Chapter 8

Non-likelihood methods

8.1 Loss functions

Up until now our main focus has been on parameter estimating via the maximum likeli-
hood. However, the negative maximum likelihood is simply one member of loss criterions.
Loss functions are usually distances, such as the ¢; and /5 distance. Typically we estimate
a parameter by minimising the loss function, and using as the estimator the parameter
which minimises the loss. Usually (but not always) the way to solve the loss function is
to differentiate it and equate it to zero. Below we give examples of loss functions whose

formal derivative does not exist.

8.1.1 L;-loss functions
The Laplacian

Consider the Laplacian (also known as the double exponential), which is defined as

—0
<_|y—e\)_ mep(L0) y<d

p

1 0—y
55 XD | y>0.

We observe {Y;} and our objective is to estimate the location parameter 0, for now the

scale parameter p is not of interest. The log-likelihood is

R
La(0,p) = —nlog2p—p~' 5 [Yi—0].
=1
:Ln(e)
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Figure 8.1: Plot of L1-norm

Since the 6 which maximises the above does not depend on p we can simply focus on
the component which maximises 6. We see that this is equivalent to minimising the loss

function

L) =33 W-0l= 3 S0 -0+ 3 50V
i=1 Y5y >0 Y(;y <6
If we make a plot of L,, over #, and consider how L,,, behaves at the ordered observations
{Yi)}, we see that it is piecewise continuous (that is it is a piecewise continuous function,
with joints at Y{;)). On closer inspection (if n is odd) we see that L, has its minimum at
0 = Y(n/2), which is the sample median (see Figure 8.1 for an illustration).
In summary, the normal distribution gives rise to the ¢5-loss function and the sample

mean. In contrast the Laplacian gives rise to the ¢;-loss function and the sample median.
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The asymmetric Laplacian

Consider the generalisation of the Laplacian, usually called the assymmetric Laplacian,
which is defined as

P y=0

5 exp <p > ) y <86

fy;0,p) = ~ _
%exp <—(1 —p)y—p9> y>0.

where 0 < p < 1. The corresponding negative likelihood to estimate @ is
L) = > (1-p)(Yi—=0)+ > p(0—Y).
Y(i>0 Y(i)<0
Using similar arguments to those in part (i), it can be shown that the minimum of L, is

approximately the pth quantile.

8.2 Estimating Functions

8.2.1 Motivation

Estimating functions are a unification and generalisation of the maximum likelihood meth-
ods and the method of moments. It should be noted that it is a close cousin of the gen-
eralised method of moments and generalised estimating equation. We first consider a few

examples and will later describe a feature common to all these examples.

Example 8.2.1 (i) Let us suppose that {Y;} are iid random variables with Y; ~ N'(u, 0?).
The log-likelihood in proportional to

1 1
Ln(:u70-2) = —§1Og0'2 - ﬁ

i=1

2 2

We know that to estimate p and o we use the p and o which are the solution of

n n

557 T gp1 2 (Xi— ) =0 %Z(Xi—u)z()- (8.1)

(i) In general suppose {Y;} are iid random variables with Y; ~ f(+;0). The log-likelihood
is Ln(0) = Y1 1log f(6;Y;). If the regularity conditions are satisfied then to esti-

mate 0 we use the solution of

~0. (8.2)



(111) Let us suppose that {X;} are #id random variables with a Weibull distribution f(x;0) =
(5)(5)" exp(—(x/¢)*), where o, ¢ > 0.
We know that E(X) = ¢T'(1+a™') and E(X?) = ¢*T(1+2a™ ). Therefore E(X) —
¢T(1 +a™) =0 and E(X?) — ¢’T'(1 + 2a7) = 0. Hence by solving

] — 1 —
=Y X, —o(l4+a b= =Y X2 T 4207 = .
n; oF(1+a ) =0 n;Zqﬁ(—l—a)O, (8.3)

we obtain estimators of a and I'. This is essentially a method of moments estimator

of the parameters in a Weibull distribution.

(iv) We can generalise the above. It can be shown that E(X") = ¢"T(1 +ra~'). There-

fore, for any distinct s and r we can estimate o and I' using the solution of
lzn:Xf —¢T(1+ra')=0 lix.s — ¢ T'(1+sa™') = 0. (8.4)
[ l e l

(v) Consider the simple linear regression Y; = ax; + ¢;, with E(g;) = 0 and var(e;) = 1,

the least squares estimator of a is the solution of

1 n
- Z(YZ —ax;)r; = 0. (8.5)
i=1

We observe that all the above estimators can be written as the solution of a homoge-
nous equations - see equations (8.1), (8.2), (8.3), (8.4) and (8.5). In other words, for
each case we can define a random function G,,(#), such that the above estimators are the

solutions of G,,(0,) = 0. In the case that {Y;} are iid then G,,() = >, g(Yi; ), for some

function ¢(Y;;6). The function G,(0) is called an estimating function. All the function
G, defined above, satisfy the unbiased property which we define below.

Definition 8.2.1 (Estimating function) An estimating function G,, is called unbiased

if at the true parameter 6y G, (-) satisfies

If there are p unknown parameters and p estimating equations, the estimation equation
estimator is the 8 which solves G,,(0) = 0.
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Hence the estimating function is an alternative way of viewing parameter estimating.
Until now, parameter estimators have been defined in terms of the maximum of the
likelihood. However, an alternative method for defining an estimator is as the solution
of a function. For example, suppose that {Y;} are random variables, whose distribution
depends in some way on the parameter 6,. We want to estimate 6, and we know that
there exists a function such that G(6y) = 0. Therefore using the data {Y;} we can define
a random function, G,, where E(G,(#)) = G(#) and use the parameter 6,,, which satisfies
G,(6) = 0, as an estimator of §. We observe that such estimators include most maximum

likelihood estimators and method of moment estimators.

Example 8.2.2 Based on the examples above we see that

(i) The estimating function is
2 g i (X = ) )
% > i (Xi = )

9L, (0)
06

Gn(lu7 U) = <

(i) The estimating function is G, (0) =

(iii) The estimating function is

Sy Xi—ol(14+a™) )

Gn(a7 ¢) - ( %Z?:l )(Z2 — ¢2F(1 + 20571)

(iv) The estimating function is

1 s _ s _
Gn(a, ¢) = < nZz’:le ¢'I'(1+sa™) )

2 X[ = ¢ T(1+ra™)

(v) The estimating function is

n

Gn(a) = %Z(Y; — ax;)w;.

i=1

Observe that regardless of the distribution of the errors (or dependency between {Y;})
1 n

(20— ame,) (56)

is true regardless of the distribution of Y; ({€;}) and is also true if there {Y;} are

dependent random variables (see Rao (1973), Linear Statistical Inference and its

applications).
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The advantage of this approach is that sometimes the solution of an estimating equa-
tion will have a smaller finite sample variance than the MLE. Even though asymptotically
(under certain conditions) the MLE will asymptotically attain the Cramer-Rao bound
(which is the smallest variance). Moreover, MLE estimators are based on the assump-
tion that the distribution is known (else the estimator is misspecified - see Section 5.1.1),

however sometimes an estimating equation can be free of such assumptions.

Example 8.2.3 In many statistical situations it is relatively straightforward to find a
suitable estimating function rather than find the likelihood. Consider the time series {X;}
which is “stationary” (moments are invariant to shift i.e B[ X;X:,| = E[XoX,]) which

satisfies
Xy = a1 X1 +as X9+ 0gy,

where {&;} are @id zero mean random variables (zero mean ensures that E[X;] =0). We
do not know the distribution of €;, but under certain conditions on a; and as (causality
conditions) e, is independent of X;_1 and Xy_o. Thus by multiplying the above equation

by X, 1 or Xy o and taking expections we have

E(X;X; 1) = aiB(X2 )+ aB(X 1 X o)
E(X: X, 2) = aiB(X; 11X, 9) +aB(X2,).

Since the above time series is ‘stationary’ (we have not formally defined this - but basically

it means the properties of {X;} do not “evolve” over time), the above reduces to

(1) = a1c(0) + age(1)
c(2) = aic(1) + azc(0),

where B[ X; X;1,| = c(r). Given { X}, it can be shown that ¢, (r) = n~* Z?:MH Xe Xy
is an estimator of ¢(r) and that for small r E[c,(r)] = ¢(r) (and is consistent). Hence

replacing the above with its estimators we obtain the estimating equations



8.2.2 The sampling properties

We now show that under certain conditions én is a consistent estimator of 6.

Theorem 8.2.1 Suppose that G,,() is an unbiased estimating function, where G, (6,) =
0 and E(G,(6p)) = 0.

(i) If 0 is a scalar, for every n G,(0) is a continuous monotonically decreasing function
in 0 and for all 0 G,(6) A E(G,(0)) (notice that we do require an equicontinuous

assumption), then we have 6, LA 0o.

(11) If we can show that sup, |G, (0) — E(G,(0))] 20 and E(Gn(0)) is uniquely zero at

Oy then we have 0~n i .

PROOF. The proof of case (i) is relatively straightforward (see also page 318 in Davison
(2002)). The idea is to exploit the monotonicity property of G,(-) to show for every
e>0 P(gn < by —¢cor gn > 0y +¢e) — 0 as n — oo. The proof is best understand by
making a plot of G,,(0) with 8, < 6y — £ < 6, (see Figure 8.2). We first note that since
E[G,(6p)] = 0, then for any fixed € > 0

G(Bo — ) B E[Gu(0) — €)] >0, (8.7)

since G, is monotonically decreasing for all n. Now, since G, (6) is monotonically de-
creasing we see that 6, < (6 — &) implies Gp(6,) — Gp(fy — €) > 0 (and visa-versa)
hence

P(0, — (6) — ) <0) = P(Gnl(0,) — Gu(fo — ) > 0).

But we have from (8.7) that E(G,(0y — ¢)) KN E(G.(0o — ¢)) > 0. Thus P(G,(6,) —
Gn(By — ) > 0) 5 0 and

P(én—(00—5)<0) 20 as n— oo
A similar argument can be used to show that that P(én — (0 +¢) > 0) 20 asn — .
As the above is true for all e, together they imply that 6, LA Oy as n — o0.

The proof of (ii) is more involved, but essentially follows the lines of the proof of
Theorem 2.6.1. U

We now show normality, which will give us the variance of the limiting distribution of

0.
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Figure 8.2: Plot of G,,(-)
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Theorem 8.2.2 Let us suppose that {Y;} are iid random variables, where Elg(Y;,0)] = 0.
Define the estimating equation G,,(0) = £ 37" | g(Y;;0) and suppose G,(6,) = 0.
Suppose that 5n LA 0o and the first and second derivatives of g(Y;,-) have a finite

expectation (we will assume that 0 is a scalar to simplify notation). Then we have

~ D var(g(Yi; 0o))
) 3N (o [E(@w)’

as n — 0o.

Suppose {Y;} are independent but not identically distributed random variables, where
for all i Elg;(Y;,0)] = 0. Define the estimating equation G,(0) = 37" g(V;;0) and
suppose Gn(gn) = 0. Suppose that 0, L 0o and the first and second derivatives of g;(Y;,-)
have a finite, uniformly bounded expectation (we will assume that 0 is a scalar to simplify

notation). Then we have

O I

as n — Q.

PROOF. We use the standard Taylor expansion to prove the result (which you should be

expert in by now). Using a Taylor expansion and that ]

Gall) = Gall) + (.~ 8) 75 89)

= (0, — 0y) = ( ( ag” 0))_1Gn(90),

where the above is due to dG” Jg LA (89" D 04,) as n — oo. Now, since Gp(fy) =

L3, 9(Y;;0) is the sum of iid random variables we have
VnG(60) B N (0, var(G,(60)) ), (8.10)
=var[g(Y;;00)]
(since E(g(Yi;0p)) = 0). Therefore (8.9) and (8.10) together give
i ar(g(Y3; 6o))
\/ﬁ<‘9n - 00) E} N(O, - —9a(Y::0 2 |
[B(=25"10,)]

as required. O

In most cases —2@0i%)__ > 1(4)=1 (where I(f) is the Fisher information).

(5= 10,
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Example 8.2.4 (The Huber estimator) We describe the Huber estimator which is a
well known estimator of the mean which is robust to outliers. The estimator can be written
as an estimating function.

Let us suppose that {Y;} are #id random variables with mean 6, and density function
which s symmetric about the mean 0. So that outliers do not effect the mean, a robust

method of estimation is to truncate the outliers and define the function

—c Vi<—c+¥0
go(Yis0) =< YVi—c —c+0<Y;<c+¥0
c Y, >c+0

The estimating equation s

n

Gc,n(9> = Z 9(e) (K, ‘9)-

i=1

And we use as an estimator of 0, the 6,, which solves chn(én) =0.

(i) In the case that ¢ = oo, then we observe that G n(0) = > 0 (Y — 0), and the

i=1
estimator is 0, = Y. Hence without truncation, the estimator of the mean is the

sample mean.

(ii) In the case that c is small, then we have truncated many observations.

Definition 8.2.2 (Generalized method of moments) We observe from Example 8.2.1(iii,iv)
that there are several estimating equations which can be used to estimate a finite number
of parameters (number of estimating equations is more than the number of parameters).

In this case, we can use M estimating equations to construct the estimator by minimising

the Lo criterion

n

M 2
1
Lo(o,¢) =Y (H X7 —¢T(1+ m—l)> .
r=1 i=1

This is an example of the generalized method of moments, which generalizes the ideas of

solving estimating equations to obtain parameter estimators.
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8.2.3 A worked problem

(1) Let us suppose we observe the response Y; and regressor X;. We assume they satisfy

the random coefficient regression model
Yi=(¢+&)Xi+ei,

where {{;}; and {e;}; are zero mean iid random variables which are independent of
each other, with o = var[¢;] and o? = var[g;]. In this question we will consider how
to estimate ¢, & and ¢; based on the observations {Y;, X;}.

(a) What is the Expectation of Y; given (conditioned on) X,?
(b) What is the variance of Y; given (conditioned on) X;?

(c) Use your answer in part (a) and least squares to obtain an explicit expression

for estimating ¢.
(d) Use your answer in part (c) to define the ‘residual’.

(e) Use your answer in part (b) and (d) and least squares to obtain an explicit

expression for estimating o¢ and o?.

(f) By conditioning on the regressors {X;}? ;, obtain the negative log-likelihood
of {Y;}, under the assumption of Gaussianity of ¢; and ¢;. Explain the role

that (c) and (e) plays in your maximisation algorithm.

(g) Assume that the regressors, {X;}, are iid random variables that are indepen-
dent of ¢; and &;.

Show that the expectation of the negative log-likelihood is minimised at the

true parameters ¢, Jg and o2 even when &; and ¢; are not Gaussian.

Hint: You may need to use that —logx 4 x is minimum at x = 1.

Solution:

(a) What is the Expectation of Y; given (conditioned on) X;?

(b) What is the variance of Y; given (conditioned on) X;?

var[Y;| X;] = E[(§X; + €)% Xi] = 02 X7 + 0?2
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(c)

(d)

(e)

Use your answer in part (a) and least squares to obtain an explicit expression for

estimating .

~ . n i YiXi
¢ = argming 3, (Y; — ¢X;)* = %117

Use your answer in part (c) to define the ‘residual’.

For 1 <i<n, 7 =Y — X

Use your answer in part (b) and (d) and least squares to obtain an explicit expression
for estimating o and o?.
Let

1 =Y, —E[Y]] =Y, — 0X; = X + e

From (b) it is clear that E[r;|X;] = 0 and E[r}|X;] = 07X} + 02, thus we can write
7“ = O'£X2 + 0 +¢;

where ¢; = r? — E[r?|X;] hence E[¢;] = 0, resembles a simple linear equation (with
hetero errors). Since 7; is an estimator of r; we can use least squares to estimate ag
and 0527 where we replace r; with 7; and minimise

n

Z(r —0§X2—0)2

=1

with respect to 05 and 2. These gives use explicit estimators.

By conditioning on the regressors { X;},, obtain the negative log-likelihood of {Y;}1,
under the assumption of Gaussianity of & and e;. Explain the role that (c) and (e)

plays in your maximisation algorithm.

The log-likelihood is equal to
> log f(Yi]Xi; 6).
i=1

We recall from (a) and (b) that E[Y;|X;] = ¢X; and var[Y;|X;] = 02 4+ 07 X?. There-
fore Y| X; ~ N(¢X;, 02 + 0ZX7?). Thus the negative log likelihood is proportional

to
. _ - 2 2 v 2 (Y;_¢Xz)2
L(Qazn) - Z (log[as + Ong] + O_g + O_gXlQ :

=1
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We choose the parameters which minimise L(0;Y,,). We note that this means we
need to take the derivative of L(#;Y ) with respect to the three parameters and
solve using the Newton Raphson scheme. However, the estimators obtained in (c)

and (d) can be used as initial values in the scheme.

Let us assume that the regressors are itd random variables. Show that the expectation
of the negative log-likelihood is minimised at the true parameters ¢, ag and o? even

when & and ¢4 are not Gaussian.
Hint: You may need to use that —logx + x s minimum at x = 1.

Since {X;} are iid random variables, {Y;} are iid random variables the expectation
of LL(0;Y,,) is

where

Li(0) = Eloglo?+0;X}|+E

<n—¢Xm]

o2+ ang

= loglo? + 07 X7] + E[(Y; — ¢X;)?]

o2+ UEXE

Let 6y denote the true parameter in the model. Our aim is to show that

n

L(O) ~ L(80) = + 3 (Ll6) — Lu(6)) > 0,

=1

where equality to zero arises when 6 = 6. Taking differences we have

Li(0) — L;(6y)
(02 + 02 X 7]

= log———7—~
(05 + 05 X7 02+ 0¢XP | | o0e T o0 XD

(E—¢&V]_

(Y; — ¢0X¢)2]

[0(2),5 + 0(2),£Xi2]

= —1
% o2+ 02X

2 2y2 2 2 v2
o+ aéXi o5+ Uo,gXi

(n—¢&ﬁ]_E

(n—%&P]

We will show that L;(0) — L;(6y) is non-negative for all  and zero when 0 = 6.
This immediately implies that 6, minimises the negative pseudo (pseudo because

we do not assume Gaussianity) likelihood.
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Our aim is to place the difference in the form —logz + x plus an additional positive
term (it is similar in idea to completing the square), but requires a lot of algebraic

manipulation. Let

where
A(0) = — (10g T o0e
[0-2 +0-2X2]
€ 3
Y, — ¢X))? Y; — ¢oX;)?
oz +0:X; 0’05—|—U ¢X;

First consider the difference

Bi(#) = E (i— 90X, (i = do X"
’ o2 + 0 X7 005+005X2
:(0(2),5+08,§Xi2) 1Var(YZ)—l
V- 6X)2]
_pfoimex)
0z +0:X;

Now replace ¢ by ¢

(Vi — ¢ X,)?
BO) = B\ roaxe | TE

(Vi—6X)P— (V- X
o2+ agX?

.@i§££]+EF@—@MK—¢M3&]+

i o2+ UEXE o+ O'?XZ?

e
. %]_1
(IE+Ué ;

EK@+&&W+$4%¢—%ME—¢MwX .

o+ o X7 o2 + o X}
(¢ — d0)° X7
o+ o X7
05 + 05 X7 (¢ — 00)?X?

- 7 sz T oyvs L
0+ o0 X; 0+ o0 X;

—1
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Therefore, substituting this into L;(0) — L;(6y) we have

Li(0) — Li(6o)

et e x|
02 + Ung] o2+ J?Xf 0 o? + Ung ’
Let
05+ 0 X7
o2+ ang ’
Hence
X2
Li(0) — Li(6y) = —logz+z—14 (¢— ¢o) -

o2 + o2XZ

Since — log x + x is minimum at x = 1 where it is 1, we can see that L;(0) — L;(6))
is non-negative and zero at 0 = 6,. As this is true for all i we have that
1 n
L(0) — L(6h) = - Z (Li(0) — Li(6o)) > 0,

i=1
where equality to zero arises when 6 = 6.

This example, illustrates the versatility of the models based on the assumption of
Gaussianity. Even if the Gaussian assumption does not hold, often we can obtain
reasonable (consistent) estimators of the known parameters by treating the errors

as if they were Gaussian.

8.3 Optimal estimating functions

As illustrated in Example 8.2.2(iii,iv) there are several different estimators of the same
parameters. But which estimator does one use?

Suppose that {Y;} are independent random variables with mean {y;(6p)} and variance
{Vi(0o)}, where the parametric form of {u;(-)} and {V;(:)} are known, but 6, is unknown.

One possible estimating equation is

n

Gra(8) = SOV — 1(6)]

=1
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which is motivated by the observation E(G,(6y)) = 0. Another estimating equation
comes from the least squares criterion

n

S - O],

=1

which leads to the estimating equation

Gan(0) =3 PO 1y o),

i=1

again it can be seen that E(G2,(6y)) = 0. Based on the above examples, we see that by
simply weighting [Y; — p;(6)] we obtain a valid estimating equation

Zwl ) [Y: — 1i(0)]

We observe that E(G W)(Go)) = 0, thus giving a valid estimating equation. But we need
to select the weights w;(6). It seems reasonable to select the weights which minimise the

asymptotic “variance”

(0. ~ > iz var(gi(Yi; )
var(f,,) ~ (S, | 7 (8.11)

Note the above comes from (8.8) (observe the n~! has been removed, since we have not

standardized 571) Since {Y;} are independent we observe that

var(G{V)(6y)) = n! Zvaf(gi(Y;; bo) = Zwi(QO)QVXQO)

i=1

oG (9) _ “~ 9g(Y;; 6)
E<TJ60> = E(ZTJGO

=1
= (Zw 00) [Yi — 115(60)] sz 00) 1; (6o ) = —sz‘(eo)lé(@o)-
=1

Substituting the above into (8.11) gives

iy o D WilBo)*Vi(6o)
var(n) X S B (60

Now we want to choose the weights, thus the estimation function, which has the smallest

variance. Therefore we look for weights which minimise the above. Since the above is a
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ratio, and we observe that a small w;(#) leads to a large denominator but a small numer-
ator. To resolve this, we include a Lagrangian multipler (this, essentially, minimises the
numerator by controlling the magnitude of the denominator). We constrain the numerator

to equal one; (3°7  w;(8)u'(0))? = 1 and minimise under this constraint
> witi6) + A 3w 0)0) - 1,
i=1 i=1

with respect to {w;(0)} and A. Partially differentiating the above with respect to {w;(6)}

and A and setting to zero gives for all ¢

2w; (0)V;(0) + p;(0) = 0 subject to Zwi(ﬁ)u;(e) =1

i=1

Thus we choose

but standardize to ensure Y, w;(0)u(0) = 1;

i) O
w,(6) = (Z Vi(6) ujw)) =

Since (Z?:1 ‘/j(H)_lu;(@)) is common for all weights w;(f) it can be ignored, thus

leading to the optimal estimating function is

- " h(6)
cuv ey = SO ). 8.12
Y0 = 3 3y 6 = ) (8.12)
The interesting point about the optimal estimating equation, is that even if the variance
has been mispecified, the estimating equation can still be used to consistently estimate 6

(it just will not be optimal).

Example 8.3.1 (i) Consider the case where {Y;} is such that E[Y;] = p;(5) = exp(f'z;)
and var(Y;) = Vi(B) = exp(B'z;). Then, %ﬂ/xi) = exp(f'z;)z;. Substituting this
yields the optimal estimating equation

n

Z(Yi — ) = 0.

=1
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In general if E[Y;] = var[Y;] = pu(p'z;), the optimal estimating equation is

> Wiz Bl ), =,

—~ (B
where we use the notation p'(0) = d’;—(:). But it is interesting to note that when Y;

comes from a Poisson distribution (where the main feature is that the mean and

variance are equal), the above estimating equation corresponds to the score of the

likelihood.

(ii) Suppose {Y;} are independent random variables where E|Y;] = p;(8) and var[Y;] =
wi(B)(L — i (B)) (thus 0 < p;(B) < 1). Then the optimal estimating equation

corresponds to

. [Y; - N(B/xl)] 10l
2 ﬁ T;)T; = 07
2 it - a0
where we use the notation 1'(0) = d‘;—(;). This corresponds to the score function of

binary random variables. More of this in the next chapter!

Example 8.3.2 Suppose thatY; = 0,Z; where o; and Z; are positive, {Z;} are iid random
variables and the regressors x; influence o; through the relation o; = exp(fo + Bix;). To

estimate By and [y we can simply take logarithms of Y;
log Vi = fo + Bj; + log Z.

Least squares can be used to estimate By and (1. However, care needs to be taken since in
general Ellog Z;| # 0, this will mean the least squares estimator of the intercept By will be
biased, as it estimates [y + E[log Z;].

Examples where the above model can arise is Y; = N\ Z; where {Z;} are iid with ex-
ponential density f(z) = exp(—z). Observe this means that Y; is also exponential with

density A\, exp(—y/\).

Remark 8.3.1 (Weighted least squares) Suppose that E[Y;] = 1;(0) and varly;] =
Vi(0), motivated by the normal distribution, we can construct the weighted least squared

criterion

£0) =) [ﬁ (i — 1u(0) +logVi(9)]
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Taking derivatives, we see that this corresponds to the estimating equation

n

- ; dus®) 1 LdVi(6) 1 avi(6)
Gut) = 3 |-y 0= i@} P v oy 4

=1

= G1,.00) + Ga,(0)

where

Cunl®) = =23 s 0= i) L0

N 2dVi(6) 1 dVi(6)
Gan(f) = —;{W{Yi““(‘))} o Vi(0) do

Observe that E[G1,,(8p)] = 0 and E[G2,,(00)] = 0, which implies that E[G,,(8y)] = 0. This

proves that the true parameter 6y corresponds to either a local minimum or saddle point

of the weighted least squares criterion L,(0). To show that it is the global minimum one

must use an argument similar to that given in Section 8.2.3.

Remark 8.3.2 We conclude this section by mentioning that one generalisation of esti-
mating equations is the generalised method of moments. We observe the random vectors
{Y;} and it is known that there exist a function g(-;0) such that E(g(Y;;6p)) = 0. To
estimate Oy, rather than find the solution of £ 3" | g(Vi;0), a matriz M, is defined and

the parameter which mimimises

(% ZQ(YZ-; 9)) M, (% Zg(Yi; 9))

1s used as an estimator of 6.
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