence the distributions of \/ﬁ(’yp—fp@ and \/n(y,f =T ;éﬂ) aymptotically coincide. From ((14.15) we
have \/ﬁ(én —9) A N(0,0°T,1). Thus we see that the distribution of \/ﬁ(én —¢) and \/ﬁ(é: —én)

asymptotically coincide.
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Appendix A

Background

A.1 Some definitions and inequalities

e Some norm definitions.

The norm of an object, is a postive numbers which measure the ‘magnitude’ of that object.
Suppose x = (z1,...,7,) € R", then we define ||lz||; = > 7, |z;| and [z]2 = (37}, |1:§)1/2
(this is known as the Euclidean norm). There are various norms for matrices, the most
popular is the spectral norm || - |[spec: let A be a matrix, then [[Al|spec = Amaz(AA’), where

Amaz denotes the largest eigenvalue.
e 7 denotes the set of a integers {...,—1,0,1,2,...}. R denotes the real line (—o0, 00).

e Complex variables.
1 = +/—1 and the complex variable z = x + iy, where x and y are real.

Often the radians representation of a complex variable is useful. If z = x + iy, then it can

also be written as 7 exp(if), where r = y/22 4+ y2 and 0 = tan"'(y/x).

If z = x 4 iy, its complex conjugate is z = x — 1y.

e The roots of a rth order polynomial a(z), are those values Ai,..., A\, where a();) = 0 for

1=1,...,r.

e Let A\(A) denote the spectral radius of the the matrix A (the largest eigenvalue in absolute

terms). Then for any matrix norm ||A|| we have lim;_, [|A7]|*7 = A(A) (see Gelfand’s
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formula). Suppose A(A) < 1, then Gelfand’s formula implies that for any A\(A) < p < 1,
there exists a constant, C, (which only depends A and p), such that ||A7|| < Cy4 ,p7.

The mean value theorem.

This basically states that if the partial derivative of the function f(z1,z2,...,z,) has a
bounded in the domiain €, then for z = (z1,...,2,) and y = (y1,...,¥n)
n
0
f(xhx?a ceey xn) - f(y17y27 cee ,yn) = Z(wl - yl)ainzfﬁ*

=1

where z* lies somewhere between x and y.

The Taylor series expansion.

This is closely related to the mean value theorem and a second order expansion is

n

Fler, e, mn) = fyn, g2, un) = D (@i — yz-)gg} + 3 (@i — i)y — yj)

i=1 i,j=1

of? |
8:6i8xj z=z

Partial Fractions.
We use the following result mainly for obtaining the MA (oo) expansion of an AR process.

Suppose that |g;] > 1 for 1 < i < n. Then if g(z) = [[I;(1 — z/g;)"™, the inverse of g(z)

satisfies
L= )
_zy
9(2) i=1 j=1 ( i )
where g; j = ..... Now we can make a polynomial series expansion of (1 — i)‘j which is valid
for all |z| < 1.

Dominated convergence.

Suppose a sequence of functions f,(x) is such that pointwise f,(x) — f(x) and for all n and

z, | fo(z)| < g(z), then [ fu(z)dx — [ f(z)dz as n — oco.

We use this result all over the place to exchange infinite sums and expectations. For example,
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if 372, laj|E(|Z;]) < oo, then by using dominated convergence we have
o oo
B a;Z)) =) a;E(Z;).
J=1 j=1

Dominated convergence can be used to prove the following lemma. A more hands on proof

is given below the lemma.

Lemma A.1.1 Suppose Y po_ |e(k)| < oo, then we have

(n—1)

LS Jkeb)] 0

k=—(n—1)

as n — oco. Moreover, if Y o2 |ke(k)| < oo, then %Zg!_l()n_l) |ke(k)] = O(2).

PROOF. The proof is straightforward in the case that Y -  |kc(k)| < co (the second asser-

tion), in this case Z](::__l()n_

that Y~ |c(k)| < oo. First we note that since Y oo |e(k)| < oo for every € > 0 there

1 |n£||c(k:)| = O(2). The proof is slightly more tricky in the case

exists a IV such that for all n > N, Z|k|>n le(k)| < e. Let us suppose that n > N, then we
have the bound

1 (’n,—l) 1 (Ns_l) 1
- o lke(k)] < - > |ke(k)| + > Ike(k)]
k=—(n—1) k=—(N.—1) N-<[k|<n
L e
<
< o > Jke(k)| +e.
k=—(N.—1)

Hence if we keep N fixed we see that %Zga:(k),s_l) |kc(k)| — 0 as n — oco. Since this is

true for all & (for different thresholds N.) we obtain the required result. O
Cauchy Schwarz inequality.

In terms of sequences it is
[e.e]

1> agbil < O a) PO )2
j=1 =1 j=1

j=
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. For integrals and expectations it is

E|XY| < E(X?)Y2E(Y?)!/?

Holder’s inequality.

This is a generalisation of the Cauchy Schwarz inequality. It states that if 1 < p,q < co and
p+q =1, then
E[XY| < E(IX[")/PE(]Y|*)"

. A similar results is true for sequences too.

Martingale differences. Let F; be a sigma-algebra, where Xy, X;_1,... € F;. Then {X;} is a
sequence of martingale differences if E(X;|F;—1) = 0.

Minkowski’s inequality.

If 1 <p < oo, then

n

(EQX))VP < Z(E(!Xi\p))l/p-

i=1

Doob’s inequality.

This inequality concerns martingale differences. Let S,, = > ; X¢, then

E(sup |Sa[*) < E(SY).
n<N

Burkholder’s inequality.

Suppose that {X;} are martingale differences and define S,, = > ;_; X;. For any p > 2 we

have

{E(Sp/? < (2pzn:E(X;f)2/p)l/2-
k=1

An application, is to the case that {X;} are identically distributed random variables, then

we have the bound E(Sh) < E(X})?(2p)?/?nP/2.

It is worthing noting that the Burkhélder inequality can also be defined for p < 2 (see
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Davidson| (1994)), pages 242). It can also be generalised to random variables {X;} which are

not necessarily martingale differences (see |Dedecker and Doukhan/ (2003))).

e Riemann-Stieltjes Integrals.

In basic calculus we often use the basic definition of the Riemann integral, [ ¢(z) f(x)dxz, and if
the function F(z) is continuous and F'(z) = f(z), we can write [ g(z)f(z)dz = [ g(z)dF ().
There are several instances where we need to broaden this definition to include functions F'
which are not continuous everywhere. To do this we define the Riemann-Stieltjes integral,

which coincides with the Riemann integral in the case that F'(z) is continuous.

J g(x)dF(z) is defined in a slightly different way to the Riemann integral [ g(z)f(z)dz.
Let us first consider the case that F(z) is the step function F(z) = > i, ailf, , 4], then
J 9(z)dF(z) is defined as [ g(z)dF(z) = Y7 (a;i — ai—1)g(z;) (with a_; = 0). Already
we see the advantage of this definition, since the derivative of the step function is not
well defined at the jumps. As most functions can be written as the limit of step func-
tions (F(z) = limyeo Fi (), where Fy(x) = Y 1%, amkl[mikil_mik]), we define [ g(z)dF(z) =
Hmyo0 D205 (@i, — @im1,n,)9(Ti)-

In statistics, the function F' will usually be non-decreasing and bounded. We call such

functions distributions.

Theorem A.1.1 (Helly’s Theorem) Suppose that {F,} are a sequence of distributions with
F,(—o0) = 0 and sup,, F,(c0) < M < oo. There exists a distribution F', and a subsequence

F,, such that for each x € R F,,, — F and F is right continuous.

A.2 Martingales

Definition A.2.1 A sequence {X;} is said to be a martingale difference if E[X;|Fi_1], where

Fiz1 = 0(X—1, X¢—2,...). In other words, the best predictor of X; given the past is simply zero.

Martingales are very useful when proving several results, including central limit theorems.
Martingales arise naturally in several situations. We now show that if correct likelihood is
used (not the quasi-case), then the gradient of the conditional log likelihood evaluated at the true

parameter is the sum of martingale differences. To see why, let By = Zthz log fo(X¢| Xt—1,...,X1)
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be the conditonal log likelihood and Cr () its derivative, where

T
1 Xl Xe—1,..., X
CT(O) :Za ng@( t‘ag 1, ) 1)'

t=2

We want to show that Cr(fp) is the sum of martingale differences. By definition if Cr () is the

sum of martingale differences then

810g f@(Xt‘Xt—la v 7X1)
" a0 Jo=0q

Xt—laXt—Qy-'-7X1> =0,

we will show this. Rewriting the above in terms of integrals and exchanging derivative with integral

we have

810g f@(Xt‘Xt—la R Xl)
F a0 Jo=0q

Xt—let—27 cee 7X1)

1 Xi1,...,X
/(9 og fo(we| Xp—1,. . ., 1)J9:90f90(mt\Xt,1,...,Xl)da:t

00
/ 1 Afg(we| Xe—1,. .., X1)
f90($t’Xt—l’---;X1) o0

_ % </ fg(actXt_l,...,Xl)dxt>J9:90 —0.

Jo=0, foo (x| Xi—1, ..., X1)dxy

Therefore {alog J "(th{gtfl""’xl)nggo}t are a sequence of martingale differences and C;(fp) is the sum

of martingale differences (hence it is a martingale).

A.3 The Fourier series

The Fourier transform is a commonly used tool. We recall that {exp(27ijw);j € Z} is an orthogonal

basis of the space L2[0,1]. In other words, if f € L?[0,1] (ie, f02 f(w)?dw < o) then

n N 1
fo(u) = Z cjelum ¢; :/0 f(u) exp(i2mju)du,

j=—n

where [ |f(u) — fn(u)|*du — 0 as n — co. Roughly speaking, if the function is continuous then we

can say that

flu) = Z cjedv.

JEZ
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An important property is that f(u) =constant iff ¢; = 0 for all j # 0. Moreover, for all n € Z
flu+n) = f(u) (hence f is periodic).

Some relations:

(i)

(iii)

Discrete Fourier transforms of finite sequences

It is straightforward to show (by using the property Z?Zl exp(i2wk/n) = 0 for k # 0) that if
1 n
d, = N ]; xjexp(i2mjk/n),
then {x,} can be recovered by inverting this transformation

1 n
Ty = — di exp(—i2nrk/n),
T 2 dexp(izarh/n)

Fourier sums and integrals

Of course the above only has meaning when {x} is a finite sequence. However suppose that
{zy} is a sequence which belongs to 2 (that is >, 77 < 00), then we can define the function

1 oo

) = 7= 3 avexplit)

=—00

where fozﬂ f(w)?dw =3, 22, and we we can recover {zy} from f(w), through

2m
TR = \/12?/0 f(w) exp(—ikw).

Convolutions. Let us suppose that >, |ax|? < oo and Y, |bk|? < oo and we define the
Fourier transform of the sequences {ax} and {b;} as A(w) = \/%ak exp(ikw) and B(w) =
\/% > i bk exp(ikw) respectively. Then

> 27
j:ZOO ajby—j = /0 A(w)B(—w) exp(—ikw)dw
e 2
Z ajbjexp(ijw) = /0 A(N)B(w — N)dA. (A1)

498



The proof of the above follows from

o 27 27
Z a;bjexp(ijw) = Z / / A(A1)B(A2) exp(—ir(A1 + A2)) exp(ijw)
Jj=—00 r=—00
= //A()\I)B()\g) > explir(w — A — A2)) dAid)y

=0u,(A1+A2)

_ / T AN B(w - N,
0

(iv) Using the DFT to calculate convolutions. Our objective is calculate Z?:k a;bj_s for
all s =0,...,n—1in as few computing computing operations. This is typically done via the
DFT. Examples in time series where this is useful is in calculating the sample autocovariance

function.

Suppose we have two sequences a = (ai,...,a,) and b = (b1,...,b,). Let A,(wp,) =
Z?:l ajexp(ijwyn) and By (wg,) = Z?zl bj exp(ijwy.n) where wy , = 27k /n. It is straight-

forward to show that

*ZA Wk;n Wkn)exp _stkn Za] j— S+Zaj j—s+n>

this is very fast to compute (requiring only O(nlogn) operations using first the FFT and

then inverse FFT). The only problem is that we don’t want the second term.

By padding the sequences and defining A, (wk, 2,) = Z?:l aj exp(ijwr,2n) = Z?Zl a;jexp(ijwr.2n),
with wg 2, = 27k/2n (where we set a; = 0 for j > 0) and analogously B, (wk2n) =
Z?Zl b; exp(ijwy 2n), We are able to remove the second term. Using the same calculations

we have

2n

Z An(wk,2n)Bn(wk,2n) eXp stk 2n Z CL] 'j—s + Z a] j—s+2n -

k=1

1
n

=0
This only requires O(2nlog(2n)) operations to compute the convolution for all 0 < k <n—1.

(v) The Poisson Summation Formula Suppose we do not observe the entire function and

observe a sample from it, say f;, = f (%) we can use this to estimate the Fourier coefficient
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¢; via the Discrete Fourier Transform:

Tt
Cjn = — Zf ) exp ZJ*)

The Poisson Summation formula is
oo oo
Cjn = Cj + E Cjt+kn + § Cj—kns
k=1 k=1

which we can prove by replacing f (%) with ZjeZ c]-eij%t/ ". In other words, c¢;, cannot

disentangle frequency e”* from it’s harmonics e/ +m)« (this is aliasing).

Error in the DFT By using the Poisson summation formula we can see that

oo oo
lcjm — ¢5] < Z |Cjtkn| + Z |Cj—knl
k=1 k=1

It can be shown that if a function f(-) is (p+ 1) times differentiable with bounded derivatives
or that fP(-) is bounded and piecewise montonic then the corresponding Fourier coefficients

satisfy
e < CJi| =D,

Using this result and the Poisson summation formula we can show that for |j| < n/2 that
if if a function f(-) is (p + 1) times differentiable with bounded derivatives or that fP(-) is

piecewise montonic and p > 1 then
lejm — ¢l < Cn~ Y, (A-2)

where C' is some finite constant. However, we cannot use this result in the case that f is

bounded and piecewise monotone, however it can still be shown that
|cj7n - CJ‘ < Cn717 <A3)

see Section 6.3, page 189, Briggs and Henson ((1997).
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A.4 Application of Burkholder’s inequality
There are two inequalities (one for 1 < p < 2). Which is the following:

Theorem A.4.1 Suppose that Yy are martingale differences and that S, = Z?:l Yk, then for

0<qg<2

BIS.1 < 23 B(XY), (A4)
j=1

See for example Davidson (p. 242, Theorem 15.17).
And one for (p > 2), this is the statement for the Burkélder inequality:

Theorem A.4.2 Suppose {S; : F;} is a martingale and 1 < p < oo. Then there exists constants

C1,Cy depending only on p such that

m p/2 m p/2
CiE (Z Xf) < E[S,|P < CyE (Z Xf) . (A.5)
=1

=1

An immediately consequence of the above for p > 2 is the following corollary (by using Holder’s

inequality):

Corollary A.4.1 Suppose {S; : F;} is a martingale and 2 < p < oo. Then there exists constants

C1,Cy depending only on p such that

m 1/2
1Sl < (sz/pz \Xfllf/2> : (A.6)
i=1

PROOF. By using the right hand side of (A.5)) we have

[ m p/2 2/p 12
{EIS, A" < || CE (fo>
i=1
- o E 2
= |7 Y x? (A7)
L =1 p/2
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By using Holder inequality we have

m 1/2
1
(ISP} < c§/p2||xf||5/2] | (A89)
=1

Thus we have the desired result. OJ

We see the value of the above result in the following application. Suppose S, = %Zzzl X

and ||Xk||;3E < K. Then we have
1 n p 1 n p/2
2
E (n ZXk> < 502/272 HX;?Hf/z]
k=1 k=1

o [ p/2 o [ p/2 1
2 2|1 E 2 2 —
= 5 kZlHXk\p/Q] < LZ;K] _O(np/Z)' (A.9)

Below is the result that that Moulines et al (2004) use (they call it the generalised Burkholder
inequality) the proof can be found in Dedecker and Doukhan (2003). Note that it is for p > 2,

which I forgot to state in what I gave you.

Lemma A.4.1 Suppose {¢ : k=1,2,...} is a stochastic process which satisfies E(¢r) = 0 and
E(¢}) < oo for some p > 2. Let Fi, = o(¢k, Prp—1,--.). Then we have that

1/2

E S S
< 20D Mokl DB FIE | - (A.10)

» k=1 j=k

> o
k=1

We note if 37, HE((ZJJ\Fk)Hf < 00, then we 1’ is very similar to |D and gives the same
rate as (A.9).

But I think one can obtain something similar for 1 < p < 2. I think the below is correct.

Lemma A.4.2 Suppose {¢r : k=1,2,...} is a stochastic process which satisfies E(¢r) = 0 and
E(¢]) < 0o for some 1 < ¢ < 2. Let Fi, = 0(dp, dp—1,--.). Further, we suppose that there exists a
0<p<1,and0< K < oo such that |E(¢¢|Fi—j)|lq < Kp’. Then we have that

<
-1

S
> anon
k=1

K*
—p

s 1/q
k=1

E
q
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where K* is a finite constant.
PROOF. Let E;j(¢r) = E(¢r|Fir—;). We note that by definition {¢y} is a mixingale (see, for
example, Davidson (1997), chapter 16), therefore amost surely ¢ satisfies the representation

bk = > [Br_j(dr) — Br—j1(dw)]. (A.12)

§=0
By substituting the above into the sum )} _; axdr, we obtain
Z%(ﬁk = Z Z Er—j(¢r) — Brej1(dr)] = > (Z[Ekj(¢k) - Ekj1(¢k)]> . (A13)
k=1 j=0 §=0 \k=1

Keeping j constant, we see that {Ej_;(¢r) — Er—j—1(ér)}r is a martingale sequence. Hence

Zz_l[Ek,j(m) — Ei—j—1(¢r)] is the sum of martingale differences. This implies we can apply

- ) to , and get

S E [e%e) s FE
D ani|| < Z |a|[Ex—j(dr) — Er—j—1(dn)]
k=1 q J=01lk=1 q
o) s 1/q
< > <2 |ag| (I[Ex—j(dx) — Ek—j—1(¢k)||qE)q>
7=0 k=1

Under the stated assumption ||Ex_;(¢y) — Ek_j_l(qﬁk)”qE < 2K p’. Substituting this inequality into

the above gives

[e%e) s 1/q 1/q
< (22 |ak|q<2Kpf>Q) <9Iy (Z mrq)
=0 k=1 =0
Thus we obtain the desired result. O

A.5 The Fast Fourier Transform (FFT)

The Discrete Fourier transform is used widely in several disciplines. Even in areas its use may
not be immediately obvious (such as inverting Toeplitz matrices) it is still used because it can be
evalated in a speedy fashion using what is commonly called the fast fourier transform (FFT). It is

an algorithm which simplifies the number of computing operations required to compute the Fourier
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transform of a sequence of data. Given that we are in the age of ‘big data’ it is useful to learn what
one of most popular computing algorithms since the 60s actually does.

Recalling the notation in Section 7?7 the Fourier transform is the linear transformation
F, X, = (Jn(wo), ..., Jn(wp—1)).

If this was done without any using any tricks this requires O(n?) computing operations. By using
some neat factorizations, the fft reduces this to nlogn computing operations.
To prove this result we will ignore the standardization factor (27n)~/2 and consider just the

Fourier transform

n
d(wk’,n) = Z Tt €XP (itwk,n)a
t=1

k different frequencies

where wy , = % Here we consider the proof for general n, later in Example we consider
the specific case that n = 2™. Let us assume that n is not a prime (if it is then we simply pad the
vector with one zero and increase the length to n 4 1), then it can be factorized as n = pq. Using
these factors we write t as t = t1p + tmodp where t; is some integer value that lies between 0 to

g — 1 and ty = tmodp lies between 0 to p — 1. Substituting this into d(wy) gives

n
dlwg) = th exp [i(t1p + tmodp)wy, ;]
t=1
p—1 g—1 p—1 q—1
= D wprieexpliltip + to)wkn] = Y exp [itowkn] Y Tripto eXP [it1pwi ]
to=0t1=0 to=0 t1=0
It is straightforward to see that tipwy, = w = y = tiwi,y and that exp(itipwy,) =
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exp(itiwg,q) = exp(it1Wrmodq,q)- This means d(wy) can be simplified as

p—1 q—1
d(wk) = Z €xp [itﬂwk,n] Z Ttyp+to €XP [itlwkmodq,q]
to=0 t1=0
p—1 q—1
= Z exp [itowk, n) Z Tty ptto XD [1t1 Wk g
to=0 t1=0

embedded Fourier transform

p—1
= Z €xXp [itowk,n] A(t(], kmOdQ)v
—_————

to=0 q frequencies

where kg = kmodq can take values from 0,...,q — 1. Thus to evaluate d(wy) we need to evaluate
A(tp, kmodq) for 0 < tg < p—1,0 < ky < g— 1. To evaluate A(tg, kmodq) requires ¢ computing
operations, to evaluate it for all tg and kmodgq requires pg? operations. Note, the key is that less
frequencies need to be evaluated when calculating A(to, kmodg), in particular ¢ frequencies rather
than N. After evaluating {A(to, ko);0 < to < p—1,0 < kg < g — 1} we then need to take the
Fourier transform of this over ¢y to evaluate d(wy) which is p operations and this needs to be done

n times (to get all {d(wy)}r) this leads to np. Thus in total this leads to
’q + np =pg® +pn = n(q+p). (A.14)
evaluation of all A evaluation of the transforms of A

Observe that n(p + ¢) is a lot smaller than n?.
Looking back at the above calculation we observe that ¢? operations were required to calculate

A(to, kmodq) = A(to, ko) for all 0 < kg < ¢ — 1. However A(to, ko) is a Fourier transform
q—1
A(to, ko) = Z Tty ptto XD (11 Wk q] -

t1=0

Therefore, we can use the same method as was used above to reduce this number. To do this we
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need to factorize ¢ into p = p1¢q1 and using the above method we can write this as

p1—lgi—1
A(tO) ko) = Z Z L (ta+tsp1)p+to exXp [/L(tQ + t3p1)wko,q]

to=0 t3=0
p1—1 q1—1

= Z exp [it?wko,Q] Z L (ta+tzp1)p+to EXP [it3p1wk0,lI]
to=0 t3=0
p1—1 q1—1

= Z exp [it?wko,Q] Z L(ty+tsp1)p+to EXP [it?’wkomOdm,fh] .
to=0 t3=0

We note that kgmodg; = (kmod(p1¢1)modgq;) = kmodg;, substituting this into the above we have

p1—1 q1—1
Alto, ko) = Z exp [it?wko,q} Z L (ta+tzp1)p+to EXP [it?)wkomOd(Ih%]
to=0 t3=0
p1—1
= Z exp [itgwko’q} A(to, tQ, komodql)l .
to=0

q1 frequencies

Thus we see that g; computing operations are required to calculate A(tg,t2, kpmodgq;) and to cal-
culate A(to,t2, kmodq;) for all 0 < t3 < p; — 1 and 0 < kmodg; < ¢; — 1 requires in total q%pl
computing operations. After evaluating { A(to, t2, komodgy);0 < t3 < g — 1,0 < kmodg; < ¢1 — 1}
we then need to take its Fourier transform over ty to evaluate A(to, ko), which is p; operations.
Thus in total to evaluate A(tg, ko) over all ky we require q%pl + p1q operations. Thus we have
reduced the number of computing operations for A(tg, ky) from ¢? to q(p1 + q1), substituting this
into gives the total number of computing operations to calculate {d(wg)}

pq(p1+ q1) +np = n(p + p1 + q1).

In general the same idea can be used to show that given the prime factorization of n = [].", ps,

then the number of computing operations to calculate the DFT is n(} ., ps).
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Example A.5.1 Let us suppose that n = 2™ then we can write d(wy) as

n n/2 (n/2)—1
d(wg) = Z xpexp(itwg) = Z Xop exp(i2twy,) + Z Xop+1exp(i(2t + 1)wy)
t=1 t=1 t=0
n/2 (n/2)—1
= Z Xoy exp(i2twy,) + exp(iwy) Z Xoi41 exp(i2twy,)
t=1 t=0

= A(0,kmod(n/2)) + exp(iwk)A(1, kmod(n/2)),

since Z?ﬁ Xop exp(i2twy) and Z?ﬁ Xop+1exp(i2twy) are the Fourier transforms of {X;} on a
coarser scale, therefore we can only identify the frequencies on a coarser scale. It is clear from the
above that the evaluation of A(0, kmod(n/2)) for 0 < kmod(n/2) < n/2 requires (n/2)? operations
and same for A(1,kmod(n/2)). Thus to evaluate both A(0,kmod(n/2)) and A(1, kmod(n/2)) re-
quires 2(n/2)? operations. Then taking the Fourier transform of these two terms over all 0 < k <

n — 1 is an additional 2n operations leading to
2(n/2)? + 2n = n?/2 + 2n operations < n?.

We can continue this argument and partition

n/2
A(0, kmod(n/2)) = ZXQteXp(ithk)
t=1
n/4 (n/4)—1
= ZX4texp(z'4twk)—|—exp(z'2wk) Z Xyt42 exp(idtwy).
t=1 t=0

Using the same argument as above the calculation of this term over all k requires 2(n/4)?+2(n/2) =
n?/8+n operations. The same decomposition applies to A(1,kmod(n/2)). Thus calculation of both

terms over all k requires 2[n?/8 + n| = n?/4 + 2n operations. In total this gives
(n?/4 + 2n + 2n) operations.

Continuing this argument gives mn = nlogyn operations, which is the often cited rate.
Typically, if the sample size is not of order 2™ zeros are added to the end of the sequence (called

padding) to increase the length to 2™.
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Appendix B

Mixingales and physical depedendence

In this section we prove some of the results stated in the previous sections using mixingales.

We first define a mixingale, noting that the definition we give is not the most general definition.

Definition B.0.1 (Mixingale) Let F; = o(Xy, Xi—1,...), {Xi} is called a mizingale if it satisfies

Prk = {E(E(Xt|ft—k) - E(Xt)>2}1/2,

where py — 0 as k — oo. We note if {X;} is a stationary process then pyj, = py.

Lemma B.0.1 Suppose {X:} is a mizingale. Then {X:} almost surely satisfies the decomposition
Xp=> {E(Xt\}'t_j_l) — E(tht_j_l)}. (B.1)

=0

PROOF. We first note that by using a telescoping argument that

X —B(X) = Y A{BXFir) - B(X|Fror-1)} + {B(Xe| From—1) — E(Xy) }.
k=0

By definition of a martingale E(E(X¢|F—p—1) — E(Xt))2 — 0 as k — o0, hence the remainder term

in the above expansion becomes negligable as m — co and we have almost surely

X — E(Xy)

- Z {E(Xt|.7:t,k) — E(Xt\}_tfk—l)}-
k=0
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Thus giving the required result. U

We observe that resembles the Wold decomposition. The difference is that the Wolds
decomposition decomposes a stationary process into elements which are the errors in the best linear
predictors. Whereas the result above decomposes a process into sums of martingale differences.

It can be shown that functions of several ARCH-type processes are mixingales (where p; ;, < K ok
(rho < 1)), and Subba Rao| (2006 and Dahlhaus and Subba Rao (2007) used these properties to
obtain the rate of convergence for various types of ARCH parameter estimators. In a series of
papers, Wei Biao Wu considered properties of a general class of stationary processes which satisfied
Definition where > 77 pr < 00.

In Section we use the mixingale property to prove Theorem This is a simple illus-
tration of how useful mixingales can be. In the following section we give a result on the rate of

convergence of some random variables.

B.1 Obtaining almost sure rates of convergence for
some sums
The following lemma is a simple variant on a result proved in Moricz (1976)), Theorem 6.

Lemma B.1.1 Let {Sp} be a random sequence where E(sup; << |Si|*) < ¢(T) and {phi(t)} is a
monotonically increasing sequence where $(27)/$(2~1) < K < oo for all j. Then we have almost

surely

R

Vé(T)(log T)(log log T)1+9 )
T .

T

PROOF. The idea behind the proof is to that we find a subsequence of the natural numbers and
define a random variables on this subsequence. This random variable, should ‘dominate’ (in some
sense) S7. We then obtain a rate of convergence for the subsequence (you will see that for the
subsequence its quite easy by using the Borel-Cantelli lemma), which, due to the dominance, can
be transfered over to S7. We make this argument precise below.

Define the sequence V; = sup;<y; |St|. Using Chebyshev’s inequality we have

o))

3

P(V; > o) <
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Let e(t \/qb )(loglogt)*t9logt. It is clear that

o o
C¢2J
7)
;PV>52 Z 2] 10gL71+(53<oo,

where C is a finite constant. Now by Borel Cantelli, this means that almost surely V; < £(27). Let

us now return to the orginal sequence Sp. Suppose 2771 < T' < 27, then by definition of V; we have

under the stated assumptions. Therefore almost surely we have S = O(e(T')), which gives us the

required result. ]

We observe that the above result resembles the law of iterated logarithms. The above result
is very simple and nice way of obtaining an almost sure rate of convergence. The main problem
is obtaining bounds for E(sup;<;<7 |S¢|?). There is on exception to this, when &; is the sum
of martingale differences then one can simply apply Doob’s inequality, where E(sup;<;<r |S¢]?) <
E(|Sr]?). In the case that St is not the sum of martingale differences then its not so straightforward.
However if we can show that St is the sum of mixingales then with some modifications a bound

for E(sup;<;<r |St|*) can be obtained. We will use this result in the section below.

B.2 Proof of Theorem
We summarise Theorem [I4.7.3] below.

Theorem 1 Let us suppose that {X;} has an ARMA representation where the roots of the char-
acteristic polynomials ¢(z) and 0(z) lie are greater than 1 + 6. Then

(1)

1 — loglogn)*+7logn
n n
t=r+1
(i)
1 " loglog n)1t7logn
LS xx o leken)tosn (B.3)
nt:max(ij) "
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for any ~v > 0.

By using Lemma ??, and that >, 416tX¢—p is the sum of martingale differences, we prove

Theorem [14.7.3(1) below.
PROOF of Theorem We first observe that {e;X;_,} are martingale differences,

hence we can use Doob’s inequality to give E(sup, 1<,cr (3,1 e Xi—r)?) < (T —7)E(e])E(X?).

Now we can apply Lemma 77 to obtain the result. O

We now show that

T
1 Z (loglog T)*+41og T
T thithj — O(\/ T )

t=max(%,5)

However the proof is more complex, since {X;_; X;_;} are not martingale differences and we cannot
directly use Doob’s inequality. However by showing that {X; ;X; ;} is a mixingale we can still
show the result.

To prove the result let 7y = o(Xy, X4—1,...) and G = o(Xp—i Xy—j, X412 X4—j—i,...). We

observe that if ¢ > j, then G; C F;_;.

Lemma B.2.1 Let F; = o(X¢, Xy—1,...) and suppose X; comes from an ARMA process, where

the roots are greater than 1+ 6. Then if E(e}) < co we have
2
B(B(X—i Xt F—min(i,j)—1) — B(Xe—iXs—j))” < CpP.
PROOF. By expanding X; as an MA(co) process we have

E(Xi—i Xt | Fi—mini,j)—k) — B(Xi—iXi—j)

oo
= Z aj1aj2{E(gt—z’—jlft—j—jz’ft—k—min(i,j)) _E(Et—i—ﬁgt—j—jg)}-
J1,j2=0

Now in the case that t—i—j; > t—k—min(i, j) and t—j—jo > t—k—min(i, j), E(et—i—j, &t—j—jo | Fe—k—min(i,j)) =
E(et—i—j €t—j—j,). Now by considering when t—i—j; < t—k—min(i, j) or t—j—jo < t—k—min(i, j)

we have have the result. (|

Lemma B.2.2 Suppose {X;} comes from an ARMA process. Then
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(i) The sequence {X;—;X;—j}: satisfies the mizingale property
2
E(B(Xt—i Xt Fimin(i)—k) — B(Xe—iXe 5| Fir1))” < Kp¥, (B.4)

and almost surely we can write X;_; X;_; as

Xe-iXemj — B(Xe-iXi—j) Z Z Vi (B.5)
k=0 t=min(s,5)
where Vi, = B(Xt—i Xt j|Fy—k—min(i,j)) — B(Xt—iXt—j|Fi—k—min(i,j)—1), are martingale differ-

ENcCeSs.

ii) Furthermore E(V%) < Kp* and
tk P

s

B{ sup ( Y A{XiiXi;-B(XiX,;)})?} < En, (B.6)

min(z,j)<s<n t=min(i,j)

where K is some finite constant.

PROOF. To prove (i) we note that by using Lemma we have (B.4). To prove (B.5) we use
the same telescoping argument used to prove Lemma

To prove (ii) we use the above expansion to give

S

B{ sup (Y {XiiXi;-B(X X )} (B.7)

min(i)<e<n it

oo S

= B{ sw (3 Vir) '}

min(é,j)<s<n k=0 t=min(,5)
= E{ZZ sup ‘ Z V;f’ﬂ‘X‘ Z Vtkz‘}
k1=0 ko= 0m1n(7,,])<s<n t=min(4,5) t=min(,5)
oo s ) 1/2
= E< sup Vi ) } >
<k,Z:0 { min(z,5)<s<n ’ tn%l:(i,j) ¢ kl‘

Now we see that {Vix}e = {E(Xi—iXi—j|F—k—min(i,j) — B(Xt—iXt—j|Fi—k—min(i,j)—1) }¢, therefore

{Vi k }+ are also martingale differences. Hence we can apply Doob’s inequality to E{ SUPmin(i,j)<s<n ( Zf:min(i’ ) V;&k)
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and by using (B.4]) we have

E{ sup > VZ,k)Q}SE( > Vi) = E(V2) < K -np".
min(i,j) <<y i) t=min(i,j) t=min(i,j)

Therefore now by using (B.7]) we have

E{ sup ( Y A{XiiXi;-B(XiX, ;)})?} < En.

min(i,j)<s<n t=min(i,j)

Thus giving . O

We now use the above to prove Theorem [14.7.3(ii).

PROOF of Theorem [14.7.3|(ii). To prove the result we use and Lemma O

B.3 Basic properties of physical dependence

Classical results, any Lo time series {X;} almost surely has the telescoping representation
oo
Xp=> (BXe|Xi—j, Xi—jo1.. ] = E[Xy|Xsjo1, Xoja,.. ]).
§=0

This is an extremely useful representation (a) because the sum is a martingale (b) ||E[X¢|X¢—j, X¢—j—1...]—
E[X¢|X¢—j—1,X¢—j—2,...]||, has the mixing rate (see Chapter 16, Davidson).

Physical dependence is a notion developed in a series of papers by Wei Bao Wu (from 2005
onward; https://www.stat.uchicago.edu/~wbwu/). In the physical dependence realm the condi-
tioning set is in general not X;, X;_1 but the actual independent innovations e¢,e;_1,.... This will
lead to some subtle differences that we describe below. It will also lead to an alternative telescoping
representation that can be used to bound m-dependent approximations.

We assume the time series { X} }; has the causal representation:
Xk = Gk(sk,€k_1, .. )

where {e} are independent, identically distributed (iid, this is an important condition) random
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variables. Using the above representation we define the following quantities

m-dependent X;, = E[Gr(ek,ck—1,--)|€ks -+ Ek—m)
coupled Xy x—jy = Gr(€ksEk—1s--+»Ek—j+1,Ek—jsEk—j—1s---)
m-dependent, coupled Xk|{k—j} = E[Gr(ek,h—1,---)|€ks- s Ek—js -1 El—m)s

where {eg, €x }x are all iid random variables. The latter two definitions are the coupled versions of

X, and X k- The main assumption in physical dependence is that
Ojp = Sllip 1 Xk — Xk gr—jyllp = 0 (B.8)

at a certain rate. Let Ap, = 3222 1105, and Wy, = (322,44 532.]))1/2. The above definition

matches with equation (5) in Dahlhaus et. al. (2019) (https://arxiv.org/pdf/1704.02860.pdf).

There are several examples in time series where the difference Xy — Xy r—;; will be close in
Ly-norm (see the papers by Wei Bao Wu and his collaborators). The benefit of the coupled version
Xy|{k—j} is that is the conditional expectation of Xy given the conditioning set &; can be transfered
to the conditional expectation of Xk;\{k—j}~ Define the sigma-algebras Fi_;r = o(ek—j,. .., €k)
and Fj, = o(ek, €x—1,.-.). It is important to observe that neither the sigma-algebras Fj_; or Fy
contain the coupled random variables {&;};.

Using the m-dependent approximation of Xj and representing Xj as the sum of martingales,

we can apply classical m-dependent and martingale methods to physical dependent processes.
Useful identities:
(A) Linking Xj to m-dependence: Xy € Fj and for m-dependence X = E[Xk| Fr—m,k)-

(B) Linking X, to its coupled version X ¢ ;1 through conditioning:

E[ Xy k-3 Fr—j] = BlXe|Fr—jr]

E[Xe|Fr—jrik]l = EXpr—ip|Frjrl-

The above holds because €,_; ¢ Fi_j, and €,_; ¢ Fr—;.

Linking X i to its m-dependent coupled version through conditioning

Xejth—s1 = E[Xki gty | Fieorms S
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(C) Linking the Xj, and X}, through the conditioning set Fi—jk: Using (D), below, we have
_ o
Xp—Xp= Y (B[XkFrjn] — B[Xk| Frjrin) -

j=m+1

To reduce cumbersome notation we define Dy ;1 = E[Xy|F—; 1] — E[Xk|Fr—jt1,k), then the

above is

o0
Xp—Xp= Y Dijk
j=m+1

(D) Useful telescope sums: Almost surely we have the representations

Xy = (E[X¢| Fi—j] — E[X¢|Fi—j—1])

M

<
Il
o

(BE[X¢| Fi—ji] — E[Xe|Frjrae]) -

I
.Mg

<
I
<)

The latter telescope sum is not possible using the more classical conditioning set based on

{X:—;};. Note that the second sum gives the equality in (C).

(E) Commonly used inequalities:
Jensen’s inequality for p > 1: |[E[Y|F]|, < [EE(Y|P|FN]YP = ||V ],

Burkholder’s inequality: If {Y}}r are martingale differences, then for p > 2 we have

n 1/2
. (zmuz> |
k=1

n
D Y
k=1

p

We use the above to obtain useful bounds between X and X &, these bounds and the techniques

used are widely in physical dependence related methods.

Important norming techniques:
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(I) Bound on a martingale difference

[1Dr—jlly = NEXkFr—jr] = BIXk| Frjrrilll,
= ||E[Xk| Frejr] — E[Xk\{kfj}u:kfj,kmp (by (B))

< Xk = X, < 9ip (by (E)).
Thus

sup | Dk—jkll < 0jp-

(IT) Difference between X} and X k. Assuming p > 2 and using Burkholder’s inequality we have

1/2
~ /

Xk — Xillp < > IBXFejr] — BIXK Fajranll? (by (C))
j=m+1

1/2
~ /

= Z | E[X5] Freji] — E[Xk|{kfj}|fkfj,km}2, (by (B))
j=m+1

1/2
- /

> IXe - Xugepll | by ®)
j=m+1

oo
( Z 5J2’,p)1/2 = Vrnt1p
j=m+1

IN

IN

The above shows that in £,-norm the difference between X}, and its m-dependent approxi-

mation decreases as m grows.

As €1, and €j,_; are identically distributed then
1 Xk — Xillp = 1 Xnkigr—51 — Xijr—itllp < Y-
(ITT) Difference between X} and its coupled version (if 7 < m, otherwise X = )Z',ﬂ{k_j})

1Xe = Xpjoeipllp = IB(Xk = X rjy | Fimms Et—j)[lp (by identity (B))

< E(Xk — Xgjr—jy 1 Fo—m. E—;) (by (D))

IN

| X% — Xipr—jpllp < jp
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Hence in general

o o Ojp J<m
Xk — Xij ks llp < ,
0 j5>m.

(IV) Bound on martingale difference E[X;|F;— ;| —E[X¢| Fi—j—1] = E[Xe— Xy iy Xo — Xy ey [ Fr—j)-

Thus by Jensen’s inequality for p > 1 we have

(E[E[X|Fimj] = E[X|Fomjma] )P < (BIX = Xy [P) P < G

One important advantage of physical dependence is that it allows us to bound the difference

between an estimator and its m-dependent analogue. Define the weighted average
n
fn, = Z ag Xy
k=1
and the m-dependent weighted average
- n
fn =Yk Xkm
k=1

in the following lemma we bound the difference between the two.

Lemma B.3.1 Suppose holds. If p > 2, then

> an(Xy — X)

k=1

n 1/2
< (Z ’ak’2> Am,p (BQ)
p

k=1

and forp > 1

n

> an(X} - X7)

k=1

n
<2 (Z \ak\) (sgp HXkH2p> U 2p- (B.10)
p k=1

PROOF By simply using (II) we obtain the sub-optimal bound

> ap(Xy — X)
k=1

n n
< awl [ Xk — Xellp < (Z !ak!> Ui p- (B.11)
k=1

p k=1
This bound simply uses m-dependent approximation of a time series, but does not exploit that
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sums of weakly dependent variables tend to concentrate more about zero (if the mean is zero).
We would expect that bounds for X — Xk together with the sum of weakly dependent random
variables could improve the bound. Physical dependence gives a bound on margingale differences
(see (I)) using this bound together with Burkholder’s inequality a tighter bound can be achieved

(which would be similar to one obtained for linear time series). By using (C) we have

n

= Zak Z Dy_jk (B.12)

P k=1 j=m+1

> ar(Xp — Xy)

k=1

p

Next we use that {Dy_;;}r_, is a martingale difference when conditioned on Fj_;, thus by

Burkholder’s inequality we have

IN

n 1/2
(Z |ag|? - Hij,kH;2;>
k=1
n 1/2
3j.p <Z \%\2) (by (1)).
k=1

n
1D ax Dyl
k=1

IN

Substituting the above into (B.12) gives

> ap(Xy — X)

k=1

o n 1/2 n 1/2
< D> by (Z\a,ﬁ) :(Za,ﬁ) Ami1p  (B.13)
k=1 k=1

p j=m+1

This proves .

Unlike mixing bounds, the bound in (B.8]) does not easily transfer over to transformations of

functions of Xj. For example, unlike (I), I could not find a simple bound for

|ELXE | Fr—jk] — EIXE | Frjirll], = HE[XI%Lkaj,k] - E[Xlz\{kfjﬂ}—kfj,k]Hp

I1X% = X2 0yl

IN

Of course, )Z,% # E[X?|F—m.k), but this is a separate issue.
Thus the only bound I think that is feasible is to simply use a bound between difference between

X} and its m-approximation. Since

n

n
D an(XP - X7) =) ap(Xy — Xp) (X + X),
k=1 k=1
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we have

n
Hzak =Xl < D lanl - 1 Xk = Xllop (I Xkl + 11Xk l12p)
k=1
n
< 2 (Z |ak|> (SuplleHzp> Win,2p-
k=1 K
This gives (B.10]). O

The lemma above can be used as an intermediate step for proving Gaussian approximations/central

limit theorems.
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