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Abstract

Many random phenomena in the environmental and geophysical sciences are func-
tions of both space and time; these are usually called spatio-temporal processes. Typ-
ically, the spatio-temporal process is observed over discrete equidistant time and at
irregularly spaced locations in space. One important aim is to develop statistical mod-
els based on what is observed. While doing so a commonly used assumption is that
the underlying spatial-temporal process is stationary. If this assumption does not hold,
then either the mean or the covariance function is misspecified. This can, for example,
lead to inaccurate predictions. In this paper we propose a test for spatio-temporal
stationarity. The test is based on the dichotomy that Fourier transforms of stochastic
processes are near uncorrelated if the process is second order stationarity but corre-
lated if the process is second order nonstationary. Using this as motivation, a Discrete
Fourier transform for spatio-temporal data over discrete equidistant times but on irreg-
ularly spaced spatial locations is defined. Two statistics which measure the degree of
correlation in the Discrete Fourier transforms are proposed. These statistics are used
to test for spatio-temporal stationarity. It is shown that the same statistics can also be
adapted to test for the one-way stationarity (either spatial or temporal stationarity).

The proposed methodology is illustrated with a small simulation study.
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1 Introduction

Several environmental and geophysical phenomena, such as tropospheric ozone and precip-
itation levels, are random quantities depending on both space and time. Since, in practice,
it is only possible to observe the process on a finite number of locations in space, {sj}?zl
and typically over discrete equidistant time ¢ = 1,...,7, one aim in the geosciences is
to develop statistical models based on what is observed. Typically this is done by fit-
ting a parametric space-time covariance function defined on {Z;(s);s € R4t € Z} to the
data. Such models can, then, be used for prediction and forecasting at unobserved loca-
tions; see (Gneiting et al. [2006] and Sherman| [2010] for an extensive survey on space-time
models. In this context, an assumption that is often used is that the underlying spatio-
temporal process {Z;(s);s € R% t € Z} is stationary, in the sense that E[Z;(s)] = p and
cov|Zi(81), Z+(82)] = Kr—t(82 — s1). If this assumption does not hold, then either the mean
or the covariance function is misspecified which, for example, can lead to inaccurate pre-
dictions. Therefore, in order to understand the underlying structure of the spatio-temporal
process correctly we should test for second order stationarity of the spatio-temporal process
first. Furthermore, given that often the size of the data sets are extremely large, the test
should be computationally feasible. The aim of this paper is to address these issues.

Before we describe the proposed procedure, we start by surveying some of the tests for
stationarity that exist in the literature. One of the earliest tests for temporal stationarity is
given in Priestley and Subba Rao| [1969]. More recently, several tests for temporal station-
arity have been proposed; these include von Sachs and Neumann| [1999], Paparoditis| [2009],
Paparoditis| [2010], Dette et al. [2011], Dwivedi and Subba Rao| [2011], Jentsch! [2012], Nason
[2013], Lei et al.|[2015],|Jentsch and Subba Rao| [2015], Cho| [2014] and |Puchstein and Preuss
[2016).

For spatial data, [Fuentes| [2006] generalizes the test proposed in Priestley and Subba Rao
[1969] to spatial data defined on a grid and Epharty et al.| [2001] proposes a test for spatio-
temporal stationarity for data defined on a spatio-temporal grid. However, if the spatial data
is defined on irregular locations (typically, a more realistic scenario), then there exists only
a few number of tests. As far as we are aware, the first test for spatio-temporal stationarity,
where the spatial component of the data is observed at irregular locations is proposed in [Jun
and Genton| [2012]. More recently, [Bandyopadhyay and Subba Rao| [2016] propose a test for
spatial stationarity where the data is observed at irregular locations.

In this paper we develop a test for spatio-temporal stationarity, where time is defined
on Z and the locations are irregular on R¢. Our procedure is heavily motivated by the
tests in Epharty et al. [2001], Dwivedi and Subba Rao| [2011], Jentsch and Subba Rao| [2015]
and Bandyopadhyay and Subba Rao| [2016], which use a Fourier transform of the data to

discriminate between the stationary and nonstationary behavior. To motivate our approach



let us consider the Cramér representation of a stationary stochastic process, which states
that a second order stationary stochastic process, {Z;(s),s € R% t € Z} can always be

represented as

Zi(s) = %/0 7T/}Rd exp(itw) exp(is'Q)dZ (2, w), (1)

where, Z(€,w) is a stochastic process with orthogonal increments, i.e., E[dZ (2, wy)dZ (s, wy)] =
0 if Qy # Q3 or wy # wy and E[|dZ (2, w2)|?] = dF (2, w) = f(2, w)ddw, where f denotes
the spectral density (and the second equality only holds if the derivative of F' exists); see
Subba Rao and Terdik| [2016]. On the other hand, if the increments are correlated, then
the process is not second order stationary (see for example, |Gladyshev| [1963], |Goodman
[1965], [Yaglom| [1987] [Lii and Rosenblatt| [2002], Hindberg and Olhede| [2010], |Gorrostieta
et al.|[2016]). Furthermore, the increment process yields information about the station-
arity of the process in particular domains. For example, suppose the process is spatially
stationary (but not necessarily temporally stationary), then E[dZ(Qy,ws)dZ(Qs,w,)] = 0 if
Q, # Q3. Conversely, if the process is temporally stationary but not spatially stationary,
then E[dZ(Qy,w2)dZ(Q,wy)] = 0 if wy # wy.

Of course in practice the increment process is unobserved. However, in time series analysis
the Discrete Fourier transform (DFT) of a time series is considered as an estimator of the
increments in the increment process and shares many of its properties. In particular, the
Discrete Fourier transform of a stationary time series is a ‘near uncorrelated’ transformation,
thus mirroring the properties of the increment process. In Dwivedi and Subba Rao|[2011] and
Jentsch and Subba Rao| [2015] we use the Discrete Fourier transform to test for stationarity.
On the other hand, the Fourier transform for spatial data defined on irregular locations
is not uniquely defined. However, Matsuda and Yajima [2009] and Bandyopadhyay and
Lahiri [2009] define a Fourier transform on spatial data with irregular locations which can be
shown to share similar properties as the increment process when the locations are uniformly
distributed. In Bandyopadhyay and Subba Rao [2016] we exploit this property to test for
spatial stationarity. In this paper we combine both these transformations to define a Discrete
Fourier transform for spatio-temporal data that is defined over discrete time but on irregular
spatial locations. We show that this space-time Discrete Fourier transform satisfies many of
the properties of ; in particular under stationarity the space-time DFT is asymptotically
uncorrelated, whereas under nonstationarity this property does not hold. In this paper we
use this dichotomy to define tests for stationarity for spatio-temporal processes.

In Section we review the test for temporal stationarity proposed in Dwivedi and
Subba Rao [2011] and |Jentsch and Subba Rao| [2015]. In Section we review the test
for spatial stationarity proposed in Bandyopadhyay and Subba Rao| [2016]. We note that



there are some fundamental differences between the testing methodology over time compared
to the testing methodology over space. The first is that over discrete time the Fourier
transform can only be defined over a compact support, whereas the Fourier transform on
space can be defined over R? (see the range of the integrals in ) This leads to significant
differences in the way that the test statistics can be defined. Furthermore, both the test over
time and the test over space involve variances which need to be estimated. In the test for
stationarity proposed in [Jentsch and Subba Rao| [2015] we used the stationary bootstrap to
estimate the variance, however using a block-type bootstrap for the spatial stationarity test
was computationally too intensive. Instead we used the method of orthogonal samples to
estimate the variance, which led us to a computationally feasible test statistic. This method
can also be applied to testing for temporal stationarity, and in Section we use the same
method to estimate the variance in the test for temporal stationarity. The results in this
section motivate our proposed procedure in the later sections.

In Sectionwe turn to the spatio-temporal data. We define a Fourier transform (to reduce
notation we call it a “DFT”), which is over irregular locations in space, but for equidistant
discrete time. We obtain the correlation properties of the DFTs in the case of (i) spatial and
temporal stationarity, (i) spatial stationarity (but not necessarily temporally stationary),
(iii) temporal stationarity (but not necessarily spatially stationary) and (iv) both temporal
and spatial nonstationarity. We show that each case has its own specific characterization in
terms of the DFTs. In Section [4] we use the differing behaviors to construct the test statistics.
Similar to both the stationarity test over space and the stationarity test over time, the test
here involves unknown variances, which are estimated using orthogonal samples. This means
the test statistic can be calculated in O(n*T log T') computing operations. In Section [5| we
apply the methodology for testing one-way stationarity (stationary in one domain but not
necessarily stationary on the other domain). Some results relating to the test statistics are
in Section [6 Our proposed methods are illustrated with simulations in Section [7] A rough

outline of the proofs are given in the supplementary material.

2 Using the DFT to test for stationarity over time or

space

Our test for spatio-temporal stationarity is based on some of the ideas used to develop the
temporal and spatial tests in Dwivedi and Subba Rao [2011], Jentsch and Subba Rao| [2015]
and Bandyopadhyay and Subba Rao| [2016]. Therefore in Sections 2.1]and 2.2 we review some
pertinent features of these tests. In Section we apply some of the methods discussed in
Section to test for temporal stationarity.



2.1 Testing for temporal stationarity

Let us suppose that {X,} is a stationary time series where ¢, = cov[Xy, Xi4p] and >, |hey| <
0. Given that we observe {X;}_,, we define the DFT of a time series { X} as Jp(wy) =
\/ﬁ Zthl Xe'™k where wy, = 2k /T are the so called Fourier frequencies. [Dwivedi and
Subba Rao| [2011] and |Jentsch and Subba Rao [2015] exploit the property that under sta-
tionarity (and the short memory condition stated above) the DFT {Jr(wg)} is a ‘near un-

correlated sequence’ whose variance is approximately equal to the spectral function

flwp) = Z cp exp(—thwy,).

hEZ

We now briefly describe the procedure proposed in Jentsch and Subba Rao [2015] to test
for stationarity of a multivariate time series. To understand the pertinent features of the
test, we focus on the univariate case. |Jentsch and Subba Rao [2015] estimates the spectral
density from the data (we denote the estimator, by smoothing the periodogram, as ]/“\T), use
this to ‘standardize’ the DFT and define the estimator of the covariance between the DFTs

at ‘lag’ r as

T -
(r,f) = % Z exp(ilwy,) Jr(n) Jr(Werr) (2)
k=1 \/fT (wr fT wk+r)

If we set £ = 0, then {C7(r,0)}, can be viewed as the sample ‘autocovariance’ of the sequence
{JT(wk)/fT(wk)l/Z}gzl over frequency. aT(r, 0) was used as the basis of the test statistic.
Jentsch and Subba Rao| [2015] showed that the approximate ‘variance’ (in terms of the
limiting distribution) of RCy(r, £) and SCr(r,¢) (where Rz and Sz denote the real and

imaginary parts of z) is v,(w,), where

1
ve(w,) = 5 [1+ 00 + Ke(wy)]
with
Ke(w,) = / / Al Fonde R m W) iy — )ldade ()

VIO +w) f2) f(A2 +wr)

and f; is the fourth order spectral density, which is defined as
1 . . .

f4(w17 w2, UJ3) = (27T)3 Z Hh1,h2,h3 eXp(_Zhlwl - Zhg(x)g - Zh3W3)7

hi,ho,h3€Z



where fp, pyny = cum[Xo, Xp,, Xp,, Xpn,]. Moreover, for fixed ¢ and m and under suitable

mixing conditions we have
VT [a%@Tu, 0,3Cr(1,0), ..., RCr(m, €),3Cr(m, e)] PN (0, 0(0) o) (4)

as T'— oo, where I, denotes the identity matrix of order 2m. Note that v,(w,) — v,(0) as
T — oco. We observe that in the case where the time series is stationary and Gaussian, we
have £,(0) = 0 and v,(0) = £(1+8o,); consequently, {aT(r, ¢} is pivotal (does not depend on
any nuisance parameters). In contrast, if the time series is stationary but non-Gaussian, the
term £,(0) does not vanish (indeed assuming Gaussianity when the process is not Gaussian
can lead to inflated type I errors in the test statistic defined below); compare Section 6.2 in
Jentsch and Subba Rao| [2015].
Based on for a fixed ¢, the test statistic is then defined as

=~ NG O
Tm_T;—W(m : (5)

which under the null of stationarity, asymptotically has a chi-squared distribution with 2m
degrees of freedom. In practice vy(0) is unknown. Therefore, Jentsch and Subba Rao| [2015]
uses the stationary bootstrap, proposed in Politis and Romano| [1994], to estimate v,(0)
(actually they estimate v¢(w,)). In Section[2.3)of this paper we describe an alternative method
for estimating v,(0), which is a computationally much faster method. Note that in |Jentsch
and Subba Rao| [2015] a more general statistic based on {é\T(T, Oyr=1,....m¥¢=1,... L}
is proposed.

To understand how aT(r, ¢) behaves in the case the process is nonstationary we assume
that the time series ‘evolves’ slowly over time (a notion that was first introduced in Priestley
[1965]). To obtain the asymptotic limit of Cp(r, £) we use the rescaling device introduced
in Dahlhaus| [1997], where it was used to develop and study the class of locally stationary
time series. More precisely, we consider the class of locally stationary processes {X;r},
whose covariance structure changes slowly over time such that there exist smooth functions
{Ky..}» which can approximate the time-varying covariance, i.e., |cov(X; r, Xiin1) — /ﬁh;%| <
T 'py, where {py} is such that >, |hpn| < oo (see Dahlhaus| [2012]). Further, we define

the time-dependent spectral density F,(w) = % Y hez Fhu€” hw Under this set-up we have

Cor(r, 0) LA A(r,?), where

_ 7 1F“(w)ex —i2mru) exp(ilw)dudw
A0 = [ [ 2 exp(cizmrag explitis)dud ()

and f(w) = [} Fu(w)du.

0



2.2 Testing for spatial stationarity

In Bandyopadhyay and Subba Rao| [2016] our objective is to test for spatial stationarity
for a spatial random process {Z(s);s € R%}, observed only at a finite number of irreg-
ularly spaced locations, denoted as {s;}7_;, in the region [—A/2,A/2]?, ie., we observe
{(sj,Z(s;));5 = 1,...,n}. Suppose {Z(s);s € R?} is spatially stationary and denote
c(v) = cov|Z(s), Z(s + v)|. Analogous to the stationarity test for a time series described in
Section we test for spatial stationarity by checking for uncorrelatedness of the Fourier
transforms. We note that the DFT of a discrete time time series (as described above) is a
linear one-to-one transformation between the time series in the time domain to the frequency
domain that can be easily inverted using the inverse DF'T. On the other hand, when the loca-
tions are irregularly spaced, i.e. they are not on an equidistant grid on [—\/2, \/2]¢, there is
no unique way to define the Fourier transform. Instead to test for stationarity, we use a suit-
able Fourier transform for irregularly sampled data which retains the near uncorrelated prop-
erty. More precisely, we define the Fourier transform as J,(2) = %/2 > i1 Z(s5) exp(isQ)
where 2 € R? (this Fourier transform was first defined in Matsuda and Yajimal [2009] and
Bandyopadhyay and Lahiri [2009]). Note that the factor %/2 ensures that the variance of
J,(€2) is non-degenerate when we let A — oo. Contrary to the time series case, we use 2
instead of w for spatial frequencies as we make use of both notations later for spatio-temporal
processes in Section [3]

Under the condition that the locations {s;} are independent and uniformly distributed
random variables on [—\/2,A/2]? and {Z(s);s € R?} is a fourth order stationary pro-
cess (with suitable short memory conditions), Bandyopadhyay and Subba Rao| [2016] shows
that the Fourier transform at the ordinates Qj = 2%(%, . k—;)’, k= (ki,... kq) € Z¢,
i.e., {Jn(Q)}’s are ‘near uncorrelated’ random variables. For their variances, we have
var[J, ()] = F(Q%) + O(3 + %d), where

f(Q) = /]Rd c(s) exp(—is'Q)d2

is the spectral density function of the spatial process. So far the results are very similar to
those in time series, however, because the spatial process is defined over R? and not over
72, the spectral density f(2) is defined over RY. For the same reason, f is no longer an
infinite sum, but becomes an integral. Furthermore, |f(£2)] — 0 as ||€2||2 — oo, where || - |2
denotes the Euclidean norm (since the spatial covariance decays to zero sufficiently fast,
c(-) € Ly(R?) and thus by Parseval’s inequality f € Ly(R?)). Therefore, 1/1/f(€) is not a
well defined function for all 2 € R? and unlike the discrete time series case, the standardized
Fourier transform J,,(2g)/ m is not a well defined quantity at all frequencies. Instead,

to measure the degree of correlation between DFTs, we have to avoid standardization and



we define the weighted covariance between the (non-standardized) Fourier transforms as

Agr) = > () ()T ()

)\d
k1,....kg=—a
1 a n .
m X e 2] @
kl,m,kd:—a jZl

where, 7 # 0, 7 = (ry,...,1q) € Z% (with k and k + 7 defined analogously), g is a
given Lipschitz continuous function with supgega [g(2)] < oo and a satisfies (\a)?/n? —
0. In order to avoid the so called ‘nugget effect’ where the observations are corrupted by
measurement error (typically independent noise) we have subtracted the variance-type term
in the definition of (7).

We give some examples of functions g below.

Remark 2.1 Ezamples of g used in|Bandyopadhyay and Subba Rao| [2016] are functions of
the form g(Q) = €', which is geared towards detecting changes in the spatial covariance at
lag v. However, unlike the case of reqularly spaced locations, where we can detect changes at
integer lags, it is unclear which lags to use. For this reason in|Bandyopadhyay and Subba Rao
(2016] we choose g(-) such that it can detect the aggregate change over L lags, namely g(Q2) =
S exp(iv}§2) (where {v;} is some grid within the main support of the covariance). We

‘7 ~ —~
should note that g(-) is similar to the weight function e[ fr(w)fr(w + w,)] "% used in the

definition of aT(r, 0) in (2).

We derive the sampling results under the mixed asymptotic framework, where A\ — oo and
X /n — 0, ie., as the spatial domain grows, the number of observations should become
denser on the spatial domain (see, Hall and Patil [1994], Lahiri [2003], [Matsuda and Yajima
[2009], Bandyopadhyay and Lahiri [2009], and Bandyopadhyay et al. [2015]). Under this
mixed asymptotic framework, we show in Theorem 3.1 of Bandyopadhyay and Subba Rao
[2016], that

W U | )
E [A(g;r) - { 1 o <Ad—b [T5=1 (log A +log |TZJIA)) T e 74/{0}
o7 Jaere F(Q)9(2)dQ+ 052 + 1), 7 =0
where a? = O(n), a/\ — o0 as n — oo and A — oo, b = b(r) are the number of zero values

in the vector r, {m;} are the non-zero values in the vector r. From Section 3 (Theorem 3.3
treats the Gaussian case and the non-Gaussian case can be found at the bottom of Section
3), Bandyopadhyay and Subba Rao| [2016], we have

C;i\/QAd/Q %A\)\(gv rl)v %A\/\(gv rl)v SRR %Eh(ga Tm)v %A\/\(gv rm) 2) N(Oa ]2771) (8)

8



d dyd 3
as Uy an = log® a (—log“i(logk) + ’\7 42 4 let Ay g where

n2 2\
1 2 9 -
for = 2(27?)d/pf (£2) <\g(ﬂ)| +g(ﬂ)g(—9)) A0
+ W - fa(21, Qo —Q2)g(21)g(Q2)d21 dQs,

D = [—2ma/ )\, 27wa/N¢ and

f1(Q, R, Q3) = /3d k(81 89, 83)e (E1Fsa s ) g 15, s,
R

is the (spatial) tri-spectral density and k(si, 82, 83) = cum|[Z(0), Z(s1), Z(82), Z(s3)] is the
fourth order cumulant analogous to kp, p, s in the time series case. We observe that unlike
aT(r, ¢) (defined in (2)), even in the case that the random field is stationary and Gaussian,
fAl,\(g; r) is not asymptotically pivotal. This is because, unlike aT(r, ¢), in the definition of
Ax(g;7) we could not standardize the Fourier transform J,(£2) such that f(£2) crops up in
the asymptotics here. Therefore, even for Gaussian random fields, the variance ¢, ) needs
to be estimated and if the random field is non-Gaussian then c, ) additionally contains a
function of the fourth order spectral density.

In the following remark, we present an approach based on orthogonal samples, as proposed

by Subba Rao| [2015b], to estimate complicated variances.

Remark 2.2 (Using orthogonal samples for variance estimation) The expression for
the variance A\,\(g; 0) given in the ezamples above, is rather unwieldy and difficult to estimate
directly. For example, in the case that the random field is Gaussian, one can estimate cq \ by
replacing the integral with the sum Yy, _ . and the spectral density function with periodogram
| . (2%)|? (see|Bandyopadhyay et al| [2015)], Lemma 7.5). However, in the case that the pro-
cess is non-Gaussian this is not possible. Here we describe the method of orthogonal samples,
which can be used for both spatial and/or temporal data and it is a simple consistent method
for estimating the variance.

Let us suppose that Ap(X) is an estimator of A where E[Ap(X)] = A and var[v'DAp(X)]
v (where D = D(T,\) is an appropriate scaling factor such that var[v/DAp(X)] = O(1).
For some set B, the sample {/DAp(X; j); 7 € B} (which is not necessarily real-valued) is the
orthogonal sample associated with Ap(X) if (i) {@A\D(X;j);j € B} and A\D(X) are almost
uncorrelated but (ii) {v/DAp(X;j);5 € B} has mean almost zero and var[V'DAp(X:r)] =
v+ o(l). Based on this we can estimate v using

D =62 ({VDAp(X;j);j € BY) = % > [(?R%(X;j) — AP+ (SAp(X;j) — A2, (9)



and A = 2|B| Z]eBPRAD( 7) + SAp(X; 7)], where |B| denotes the cardinality of the set B.
Furthermore, if VD[Ap(X) — A, {RAp(X;4), SAp(X;4):j € B} 2 N(0, vIypi41), then

\/B[AAMX—\/);_A] B tosi-1.

This method allows us to estimate the variance of an estimator and to quantify the uncer-
tainty in the variance estimator. In the testing procedures described in this paper we make

frequent use of this method. We describe below how it is used in the spatial stationarity test.

To implement the test, we define a set S € Z? that surrounds but does not include
zero (examples include S = {(1,0),(1,1),(0,1),(—=1,1)}) and test for stationarity using the
coefficients, {EA(g; r);r € §}. Of course, the variance ¢, is unknown and needs to be esti-
mated from the data. To estimate the variance, we observe from (8) that (a) RA,(g;7)
and SA,(g;7) have the same variance and (b) for all r ‘close’ to zero the variance of
{ﬂ?ﬁ,\(g;r), %2,\(g; r)} is approximately the same which allows us to use the orthogonal
sample method described in Remark to estimate the variance. Therefore, we define a
set 8’ € Z* which is relatively ‘close’ to S, but SNS’ = . We then estimate ¢, using
Can(S) = G2\ Ay (g;7); 7 € 8'}) (where 52(-) is defined in (). Using ¢,(S’) and

we have

RA 7, SA,(g; Zo
RLING ) s ~ toj1 and X2 NG ) = ~ b1,
2
V(S 2|5/ TS T Xols| 1 V(S S =1 X2|57|-1

10)

for r € S with A¥/n — 0 as n — oo and A — oo (so called mixed domain asymptotics),
where {Z),, Zsr;r € S} are iid standard normal random variables and X§| S-1 is a chi-
squared distributed random variable (with 2|S’| — 1 degrees of freedom) which is the same
for all » € S, but independent of {Z ., Zo ;7 € S}, and ¢, denotes the t-distribution with
q degrees of freedom. A test statistic can then be defined as maxreSHA\A(g;r)|2/’c\avk(8’)],
whose limiting distribution can easily be obtained from . Note that a test statistic
based on the sum of squares rather than the maximum is also possible, however in terms of
simulations the maximum statistic tends to have slightly better power.

Just as in the nonstationary time series case, in order to obtain the limit of A\)\<g;’l”)
in the nonstationary spatial case, we use rescaled asymptotics. We define a sequence of
nonstationary spatial processes { Z,(s)} (we use the term ‘sequence’ loosely, since A is defined
on R* and not on Z*), where for each A > 0 and s € [-\/2, A\/2]? the covariance of {Z,(s)}

cov|Zy(8), Zx(s +v)] =k <’U; f) ;

10



where x : R? x [—-1/2,1/2] — R (note that s € [-)/2, A/2]?) is the location-dependent co-
variance function. The corresponding location-dependent spectral density function is defined
as

S

F (Q; X) = /d K (v; ;) exp(—i27v'Q)dv.
R

Under this set-up we have A,(g;) A A(g;r) as A — oo where

1
Algir) = - / / F(2:w) exp (—i27a/'r) g(Q)dudS2.
(2m)4 Jra JiZ1y2,1/9

We observe that if in the test we let g(£2) = exp(iv'Q) then A(e™'; 7) is the Fourier coefficient
of f[—1 J2.1/2]d k(v;u) exp(—ir'u)du. Hence the test is geared towards detecting changes in
the covariance at lag v.

2.3 The test for temporal stationarity using orthogonal samples

Let us return to the temporal stationarity test discussed in Section [2.1} Suppose ¢ is fixed,
then by and , we test for stationarity with {éT(r, 0);r € T} where T = {1,...,m}
and use the Lo-type statistic defined in .

In this section we apply the ideas in Section to propose a different method for es-
timating vy(w,). We recall that %aT(r, () and SGT(T, ¢) have ‘variance’ v/(w,) and that
ve(wy) = ve(0) + O(|r|/T). Define the set T' = {m + By,...,m+ By} where By < By. If By
is not ‘too large’ then for 7 € T' the ‘“variance’ of Cy(r, £) is approximately vy(0). Therefore

we use
Oy =2 ({TV2Cp(r, 0);r € T'Y),

as an estimator of v, := vy(0), where 5%(-) is defined in (9). Based on this estimator we use
the test statistic

s ()P
Tm_T;—m .

It can be shown that T, = v as |T'| — oo, therefore if m is kept fixed we have that
T, 3 x%, with (|7| + By)/T — 0 as T' — oo and T — oo. However, for finite Bs,
i.e., |T'| < oo, a better finite sample approximation of the distribution of the test statistic
under the null uses (4) and that ¥, is asymptotically independent of " |6T(r, 0)|? to give

11



TS |Cr(r, 0)]2 /v, A Ezm Z3 and U /vy 3 ~ 571 Xap7v_1 Such that we obtain

2|7"

2m 2
D Z Zj
T, = —,
2|7”|—1X2\T’\71

where {Z;}3™ are iid standard normal random variables which are independent of the
random variable.

We note that to maximize power we require that |B;| — oo in such a way that |B;|/T — 0
as T' — oo. To understand why, we observe that under the alternative C*T(r, 0) are estimating
Fourier coefficients (see @) If B, is close to the origin then {Cr(r,0);r € T’} will be
estimating ‘large’ values, thus the sample variance of {67‘(7', 0);r € T'} is likely to be large

thus reducing T, and consequently the power of the test.

3 Properties of spatio-temporal Fourier transforms

We now use some of the ideas discussed in the previous section to test for stationarity of
a spatio-temporal process. Let us suppose that {Z;(s);s € R% t € Z} is a spatio-temporal
process which is observed at time ¢ = 1,...,7 and at locations {s;}7_; on the region
[—=X/2,A/2]. At any given time point, ¢, we may not observe all {s;}7_, locations, but
i.e., the data set we observe is {Z(s;);j=1,...,n,t =1,...,T}.

Throughout this paper we will use the following set of assumptions.

only a subset {s;}7%,,

Assumption 3.1
(i) {s;} are iid uniformly distributed random variables on the region [—\/2,\/2]%.

(ii) The number of locations that are observed at each time point is ny, where for some

0 < ¢ <o < oo (this does not change with n) we have c;n < ny < con.

(iii) The asymptotics are mized, that is as A — oo (spatial domain grows), we have n — 0o

(number of locations grows) such that \/n — 0. We also assume that T — oco.

In much of the discussion below we restrict ourselves to the case ro € {0,1,...,7/2 — 1},
but allow r; € Z¢.

Throughout the following, let Qp = 27 (ki/A,... kq/)), where k = (ki,...,kq) € Z%
denote spatial frequencies and wy, = 27k/T denote temporal frequencies. Keeping time or

location fixed, respectively, we define the Fourier transform over space at time t as

)\d/2 nt
Ji () = ZZt St exp(zst]Qk)

7j=1

12



and the Fourier transform over time at location s; as

JSj(wk' \/FZ 0 Zi(s))e thk’

where, 6, ; = 0 if at time ¢ the location s, is not observed, otherwise 6, ; = 1. Observe that the
ratio n/n,; gives a large weight to time points where there are only a few observed locations.
We then define the spatio-temporal Fourier transform, i.e., the Fourier transformation over

space and time as

T )\d/Q n
./
3 ) exp(itwy,) = - Z; Js; (Wry) exp(is; Q). (11)
j:

J(le,wk2

Our objective is to test for second order stationarity of the spatio-temporal process, in the
sense that cov[Z;(s), Ziin(s + v)] = kp(v). In the remainder of this section we evaluate the
covariance cov [J (g, , Wi, )y J (g 4+, s Whytr, )] under all combinations of temporal and spatial
stationarity and nonstationarity, respectively. This will motivate the testing procedures
proposed in Section [

We first note there is a subtle but important difference between the spectral density over
time and space. Under second order stationarity in space and time of Z;(s) the spectral
density is

1

fQw) = -3 e / o () exp(—iv'Q)dv,
71—heZ R4

where the equality above is due to sj,(v) = k_,(—v). We observe that f: R? x [0,27] — R,
that is, f(-,w) is defined on R? (this is because the spatial process is defined over R?) whereas
f(£2,) is a periodic function defined on the interval [0, 27| (because the temporal process is
over discrete time Z). The space-time spectral density of the type defined above is studied
in detail in [Subba Rao and Terdik| [2016].

To understand how the correlations between the Fourier transforms behave in the case
that the spatio-temporal process is nonstationary we will use the rescaling devise discussed
in Sections 2.1 and 2.2l To be able to apply the rescaling devise in space and time, we
assume that the ‘observed’ process Z;(s) is an element of a sequence (indexed over A and T')
of nonstationary spatio-temporal processes {Z; xr(8);t € Z,s € R%}, i.e., Zy(8) = Zir1(8).
Using this formulation we can then place certain regularity conditions on the covariance. To

do so, we define the sequence {py}, such that >, |hps| < oo and function 3,(v), such that

13



for some n > 0, 8,(v) = H;lzl By (v;) with

ﬂnm):{ ¢ <t (12)

Clo; ™" ol > 1

for some finite constant C'. We assume there exists a time and location dependent spatio-
temporal covariance, fp,, : R x [-1/2,1/2]¢ — R, such that for all T € Z*, A\ > 0, h € Z
and u € [0, 1], we have

(13)

S v
cov[Ziar(8), Zirnar(s +0)] = k1 (v; X> +0 (phﬂ?H( )) .

T

The function &.(-) satisfies the Lipschitz conditions: (i) sup,, ,, |k (v;w)| < prfays(v), (ii)
SUDq [ (03 0) iy (07 0) | < [t o] 15 (0) A (i) SUD, [ (05 202) — i (5 212) | <
l|lur — wa||2pnfais(v). Note that the index h;t/T refers to covariance at time lag h and
rescaled time t/T" whereas (v; s/A) refers to spatial covariance “lag” v and rescaled location
s/A. Using the above definitions we define the time and location dependent spectral density

as
. 1 § —ihw . —iv'Q
Fu<Q7w, 'u,) = %heze /Rd l{h;u('v,u)e d’U (14)

In the proposed testing procedure we also consider one-way stationarity tests, where we test
for stationarity over one domain without assuming stationarity over the other domain. To

understand how these tests behave, we use the following rescaling devises:

e Spatial stationarity and temporal nonstationarity

In this case, we assume that Z;(s) = Z;r(s) and there exists a « such that

cov|Zy(8), Zesn(s + )] = k£ (v) + O(pnBars(v)T7).

.t
T

The corresponding time-dependent spectral density is F L (2, w) (defined analogously

to (14)).

e Temporal stationarity and spatial nonstationarity

In this case we assume Z;(s) = Z; \(s) and there exists a x such that

cov[Zy(8), Ziin(s +v)] = Ky, (U; ;)

with corresponding location dependent spectral density F(€2,w;$).

14



In the following lemma we derive the properties of the DF'T for the four different combi-

nations of temporal and spatial stationarity and nonstationarity, respectively.

Lemma 3.1 Suppose Assumption|3.1|is satisfied. We further assume that under spatial and
temporal stationarity |k, (V)| < ppBays(v), temporal stationarity sup,, |kp(v; w)| < ppPais(v),
spatial stationarity sup, |knu(v)| < ppbars(v) and temporal and spatial nonstationarity

SUDy, o |Fu (Vs 1) < ppfBars(v) with Bors(v) and {py} as defined in (12). Let b = b(r)
denote the number of zero entries in the vector r.

(i) If the process {Zy(s); s € Rt € Z} is spatially and temporally stationary, we have

cov [‘](Q’ﬂ ) ka)v J(le-l-ﬁ s wk‘Q-‘rTz)]

( f(le,ka)—kO(%—k%—l—’\—:) r1=0andry =0

_ O(%—O—%d) r1=0andry #0
O(%) r1#0andry =0

\ O(ﬁ) r1 # 0 and ry # 0.

(ii) If the process is spatially stationary and temporally nonstationary, we have

cov [‘](kawkz)v J(Qk1+r1’wk2+7‘2)]
B fol Fo(Qp,, wi,) exp(—i2mrou)du + O (% + )‘gd) rr=0andry, € Z
O (5= + =) r#0andry € Z

(iii) If the process is spatially nonstationary and temporally stationary, we have

cov [J(Qk1 ) wkz)a J(Qkﬁ-ﬁ ) wkz-ﬁ-?‘z)]
o f[_l/g 1/2)4 exp(—iQwriu)F(le,ka; U)du + O (% + %) r9 =0 and r € 74
O (%) ry #0 and v € Z°

(iv) If the process is spatially and temporally nonstationary, we have

cov [J(le ) sz), J<Qk1+1‘1 ’ wk2+7"2)]

! 11X
= / exp(—i27rou) / exp(—i27riu) Fy (Qg, , wiy; w)dudu + O (— + =+ —) .
0 [—1/2,1/2]¢ AT n

In the above lemma we see that if the process is stationary then for non-zero values of r; or
ro the covariance between the DFTs is close to zero. On the other hand, when the process is

nonstationary the correlation is non-zero. In particular, cov [J(2,, Wk, ), J (k£ s Wiytrs)]
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is approximately equal to the Fourier coefficient b,, (€2, , wg,; 1), where

1

by (2, w; ) = / exp(—i27rr2u)/ exp(—i2mriu) F, (2, w; u)dudu. (15)
0 [_1/271/2]d

We note that F,(Q,w;w) = Y. 70D, o by (Q,w;71)e? w2 - Therefore, in the case

the spatio-temporal process is stationary, for all r; # 0 or ry # 0 we have b,,(Q,w;7r1) =0

and for all w and u, F,(Q,w;u) = by(2,w;0) = f(Q2,w) holds.

However, in the nonstationary case we have:

e Spatial stationarity, but temporal nonstationarity
For all 7y # 0, b,, (2, w;ry) = 0. But for at least some 75 # 0 and [Q,w] € RY x [0, 27]
(measure non-zero), b,,(€2,w;0) # 0. In other words, the temporal nonstationarity is

‘seen’ on the ro-axis.

e Temporal stationarity, but spatial nonstationarity
For all ry # 0, b,,(2,w;75) = 0. But for at least some 7, # 0 and [Q,w] € RY x [0, 27]
(measure non-zero), by(2,w;r;) # 0. In other words, the spatial nonstationarity is

‘seen’ on the ri-axis.

e Temporal and spatial nonstationarity
For at least some 7 # 0 and r; # 0 and [, w] € R? x [0, 27] (measure non-zero), we
have b,.,(Q, w;ry) # 0.

Using this dichotomy between stationary and nonstationary processes, our proposed test for
stationarity is based on estimates of b,.,(€2,w; 7). However, it is not feasible to test over
all (ry,79) € Z%!. Instead, we note that since fol f[—1/2,1/2]d |Fu(Q, w; ) Pdudu < oo, we
have 37 by, (€, w;r1)? < 0o. Therefore |b, (Q,w;r1)| — 0 as [Jri]| — oo or [ry] — oo.
Thus a test based on b,,(2,w;7;) should use (71,73) which are close to the origin (where
the deviations from zero are likely to be largest, thus leading to maximum power), from now
onwards we denote this test set as P =8 x T.

For a given (7, r3), one possibility is to simply estimate b, (€2, w;7y) for all 2 and w.
Therefore, if b,,(£2, w; 1) is non-zero for some values €2, w of non-zero measure, the test will
(asymptotically) have power. However, the drawback of a such an omnipresent test is that it
has very little power for small deviations from stationarity (i.e., when b,., (€2, w; ) is small).
Therefore in the following section we propose two different testing approaches. The first

estimates a weighted integral of b,, (2, w;7), that is

Agn(rir2) = (b0 900HC) = sz [ a(h@br( @i
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for a given set of (weight) functions g : RY — R and h : [0, 7] — R. This test has the most
power for small deviations from stationarity - but they have to be in a direction that Ay,
is non-zero. The second testing method is a compromise, between the omnipresent test and

the above test. In this test we estimate

1 [" h(w) 2
Dypo(ri,r) =— )b, (2, w;r)d2| d 16
ot = = [T |G [ atn @ wiman)] a (16)
for a given set of functions g, h and v. This test uses g(€2) to set the spatial features it
wants to detect, but the sum of squares over all frequencies w means that it can detect for

deviations from temporal stationarity at all frequencies w.

4 The spatio-temporal test for stationarity

In this section we focus on testing for stationarity of a spatio-temporal process. In Section

we adapt these methods to testing for one-way stationarity of a spatio-temporal process.

4.1 Measures of correlation in the Fourier transforms

Our aim is to test for second order stationarity by measuring the linear dependence between
the Fourier transforms. To do this, we recall that the test for spatial stationarity is a sum
of (weighted) sample autocovariances of {J(€2)} (see (7))). We now define an analogous
quantity to test for spatio-temporal stationarity. We start by defining the weighted sample
cross-covariance between {J(Qy,,wk,)} and {J(Qg, 1y, Wryiry )+ Over ki (but with ky kept
fixed)

. 1O
ag(wkz;rlaTZ) = F Z g(QIﬂ)J(QkUka)‘](Qh-i-?“uwkz-‘r?“z)_NT

ki=—a
1 a n - ‘ ‘
= ﬁ g(le) Z Jsjl (ka)Jsz (wkz-i-?“z) eXp(ZSj1Qk1 - Zsj2ﬂk1+7’1)7 (17)
ki=—a J1.92=1

J1#52

and g : R — R is a user chosen bounded Lipschitz continuous function (see Remark , a
is such that (a\)¢/n? — 0, where the last line follows from and

1 < d - .
N = n2 Z Q(Qk1>ZJsj(wkz)Js]-(wngm)eXp(—@szm) (18)
k1:—a ]:1
1 a T Tt 7
~ 2aT . 9(Eh) tzl etk Tkt - ]21 Zy(8t,75) 2 (81,r,5) exp(—i8; 80, ),
1=—a T= =
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where n; ; denotes the number of common locations at time ¢ and 7. Our reason for removing
the term Np are two fold; the first is to remove the so called nugget effect which arises due
to measurement error in the spatial observations, the second reason is that Ny tends to
inflate the variance of @,(-) (removing such a term is quite common in spatial statistics, see
Matsuda and Yajima [2009], [Subba Rao| [2015a] and Bandyopadhyay et al.| [2015]).

Remark 4.1 An alternative choice of Nt is

a T ng
1 , 1 .
Npr = T 9(,) E eXP(_thrz)n_% ;1 7} (s15) exp(—isjQy,).

ki=—a t=1

Examples of weight functions g(-) are given in Remark 2.1 We will show in Lemma
that in many ways the sampling properties of A% %0y (wk,y; 71, 72) resemble the temporal DFT
covariance Jr(wg)Jr(wgir); compare Section . To prove this result we require the following

assumptions.

Assumption 4.1 Suppose {Z;(u);u € REt € Z} is a fourth order stationary spatio-
temporal process. Let Kp, py ps(V1, V2, V3) = cum[Zy(8), Zyip, (8 +01), Zisn, (8 +v2), Zyin, (s +

v3)] and define the functions

fu() = /Rd kn(v) exp(—iv'Q)du, and

fh1,h2,h3(917 QQ, 93) = / ’fh1,h2,h3 ('Ul, Vo, ’03) exp(—i’uin — Z"Uéﬂg — ivéﬂg)d’vld’vgd'vg.
Rd

(i) fu(-) satisfies [qa|fa(2)|dQ < pp, [gu [fa(Q)2dQ < py and fr(2) < prfirs(Q).

(ii) For all 1 < j < d, the partial derivatives satisfy |8fh(Q | < prBi+s(2), where =
(..., Q).

(i) | For s (01, Q2 Q)| < o oy Ty Bros(@1,3) TIy Bres(Q2,) TT5—y Brvs(s,) and
for1 <i<3and1 <5 <d,

afhl,hg,h:g (le 927 93)

d d d
< prpmati | [ Bros(Qug) [ Bres(Qas) [ Bres(Qs,).
=1 =1 j=1

In the results below we also require the fourth order spectral density

f4(Qlu W1, 927 w2, Q37 w3) =

2 : fhl,hg,hg (Qla 92’ Qg)eflhlwlflhgw;gflhgwgg.

3
(27T> hi,ho,h3€Z
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4.1.1 Sampling properties of @,(-) under stationarity

Below we derive the mean, variance and asymptotic normality of @,(-) from (17)) under the

assumption that the spatio-temporal process is fourth order stationary.

Lemma 4.1 Suppose Assumptions and hold. In addition, |£2f+aﬂd| < prP14s(€2)
(see the proof of Theorem 3.1, |Subba Rao [2015d]). Then

E [ag(wk; 1, 72)]

0] (—T)\ld—b H;-l;l{ (log A + log ]mj|)> ry € Z2/{0} and ry # 0

_ ) O <ﬁ H?;i’ (log A + log |m]|)> ry € Z2/{0} and ry =0
O (z) r =0 and ry # 0
L (2+)d fneRd g(82) f (82, wy,)dS2 + O(% + %) rr=0andry =0

where b = b(r1) denotes the number of zeros in the vector vy and {m;} 470 are the non-zero

values in 7.

Lemma 4.2 Suppose Assumptions and hold and o, 14 are such that 0 < ry 1y < T/2.

Then we have,

\eov [(Ray(wpy, 71, 72), Rag(wr,, 73, 74)]

1
= Ir1:r3[r2:r4 [Ik2=k4%<wk2; Qm;wrg) + [k4:Tfk27T2‘/;;,2(wk2; anwrz) + O <_):|

+0 (KA,M) , (19)

where

‘/;J(w? QT17wT2) =

=
S~
‘Q

;W) f(Q+ Q) w + Wy, )dS,

VQ,Z(W; Qmawrz) = d /D g - - er)f(fL _w)f<_9 - er,w + wrz)dﬂa
81
and fDT = 2?12;1:(((12 2“”/)1‘ VA - f?g;:(as Edr/z‘)/)\ Note that £y ., and fD are defined in

Sectwn- Exactly the same result as in . holds for Acov [Sag(wkw r1,72), Sag (W, , T3, )],
whereas )\dCOV [%ag (wkza r, T2)7 S‘6:9 (wkzu rs, T4>] = O(g)\,a,n + Iy =TBTITQZT4 )
Let {(kj,r1,7m2);1 < j <m,(r1,72) € P and kj, # T —kj, —r2} be a collection of integer
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vectors. Then under under sufficient mizing conditions of {Z;(s)} we have

Ad/Q

2) N (07 12m|73\) )

{mgmj;m,rg) Sty (w71, 72)

y ;1§j§m,(’r1,r2)€73
\/%(wkj;QT1awT2> \/‘/g(wkj;ﬂ’f‘mwm) }

as X/n — 0, n — 00, A = oo and T — oo.

We observe that for ||71||2 << A and |rs| << T and by the smoothness of the spectral density

f and tri-spectral density f4, we have

%(ml; Q’r‘17w7‘2) - ‘/g(xQ) +0 (|ZL’1 - l’2| + |Q’r’1| + |w7"2|) ) (20)

where V,(z) = V,(z;0,0). We use these approximations in Sections [4.2.1{ and 4.3.1]

The lemmas above show that @, (w; 7, r2) is estimating zero in the case that the spatio-
temporal process is fourth order stationary. We observe that the variance of @,(wy; 71, 72)
does not involve V; 5(-). Therefore, in the definition of the test statistic, in Section we
average a4(wy;T1,72) over the frequencies {wk}fi ®. This is to avoid correlations between
ay(wy; 1, 7r2) and Gy(wr—kg—r,; T1,72) and thus the need to estimate V5.

In the section below we show that @,(w;ry,73) behaves differently in the case that the

spatio-temporal process is nonstationary.

4.1.2 Sampling properties of q,(-) under nonstationarity

Using the rescaled asymptotic set-up described in Section |3| and the assumptions in Lemma

[B.1] we can show that under the alternative of nonstationarity

~ ¢ 1 1
E[ag(wi;m1,m2)] = by ry (wiT1) + O g—l-x-i—f )

where

bora(570) = (9.bo i m1)) = 5 [ o (i) (21)

and b, (-,w;ry) is defined in ((15)). Therefore, we see that if the process is nonstationary,
ay(wy;T1,72) 18, in some sense, measuring the nonstationarity at frequency (r,72) in the

spectrum.

4.2 Test statistic 1: The average covariance

Motivated by the results above we define the average covariance. To do so, we first note
that Lemma above shows that there is a ‘significant’ correlation between Ra,(wy; 71, 72)

and Ra,(wr—k—r,;71,72) (and likewise for the imaginary parts). Therefore we restrict the
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summands below to the frequencies 1,...,7T/2 to ensure the elements of the sum are mostly

near uncorrelated. We define the weighted sum as

T/2

—~ 2 N

Agp(r1,re) = T Z h(w)ay(wg; r1,72), (22)
=1

for given (user-chosen) weight functions g and h. The sampling properties of gg,h(rl, o) are
given in Lemma [6.1] Summarizing Lemma [6.1] the variances are

NT NT
var T?RAg,h(rl,rQ) =V, +o(1) and var T\sAg,h('rl,rg) =Vyn+o(1) (23)

and

AT
2V, 1

({RAGA(r1,72), S Ay (r1,72)s (r1,m2) € P L) BN (O, L) (24)
as lyqn — 0 with A = oo and T" — oo, where

1 ™
Vin =57 [ @RV, @)

2 ™ m
vz | o) R (S, 1. O, )
dﬂldﬂgdwldWQ. (25)

Therefore, based on the above we can use an Lo or max norm as the test statistic, i.e.

T ~ T ~
E Agn(ri,m))*>  or max | Ay n(r1,72)|?,
2‘/97}1,( )GP‘ g:h( 1 2)‘ 2‘/g,h (Tl,Tz))é'Pl 97h< 1 2)’
1,72

which is asymptotically either a chi-square statistic or the maximum of chi-squares with
2 degrees of freedom. However, we stumble across a problem in that the variance V,, is
generally unknown. One solution to this is to use the method of orthogonal samples described
in Section 2 We observe from and that if (ry,72) is not too far from the origin,
then {gg,h(’rl,rg); (r1,72)}’s asymptotically have the same variance and are uncorrelated.
Therefore, we can estimate the variance using the elements in the set P’. We describe how

to construct the sets P and P’ below.

Definition 4.1 (The sets P and P’) We define the sets P =S X T and P' = 8" x T,
where S, 8", T and T are similar to the sets defined in Section and Section (S and

S’ contain vectors in Z¢ whereas T and T’ contain vectors in 7). We place the following
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constraints on the sets; 0 ¢ P,P', PNP" = (. Furthermore if (r1,73),(r3,r4) € P or P,
then (r1,7m2) # —(r3,74). P and P’ are such that for (r1,12) € P', ||r1]la << A, |r2] << T
P will be the set where we check for zero correlation and conduct the test and P’ will be
the set which we use to estimate nuisance parameters. In order for the test statistics defined
below to be close to the nominal level, under the null of stationarity, the elements of P and
P’ should be ‘close’ (in the sense of some distance measure). However, in order for the test
to have mazimum power (i) the test set P should surround zero and (i) if P’ is too ‘close’

to P it can result in a loss of power. Further details can be found in |Bandyopadhyay and

Subba Raol [2016].

Thus we estimate V,; with

~ , . Th ~ ,
Von(P') =0’ (\/TAg,h(""b?”z);(Tl,?”z) EP) . (26)

and use either the Lo-statistic Ty ,,(P,P’) or the maximum statistic M, ,,(P,P’) as the

test statistic, where

AT A 2 T A 2
Togu(P )= 2L 3 FHanen)l gy e ey = AT g sl
2 ——— Vgﬁ('Pl) 2 (rir2)eP Vg,h(P/)

27)
Asymptotically, under the null of stationarity we have
n D o N D
Tl,g,h(P, P ) — XQ"P‘ and MLg,h(P, 73 ) — _F’|,P|7

as |P'| = oo, T'— oo and A — oo, where Fjp| is the distribution function of the maximum of
|P| i.i.d. exponentially distributed random variables with exponential parameter 1/2 (since
asymptotically under the null, (TA%/2)|A,,(r1,72)[2/V, n(P') limits to an exponential dis-
tribution) and is defined as Fipj(z) = 2l exp(—2/2)(1 — exp(—z/2))/PI=". Using this result
we can test for stationarity at the av x 100%-level with « € (0, 1).

Remark 4.2 (The test under nonstationarity) Suppose that Z,(s) = Z; \r(s) is a non-
stationary spatio-temporal process. Then by using the rescaling devise defined in Section [3
we have A\gyh(rl,'r’g) = Agn(ri,ra) as T — oo, X/n — 0, A = oo and n — oo, where

1 s
A - — .
gn(T1,72) 7r(27r)d/0 h(w) (/Rd g(Q)brg(Q,w,rl)dw> s,
and b, (Q,w;ry) is defined in (15).
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We do not give the results of a formal local asymptotic analysis. However, suppose

T1,7T2 1S a4 sequence wnere T1,7T2 < 00 an
{p(ry, )} i q here 3. ., (e, r2) d

,u('rl, T2)

Agn(ry,r2) = (TAd)1/2°

If for some (r1,19) € P, pu(ry,1m9) # 0, then the test will have power.

Of course in order to define the test statistic, we need to choose g and h. A reasonable
choice of g(+) is given in Remark The choice of h is more complex and below we discuss

a choice of h that seems to give reasonable results in the simulations.

4.2.1 Choice of h

If we let h(w) = exp(ifw), then the test is designed to check for nonstationarity only in the
spatio-temporal covariance at temporal lag ¢, i.e., k. (+; 8). Instead, we use a weight function

similar to the temporal test described in Section [2.1, where we recall that in the construc-

tion of the temporal test statistic Jp(wg) Jr(Wisr)/ \/ ]/”\T(wk)ﬁ(warr)’s are near uncorrelated
and aT(r, 0) is pivotal in the case where the time series is stationary and Gaussian. Simi-
larly, in the construction of A\g,h(rl,rg) if we let h(w) = V,(w)™¥/2, where V,(w) is defined

n , we have {Ra,(wi; r1,72)/v/Vy(wi), Say(wi; m1,72)// Vy wk} are near uncorrelated

asymptotically standard normal random variables. Thus we use h(w) = 1/V,(w) to define

Agyfl/z (7"1, 7’2) as

T/2
1 2 ag(wi; T1,72)
g,V—1/2 7“1,7”2 Tk

V Vo(wr) 7

which we see from ([25) has variance

Vov-i2 = 2 d+2// fa(Q, w1, Q, wa, =g, —wy)
D2 gwl g

w2
dQldQdeldWQ.

We observe from the above that in the case the spatio-temporal process is stationary and
Gaussian, 1?4\97‘/—1 s2(r1,72) is asymptotically pivotal; compare with temporal stationarity test
described in Section 2.2l where a similar result is true.

However, in general V,(w) is unknown and needs to be estimated. To estimate V(wy)
we use the orthogonal sample method described in Remark [2.1]and the same set P’ defined in
(4.1). Under these conditions we have that the real and imaginary parts of {ag(wg+i; 71, 72); (71, 72) €
P’ il < M} for M << T, have almost the same variance and are near uncorrelated. Using
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this we estimate Vj(wy,) with
Vy(wr; P') = 3% ({A20y (wrri; 71, 70); (71, 79) € P, Ji| < M), (28)

where 52(+) is defined in (9). We define the observed average covariance as

/2

~

T
2 Gy (Wi T1,72)

A )
k=1 4/ Vg(wi; P')

By using the same methods described in |Jentsch and Subba Rao| [2015], Appendix A.2, we

can show that

-~

. P
)\d/2T1/2|Ag,\7*1/2 (Irla 712) - A97V71/2 (Tb 7’2)| ~ O’

with |M|/T — 0 as M — oo and T'— oo. Hence A\g’f/,l/g(rl,rg) and A\g7v—1/2(7'1,712) share
the same asymptotic sampling properties. Thus by using we have

T

—2V ) ({%A\gy—l/z (’l"l, 7’2)7 %A\g’ﬁ—l/z (7“17 7“2); (7“1, 7’2) ePn 'Pl}> 2> N(O, ]2@‘). (29)
g,V71 2

Since for a given data set, we cannot be sure if the underlying process is Gaussian, we estimate
the variance of V| y,-1/2 using the method in and use the test statistics T | 5-1/2 (P,P")
and M, | 5-1/2(P,P’) as defined in .

4.3 Test statistic 2: The average squared covariance

In the previous section we considered the average covariance for estimating the linear depen-
dence between the DFTs. As we can see from Remark [4.2]the average covariance is designed
to detect the frequency average deviation from stationarity. Of course by considering the
frequency average deviation, positive and negative frequency deviations can cancel leading
to an average deviation of zero, which would give the misleading impression of stationarity.
To address this issue we define a test statistic which estimates the average squared deviation
over all frequencies (and thus is designed to detect a wider range of alternatives). More
precisely, we group {a,(w; 71, rg)}fi 21 into blocks of length H and evaluate the local average

over each block

H
Z h(wjpsk)ag(Wimsk; T1,72), for 0 < j <T/(2H), (30)
k=1

~ 1
Bg,h;H(ij; Ty, T2) - E
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where the length of block H is such that H/T as H — oo and T'— oo. For ease of notation
we assume that H is a multiple of 7. This can be considered as a frequency localized version

of A\‘%h("'l, ) defined in the previous section. In Lemma m we show that

MNH

o 7N (%B\g,h;H(w]’H; 7‘177"2), %B\g,h;H(WjH; ”‘1#2)) 3 N((], 1_2)7
Won(wjn)

where W, ,(w;n) = Wy p(w;m;0,0) with

Won(wjm)
e h(w)[*V,(w)d L 1)g(2)h(wi)h
N 2Hm /ij | (W)l g(w) 2 2H(27T>2d+2 /[ij,qurl)HP /D? g( 1)9( 2) (WI) (WQ)

X fa(21, w1, Q2, wa, —Qa, —wo)d; dQsdw; dws,.

A careful examination of the expression above shows that the term involving the fourth order

cumulant is of lower order since it involves a double integral f[w a2 = O((H/T)?). Thus

T [“G+oH ) H
Wonten) = 5= [ )PV (w50, 0+ O (7) | (31)

Wi H

Furthermore, the correlation between each of the blocks Wy ,(w;, i) and Wy ,(w;, i) is asymp-

totically negligible. Therefore, heuristically, we can treat the real and imaginary parts of

{ %BM;H(%H; r1,79);7=0,..., % — 1} as ‘independent standard normal random
g, J

~

variables” and define its mean squared average

2
T/2H-1

~ 2H
Dynw.n(ry,r2) = T §
=0

Eg,h;H(ij; T, 7”2)

2Wyn(wjn)

~

Thus, E[Dy pw.u(r1,72)] = HL/\d and analogous to we have

T ~ ~

o7 L[N Donavin(riyra) = 1] (riyra) € P BN (0, 1), (32)
with H/T — 0 as H,T,A — oo. We define an L, or maximum statistic based on the
above. However, in practice the variance W, ,(w;p) is unknown and once again we invoke

the method of orthogonal statistics to estimate it. We estimate W, 5 (w; i) with

—

Wgﬁ(ij; Pl) = 6'\2 (\/ Adﬂﬁgﬁ(ij; T, TQ); (’l"l, 7"2) € ,P,> s (33)

25



and the observed ﬁg,h,W;H(rl, o) is defined with W in ZA)g,h,W;H(rl, r9) replaced by W, that

is,

~ 2
D ( ) 2H T/i_l Bg,h;H(ij§"°1,T2) ”
B H T, T2) = —
’ r = 2Wyn(wim)

The test statistic is constructed using the Ly-sum

T d/\
\/ ﬁ Z H\ Dg,h,/W;H(r17T2)7

(r1,m2)€P

wiv(P,P) =

,97

and by using , under the of stationarity null, we have <T2ghW(P,P’) - %lﬂ) A
N(0,|P]) with H/T — 0 and |P’| — oo as T, A\, H — oo. The maximum statistic M

is defined analogously.

27g7h7/W

Remark 4.3 (The test under nonstationarity) Suppose that {Z;(s)} is a nonstation-
ary spatio-temporal process. Then by using the rescaling devise described in Section[3 we can
show that ﬁg,h,W;H(’f‘bT’z) LS Dypw.r(ri,re) as T — oo, X/n — 0, H/T — 0, H — oo,
A — 00 and n — oo, where Dy w.u(r1,72) is defined in @

Again, without conducting a formal local asymptotic analysis, if

ﬂ(rh TQ)

Dypwin(r1,12) = T1/2 []1/2 )\d

where Y, lp(ri,r)|? < oo and for some (r1,12) € P, pu(ri,r2) # 0, then the test will
have power.

4.3.1 Choice of h

Motivated by Section we let h(w) = Vg(w; P’')~1/2 and define the local average

H ~

~ 1 ag(W; 1T, T

B, g1y, H(%Hﬂ"lﬂ”z = EZ gA]H+k : 2)- (35)
=1 V(wJH+k7P)

By using we see its real and imaginary parts have limiting variance

W, yvs(wm) = 1+0<%>. (36)
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Therefore, we observe that by using h(w) = \/V, s v-1/2(wimr) is asymptotically piv-
otal (even if the underlying spatlo—temporal process is nonstatlonary). In other Words we
can treat the real and imaginary parts of {v 2>\dH§g7h;H(ij; r,79);7 =0,..., 2H — 1} as

‘independent standard normal random variables” and define its mean squared average

T/2H-1
~ 2H |B v-1/2. H(w]HurhTZ)‘
Dy i 1,(T1,72) = T E , - 5 - (37)
Jj=0

Studying D we have avoided estimating the variance of B _1/2. H(wj H;T1,T2) by simply
replacing this variance by its limiting variance which is 1. In the simulation study in Section
we compare the effect this has on the finite sample properties of the test statistic. Using
(32) we have

T ~
¥ (H)\dDgyfl/zg;H(""lﬂ”Q) - 1) B N(0,1) (38)

with H/T — 0 as T — 0o, H — oo and A — 0o. Therefore we define the test statistic

[T ~
T2,g,\7*1/2,1(7)77)/) - ﬁ Z HAdDg,\?’*UZJ;H(""h TZ)

(r1,r2)€P

and that under the null of stationarity <T29V 21 (P, P) |P|\/T/2H> N0, [P)]).
Since approximately T)\dﬁgf,_l/g’l;H(rl, o) ~ XT/H’ chi-squared with 7'/ H-degrees of free-

dom, a similar result can be derived for the analogous maximum statistic M, - 21 (P, P')
based on the maximum of chi-squares.

In Sectlonlwe compare T, & 1/ (P, P') and M, _ 5 1.2 (P, P’') (when we standardize
with sample variance W) with T, | 512, (P, P’) and M,y | 51/2 (P, P').

4.4 Asymptotic ‘finite sample’ approximations of the distribution
of the test statistics under the null

Ax(gir)
v/ Ca,n(S)
to a standard normal distribution under the null of stationarity as A — oo and |S’| — oc.

However, in reality |S’| is finite and not that large. Therefore, in we estimate it with

the t-distribution, which can be considered as the ‘asymptotic finite sample distribution’ of

We recall that in Section [2.2| real and imaginary parts of the estimator converge
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this ratio. In this section we use an analogous method to approximate the distributions of

~

|A 2(7‘177’2)| ~ ~
( ’) 7 Dg’r/*l/QW;H(rl’w) and Dg,\’}*l/?,l;H(rlarZ)'

Let {Zgrj(r1,1r9), Z1j(r1,1r9);5 = 1,....,T/2} and {Z; ;5 =1,...,2|P'|,k =1,...,T/2}
denote iid standard Gaussian random variables (we use a double index because it simplifies
some of the notations later on). We recall from the definition of ‘Afg(wk; P’) in that it is
composed of (2M + 1)-local average of Ra,(-) and Ja@y(-), each term being asymptotically

normal. Therefore we replace all the Ra,(-) and Ja,(-) in the definition of ‘Z](wk; P’) with

standard normal distributions to give

)\d/2 %ag(wk’ T, TQ) )\d/2 (Cdk, T, 7’2)

~tri(ri,re) ~ tr(r,re),

Faleo P 7w P)
where
R Z
tri(T1,7m2) = \9/2 agﬁwk, T1,72) ri(T1, rz)P i
m \/2(2M+1 P -1 sz M Z ( ki — Zk>2
Sa Z
trp(rire) = Ad/Q\s — ki1 T2) ”(7'1’7’22)7:/ =
Vg(wka'P’) \/2(2M+1 P —1 Zz— MZ ( ki — Zk>2
and Zj, = 2M+1 20M+1)[P] Zr M ZQW) Zj k+i 1s the local average.

Noting that the test statistic is in terms of ’\—T|Ag o-1/2(71,7m2)]?, we replace the real and

imaginary parts of a,(wy; r1,72)/ (wk, P’) with the above to give

X\ ‘297‘771/2 (7'1, 7”2) ’2

2 ‘/97{/—1/2

~ Xm,rz

where

2 2
T/2 T/2

m,r2= E tri(r,m2) +— E tre(r,m)|

for other (71,73), we use independent {Zy g(71,72), Zi1(71,72)} but the same {Z;,}. We
also recall that we estimate the variance V ;,-1/2, therefore we approximate its distribution

with a weighted chi-squared with (2P| —1) degrees of freedom. Since the orthogonal sample
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which was used to estimate it contained 2|P’| terms

~

‘/97‘771/2 - 1 X2
Voyape  2[P -1

Therefore, based on the above, the following distribution is used

1
Tl,g,\7*1/2 (P,P') ~ 1

2 XT“LTQ
APTIX2AP |1 (1)t

to approximate the ‘asymptotic finite sample properties’ of T 5-1/2(P,P’), under the
null. Using the same method we can obtain the ‘asymptotic finite sample properties’ for
M, ,5-12(P,P"). ~ ~

~ Next we consider the local average DFTs, B, -1/2(wjn;T1,72), D, 512 5.4 (71,72) and
D, $-121.5(71,72), which lead to the test statistics T, 515 and Ty 5o1/2,. Using the
arguments given above we have,

2
~ YjH("”l,ﬁ);

d|p .
H\ ‘397‘7,1/2;}[(&]]']{, 7“1,7’2)

where,

2
+

H 2

1
Yiu(ri,r2) = ‘ﬁ > trjmir(ri,r)
k=1

H
1

— Z trjmer(T,72)

VH =

Using the above, we estimate the distribution of ﬁg,\A/*l/Q,l;H(rb ro) with

o F] T/2H

H>\d597‘771/271;H(r17712) ~o Z Yiu(r1,72).

j=1
This gives us the ‘asymptotic finite sample’ distributions of T, |, 5-1/2 (P, P’) and M, , 5172, (P, P’).
In order to derive the sampling properties of T, 512 (P, P') and M, 1.2 (P, P'),

we recall that lA?g o—1/2 7. (T1, 72) involves ﬁ/\g o-1/2(wji; P') and we approximate this distri-

bution by independent chi-squares {Wxgm—l k}ZﬁH . This gives

o F] T/2H

~ v
)\dHDg,V—l/Q,W;H(ThTz) ~— JH( 15 2)

T2 :
=1 2AP1X2[P -1k

Using this we can obtain the distributions of T, 5 12 7(P,P’) and M, 512 (P, P).

Note that the same {Wxgmq_l’k}fff is used for all {ﬁgyr/,l/zﬁﬂ(rl,m); (r1,72) € P}.
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The ‘asymptotic finite sample’ distribution derived above are used in all the simulations
below.

5 Testing for one-way stationarity

In this section we gear the procedure to specifically test for stationarity over one domain,
without necessarily assuming stationarity over the other domain. For the one-way station-
arity test we use the same test statistics defined in Section [4) however we use observations
made in Section Bl in order to define the test set P over which the test statistic is defined.

For @y(-;71,72) as defined in ([17) we observe:

e Spatial stationarity, but not necessarily temporal stationarity
If vy # O for all w, we have @ (w;r1,0) = 0,(1). On the other hand, if the process is

spatially nonstationary then the latter is not necessarily true. Therefore the test set is

P =38 x{0}.

e Temporal stationarity, but not necessarily spatial stationarity
If o # 0 for all w we have G4(w;0,73) = 0y(1). On the other hand, if the process is
temporally nonstationary then the latter is not necessarily true. Therefore the test set
is P=4{0} x T.

We recall that in order to ensure the test statistics defined in Section (4] are asymptoti-
cally pivotal we used the method of orthogonal samples to estimate the variance for various
parts of the test statistic. Therefore, we need to ensure the set P’ over which the orthogonal
sample is defined is such that it consistently estimates the variance. To do this we derive
expressions for the covariances of @,(wy,; 71, r2) and A\g,h(rl, T9), respectively, under the gen-
eral nonstationary setting. In the following sections we consider the specific cases of spatial
or temporal stationarity.

By using we can show that under temporal and spatial nonstationarity the covariance

of Gy(wp,;r1,72) 18

Meov Ry (wpy; 71, 72), Rag(wi,; 73, 74)]

1 1 1

- 5% |:b£“27“4,k2,k4 <wk2 1 Whas T1 T?’) + bg?m,kz,m (wk2 » Wy T, ’I"3):| +0 (T + X + E)\,a,n) )
(39)

Acov [%g(wkz; T1,73), %g(wk4; T3,74))

_ o no

1 1
- 5% er,T4,k2,k4 (wkm Wkys T, 7‘3) - b1(“§?r4,k2,k4 (wk27wk4; T, 7“3):| + O (? + X + EA,a,n) )
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and

Acov [%ag (wkz; T, TQ)v %ag (wlm; T3, 7’4)]

1 1 1
= —=$ |:b7("27"4,k2,k4 (Cdkz, Wkyy T'1, 7”3) — bg?r47k2,k4 (Wk;zywk4; r1, TS)} + O (T + X + EA,a,n) ;

a

1 1 —a
b'&‘g??‘4,k2,k4 (wk‘Q ? U.)k4; rl? T3) = F Z g(ﬂkl)g(9k3> X
k1,ks=—a

|:bk4k2 (QkkaQ; k3 - kl)bk4+7“4*k2*7‘2<_9k1+7‘17 —Wko+ra; k3 + T3 — kl - 7‘1)
+b*k4*k2*7"4 (an » Wk 3 _kS - kl - T3)bk4+k2+7’2(_9k1+1‘17 —Wkytra s kl =+ k3 + rl) )

and

1 a
2
bfﬂg?r4,k2,k4 (wk27wk4; T, T3) = V Z g(le)g<Qk3)

k1,ks=—a

b—k4—/€2 (QkkaQ; _k3 - k1>bk4+k2+7‘4+k2(_ﬂk1+7‘1a _wkg—l-’r“g; k?) + T3 + kl + Tl)

+bk‘4—k‘2+7“4(ﬂk1;wk2; k3 - kl + T3)b—k‘4+k’2+7‘2(_ﬂk1+7‘17 _wk‘Q-‘rTQ; _k3 + kl + 'r‘l) .

Similar expressions for A\g’h(rl, r9) can be found in Section .
The above expressions are cumbersome, however, under one-way stationarity simplifica-
tions can be made. We recall from the definition in that

0 7 # 0 and spatial stationarity

br2(97w;7"1) = { (40)

0 7y # 0 and temporal stationarity

We use these results to simplify the expressions for cov[a,(wp,; r1,r2), @g(wpy; T3, 74)] in the

case of one-way stationarity.

5.1 Testing for spatial stationarity

In this section we adapt the test to testing for spatial stationarity. By using and
(40), under the null that {Z;(s);t € Z,s € R} is spatially stationary but not necessarily
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temporally stationary we have

d bg?m,k%kn (w]@?w/m; T, Tl) + O(% + g)\’a’n) T =173
Aeov[Ray (wry; 71, 72), Wiy (Wry; T3, 74)] = o ks ks (Whys Wiy ; T1, —T1) + O(% + lyan) T = —T3
O(F + lran) otherwise

where

(1) .
brg,r4,k2,k4 (wkza Wkqs T1, rl)

1 a
= 2_)\d Z |g(ﬂk1)|2bk4—k2 (Qk1 s Wy 0) Dkytry—ko—rs (_Qkﬁ-ﬁv ~Wka+ra; 0)

ki=—a
min(a,a+71)
1 -
+2_)\d Z g(ﬂk1)g(_ﬂk1+"’1)b—k2—k4—7“4 (anwkz; 0) Dk +hstry (_Qk1+7‘1’ ~Wka+ra; 0) )
ki=max(—a,—a—7r1)
and bgm,@,m (Why, Wiy; 71, —71) is defined similarly. The same result can be shown for

)\dcov[ﬂ%\g(wh; r1,72)Ray(wk,; T3, 74)]. Furthermore, )\dcov[%ag(ka; r1,72), SUg(Wk,; T3, 74)] =

o(1).
In order to test for spatial stationarity, without the temporal effect influencing the result,

we focus on ro = 0. In this case, the above reduces to

O (Whg w3 1) + O(Iml
1

+ % + gA,a,n) T = T3

Meov[Ra, (wry; 71, 0), Ray(wr,; 73,0)] = bl(c?,m (Why s Wiy 3 T1) + O(”TA”1 + 7 4+ lvan) T1=—T3
O(% + lram) otherwise
where
bl(clg),k4 (wk2 y Whys Tl)
1 a
= INd Z |g(ﬂk1)|2b/€4—k‘2 (e, s Wiy 0) by (— iy, —wisy3 0)
k1:—a
1 min(a,a+71)
+W Z g(ﬂk1)g(_9k1)b—k2—k4 (le,ka; 0) Dty +hs <_Qk17 —Wky; 0)
ki1=max(—a,—a—71)
Furthermore, defining ﬁm(rl, 0) as in 1) we have
T\ ~ ~
TCOV[?RAg,h('rl, 0), RA, 1(r3,0)]
L abto (—”’}”1 +i+ fxm) o=y
O (% + Ex,a,n) otherwise, except when ry = —r3.
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where,

T/2
2 77 . V(1
b = ? Z h(wk2)h(wk4)bl(cg),k4(wk27wk4;Tl)+
ko2,ka=1
T/2 a

Z Z h(wkz)h<wk4)g<ﬂk1)g(9k3>b0,4(Qk1 » Who s Qki’)?wk:’,?ka? _nga — Wk O)
ko,ka=1k1,ks=—a

4
T2/\2d

and by 4 is defined in Section

Based on the above observations we define the test set P =8 x {0} (where S surrounds
zero, but is such that if ry,73 € S then r; # —r3). The set over which the orthogonal
statistics are defined is P’ = &’ x {0}, with SNS’ = (). The DFT covariance is defined as

T/2

~

S
A, py2(r1,0) = ag(wy3 71, 0)

= , where V,(wy; P') = 62 ({\Y%G, (wy; 71,0);71 € S}) .
k=1 ) Vo (wr: P')

We observe that unlike the spatio-temporal test described in Section [4] in the definition of
Vg(wk; P’) we only use frequency wy (i.e., we should let M = 0).

We use ggy,w(rl,O), defined above, to define the test statistics Ty, ,(P,P’) and
M 41(P,P’) (see Section £.2)). Note that when testing for spatial stationarity, we have
to be careful about using the test statistics T, 51/ (P, P’) and T27g"71/271(77, P’). This
is because when the process is temporally nonstationary the local average By p.p(wjm; T1,72)

is dependent over j.

5.2 Testing for temporal stationarity

Next we consider how to adapt the procedure to test for temporal stationarity. Under the

null that {Z;(s)} is temporally stationary but not necessarily spatially stationary and using

and we have,

MNeov[Ray (Why; 71, 72), Ry (Why; T3, 74)]

_ { b oy @by Wi 71 73) + O (5 4 laam) 12 =14, k2 = g

O (% +/ A,a,n) otherwise

where, 75,74, ko and k4 is constrained such that 1 < 7y, 7y, ko, ky < T/2 and

(1) .
b’l‘g,’l‘g,kg,k4 (w/@ » Wka s T1, r3)

1 ‘ —_—
= D 9(%,)9(Queg)bo(ky s iy Fos — k1) bo(— Ry s =W 47 Ko + 15 — oy — 1)
ki,ks3=—a
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A similar result holds for Acov[Sa,(wk,; 71, 72), SGy(wk,; 73, 74)] and cross-covariance term
Meov[Ray (wry; 71, 72), SGy(wWiy; 73, 74)] s asymptotically zero.
In order to test for temporal stationarity and to avoid the influence of the spatial com-

ponent we focus on r; = 0. In this case the above reduces to

560 (wr) + O (B2 4 o) 72 =14 ks = iy
O (% + ﬁ,\,am) otherwise

I

/\dcov[ﬁ)%\g(w@; 0,72), Ray(wr,; 0,74)] = {

where,

a

1 -
b(l)(wk’z) = b Z 9(, ) (i, ) [bo (e, , Wiy B3 — k1)|2'

k1,ks=—a

And similarly for Acov[Sa,(wky; 71, 72), Sy (wWk,; 73, 74)]. Furthermore, defining 2{97}1(0,7”2)
as in (22)) we have,

TN n ~ 1c+0 (—H'm' +/ an) ro =7
TCOV[ERAM(O,@),%Ag’h(o,m)] Y 1 T \a, 2 4' |
O (T + f,\,a,n) otherwise
where,
o T/2 A /2 .
c=x Z ‘h<wk2)|2’b(1)(wk2)|2 + T Z Z h(wiy ) h(wi, ) (e, ) 9(Qie,)
ka=1 ka,ka=1 k1 ks=—a

X b074(Qk1 ) wkg? ng ) wkg ) wkg? _ng,a _wkg; O) .

Using these observations we use the same test statistics as those described in Section [4]
The only differences are that we set r; = 0 when we test for spatial stationarity and use
the set P = {0} x T (where T C Z"). We do the same in order to estimate the nuisance
parameters Vy(w) and V, 512 and W, 51/2(w) (where 7' C Z7).

6 Auxiliary Results

6.1 Results in the case of stationarity

We first consider the sampling properties of A\gﬁ(rl,m), which is used to define the test
statistics T} | o1/2(P, P') and M | 51/2(P, P').

Lemma 6.1 Suppose Assumptions and hold, 0 < ro,ry < T/2—1, 71 # —73 and
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h: [0, 7] = R is a Lipschitz continuous function. Then

T ~ —~

TCOV |:§RAg7h(T'1, 7“2), %Ag’h(’r'g, 7“4):| = ['r-1:7‘3[r2 T4V (Qn s wm) O (g,\’am + Tl) (41)
T ~ ~ ;)
TCOV [%Ag,h(rla T2)> %Ag,h(r?n 7ﬂ4)} = [r1:r3]r2:r4‘/g],h(ﬂr1 5 wr‘g) + O g)\,a,n + T

-~

and )\dTCOV[%A\g’h('I‘l, r2), SAgn(r3,74)] = OUnan + T71) where,

Vo (@0, /|h Vi 2t s+ = d7r2/ // ()9 (€0 h(wn) ()
X fa(21 + Qw1 + Wy, 92,w2, Q. , —Wy — Wy, )dQ1dQpdw dws.

Let {(rj,r;);1 < j < m} be a collection of integer vectors constrained such that 0 < r; <
T/2—1 and r;, # —7r;,. Then under stationarity of {Z,(s)} and sufficient mizing conditions

we have,
[NT | RA (s ) SAgalrs,r) RAG (T Tin)  SAgan(ry,. 7))
2 V;Lh(ﬂrjl 7 wle )1/2 ) ‘/g,h(ﬂrjl ’ wle )1/2 PRI ‘/!]7h(9rjm 7 w’r‘jm)l/Q ) va,h(ﬂrjm ’ wij>1/2
B N0, Iry) -

We note that when ||7||; << A and |re| << T that the variances above approximate to

|71 |2

r
‘/;77}1(97‘170‘}7"2) ‘/gh(o O) +0 < 5 + %) .

We now consider the sampling properties of B\g’h;H(rl, r9) and ﬁg,h,v;H(rla r9), which are
used to diﬁne the test statistics T, 5o1/2 1y (P, P’) and M, 51/2 1y, (P, P’). We start by
studying By p.m(T1,72).

Lemma 6.2 Suppose Assumptions and hold, 0 < ro,ry < T/2—1, 71 # —73 and
h: [0, 7] — R is a Lipschitz continuous function. Then

)\dHCOV [%Eg,h;H(ij; T1, 7”2), éREg,h;H(WjH; T3, T4)i|

= IT1:T3IT2:T4Wg,h(ij; er s LUTQ) + O <€)\,a,n + H_l) . (42)
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FExactly the same result holds for NXHcov %Eg,h;H(WjH; r1,79), %Eg,h;H(WjH; T3, T4)i| , where

2Wg,h<ij; Q’I'l ) ng)

T WG+ H h 21/ Q p T WE+DH UG+ H Q Q
_H_w/ |7 (W) [V (w; Ry, wry) aH_W/ij /ij /ng( 1)9(€22)

ij

Xh(wl)h(WQ)f4<Q1 —+ er , W1 + Wry, QQ, Wa, —92 — Q,,-l, —Wy — wm)dﬂldﬂgdwldwg,

noting that the first (covariance) term in W, = O(1), whereas the second term of W, ;, which
is the fourth order cumulant term is of order O(H/T) since the cumulant term involves a
double integral which is of order O((H/T)?). On the other hand, if (r1,732), (r3,74) # 0, then
(with0 < 79,74 < T/2 and (71, 719) # —(r3,74) ) we have \*Hcov [ﬁﬁgyh;H(ij; T1,72), gﬁgyh;H(ij; 7"3,7"4)]
O(lran) and for ji # ja,
H

M Hcov [?Rl?g,h;H(wle; r1,72), %ég,h;H(ijH; T3, m)} = O(&\,a,n +H '+ T)’ (43)

where the same holds for \*Hcov [%Bgﬁ;H(wle;rl,rg),%Bg,h;H(whH;rg,m)] and also for

/\dHCOV [?RBth;H(leH; T, 7’2), %Bgﬁ;H(ijH; T3, 7“4) .
Let {(kj,r14,72,);1 < j <m,(r1,r2) € P} be a collection of integer vectors constrained
such that, 1 < k; <T/2,1<r; <T/2 and rj # —r;,. Then under stationarity of {Z(s)}

and sufficient mizing conditions we have,

§R§g,h<wij§ 1, T’z,i) %Eg,h<wij; T4, 7“2,i)
Wonlwm)? 7 Wyn(wim)'/?

AN (0, Inmyp))

VAH

A <j<m,(ri;,re) € 73]

where W, (w) = Wy n(w;0,0).

In the following lemma we consider the sampling properties of ﬁg,h,v; 1 (ry,72). Note that
we consider general functions v, whereas in Sectionwe set v to be the variance of W ;,(w),

which means the mean of D is asymptotically pivotal.

Lemma 6.3 Suppose the assumptions in Lemma hold and h : [0,7] — R is a Lipschitz

continuous function. Then we have

E[HNDy o1 (71,72)]

1 H  MNH[Z] (log A+ log |m;])]?
= Eono(Qr,wr) +0 (‘ tgtTr T (T rro )2 (4)
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and
T ~ ~
ECOV |:)\dHDg7h7U;H(T1, 7"2), /\dHDg7h7v;H(’l"3, T4)]
{ Ugno(Qpy,wr,) + O (E 4 lygn) Ti=r3andry=r14

45
0] (% + f,\,a,n) otherwise (45)

where,

1 ﬂ'Wﬁ(w;Qr ’wr)
Eg,h,w(ﬂrl,w7-2) = ;/O' g U(w)l 2 dw

1 /7r |Wg,h(w; QTlawm)’Qd
— 5 W.
™ Jo [v(w)]

and Uy po(Qpy, wry) =

Let {(rj,7;);1 < j < m} be a collection of integer vectors constrained such that 1 < k; <
T/2,1<r; <T/2 and rj # —rj,, then we have

T )\dHﬁgﬂhv'U;H(rjl’ r.]l) - Eg,h,'[)
D
Y : B N(0, Loy,
2H U, ., - ' N0, Lom)
AdHDgﬁ,v;H(""jma Tjm) = Eghw
where Uy po = Uy p0(0,0) and Eg ., = Eg1.(0,0).

6.2 Results in the case of nonstationarity

We first generalize from covariances to fourth order cumulants. We assume there exists

a function k such that

cov[Zia1(8); Ziamar(8 + V1), Zivnoa1(8 + 02), Zipngar(8 + v3)]

3
S . U; i

Wherea Supu’s |K'h1,h2,h3;u(vl7 V2, V3] S)| S H?:l phi62+(5(vi)7

3
|Hh1,h2,h3;u1 (vl)an V3; S) - lihl,hg,hg;ug (vh V2, U3; S) | S |u1 - U2| Hﬁ2+6('vi),0h“
i=1
3
|y o bz (D1, V2, V35 81) = Ky hy bz (U1, V2, 035 82) | < |81 — 82[1 H52+6(Uz)/)hi-
i=1
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Using the above, we define the location and time dependent fourth order spectral density as

Fu,4 (Ql7w17 QQa Wa, Q?n Ws; 3)

1 .
o —i(hiwi+howa+hsw .
= @y E e (e thawsthws) Khy hahsiu (U1, V2, V35 8)
h1,ho,h3€Z R34

Xefi('vifh+0592+v;’393)dv1dv2dv3_ (47>

In order to obtain the expressions below we start by generalizing the covariance result in
to fourth order cumulants. By using Lee and Subba Rao| [2015] and similar methods to
those used in [Bandyopadhyay and Subba Rao| [2016] it can be shown that

Cum[J(le,ka), J<Qk1+7’1>wk2+7“2)’ J(Qk37 wk4)7 J(Qk3+r37 wk4+r4)]

1 1 1
= T_)\dbrz—r4,4<ﬂk1+7‘17wk2+7“2a kaa Wy s Q—k3—7‘3a W—ky—rgs T1 — 7‘3) +0 (Tz)\d + T)\d+1)

where,
br274(917 Wi, 927 wWa, 937 w3 rl)
1
- / / Fu,4 (917 Wi, 927 W2, 937 ws; S) 6_27rirllse_27rir2ud8du7
0 [—1/2,1/2]¢
and F), 4 is defined in (47).

Lemma 6.4 Suppose the assumptions in Assumptions and (generalized to the non-
stationary set-up) and (@ are satisfied. Then we have,

R R 1 1
)\dCOV [ag(ka; 71, 7"2), ag(wk4; T3, 7"4)] = bf«i?m,k%]ﬂ (szy Wy T1, 'r‘S) + O (T + X) y
and
R _ 1 1
Mecov [ag(ka; T1,72), Gg(Wey; T3, 74) | = bg?m,b,m (Why, Why3 T1,73) + O (f + 5y + g)\,a,n) :
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We also have,

TX? ~ —~
TCOV |:Ag,h (rh T2)7 Ag,h ('r37 T4):|
9 T/2
1
= ﬁ Z h(wkZ)h(wk4>b7("2?’r‘47k27k‘4(wk27wk‘4;r17r3)
ko,kg=1
9 T/2 a

o Do 2o her)R(en)g(R) o)

ko,ks=1k1,k3=—a

1 1
Xb?‘2*7‘474(9k1+7‘1 y Who+ra5 Qk3>wk47 Q*ksfwa W_ky—rgsT1 — 7‘3) +0 (? + X + gk,a,n) )

and
T\ . T N
TCOV [Agvh(ﬁ, 72), Agn(Ts, 7”4)}
T/2

_2 2
— T)\d Z h<wk2)h(wk4)b7(“2?7“4,k’2,k4 (Wk2 y (,Uk47 1"17 ']"3)
ko,kq4=1
9 T/2 a

+W Z Z h(ka)h(Wm)g(Qh)g(ka)

ko,ka=1k1,kz3=—a

1 1
XbT2+T4,4(Qk1+’I"1 ) wk2+7"27 Q—k37w—k37 Qk3+1‘37wk4+7"4; 1 + 7'3) + O <T + X + g)\,a,'n) -

7 Simulations

7.1 Set-up

We now assess the finite sample performances of the test statistics described above through
simulations. In all cases we consider mean zero spatio-temporal processes, where T" = 200
and at each time point we observe n = 100 or 500 locations (the locations are drawn from
a uniform distribution defined on [—A/2,1/2]* and we use the same set of locations at each
time point). All tests are done at the 5% level and all results are based on 300 replications.
Further, we investigate the performances of the tests when the coefficients a,(wg; r1,72), as
defined in Section [4.1] are being calculated while both removing and keeping the ‘nugget
effect’” Ny (in Tables the rejection rates for the test statistics without removing Np are
reported in the parentheses). All simulations are done for spatial dimension d = 2.

Next, we briefly discuss the implementation issues.

1. Choice of set P and P’: All test statistics depend on the choice of P and P’. In
all simulations described in this section we use P = {(1,0),(1,1),(0,1),(—=1,1)} x
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{1,2} and P" = {(1,0),(1,1),(0,1),(=1,1)} x {4,5} to calculate empirical type I
errors and overall powers. Further, to test for stationarity over space, we take P =
{(1,0),(1,1),(0,1),(=1,1)} x {0} and P’" = {(2,0),(2,1),(2,2),(1,2),(0,2),(-1,2),
(—2,2),(—2,1)} x {0} and to test for stationarity over time, we take P = {(0,0)} x
{1,2} and P’ = {(0,0)} x {4,5}.

2. Choice of g(-) : Based on the discussion in Remark we use the weight function
g(Q2) = Ele ¢t The choice of v,’s should depend on the density of the sampling
region. Following the same rationale as described in [Bandyopadhyay and Subba Rao
[2016], in all simulations we define the v grid as V = {v; = (vj1,vj2) € R? : vj =
—5,—5/2,0,5/2,s, for k = 1,2} such that v; +v; # 0 for v;, vy € V, where s = \/n'/?
is the ‘average spacing’ between the observations on each axis. We should mention
that if the support of the empirical covariance of the data appears far greater than
s = A/n'/? then using a wider v grid is appropriate. If changes in the spatial covariance
function happen mainly at lags much smaller than s = A/n'/¢, then data is not available

to detect changes in the spatial covariance structure.

3. Choice of frequency grid: In all simulations we use a = +/n in the definition of

Qg (wWi; 71, 72).

4. Choice of H in the definition of Ty and My: For all simulations we use H = 10 and
H = 20.

5. Choice of M to calculate the local averages: In order to estimate V,(wy) we use the
estimator %(wk; P’) (defined in (28)) with M = 2 (thus taking a local average of 5).

To obtain the critical values of the tests we use the asymptotic ‘finite sample’ approx-
imations of the distributions of the test statistics as described in Section [£4l For ease
of discussion below we refer to (i) T, p-12 and M, 1/ as the average covariance test
statistics (ii) Ty, p-1/2, and My, | 5-1/2, as the average squared covariance test statistics and
(iii) T, , p-125 and M

statistics.

90 U-1/277 85 the variance adjusted average squared covariance test

7.2 Simulations under the null
7.2.1 Models

In order to define the spatio-temporal models, we start by defining the ‘innovations’ process.
Let {&/(s); s € R?,t € Z} denote a spatio-temporal stationary Gaussian random field which
is independent over time with spatial exponential covariance covle;(s1),e:(82)] = Ko(||s2 —

s1|l2) = exp(—||s1 — s2||2/p), where p is the ‘range parameter’. We do all the simulations
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under the null with p = 0.5, p = 1 and A = 5 (in the case that p = 1 the range of dependence
for the innovations is 20%, whereas for p = 0.5 the range reduces to 10%; see Figure . We
mention that the decorrelation property of Fourier Transforms, given in Lemma3.1]implicitly
depends on the range of dependence with respect to A. If the range of dependence is too
large with respect to the observed random field then the degree of correlation in the Fourier

transforms will be non-negligible (leading to false rejection of the null).

(S1) Spatially and temporally stationary Gaussian random field: We define a spatio-temporal
model with the temporal AR(1) structure Z;(s) = 0.5Z;_1(s) + (s).

(S2) Spatially and temporally stationary non-Gaussian random field: To induce non-linearity

and non-Gaussianity in the random field we use a Bilinear model of the form
Zi(s) =0.5Z;1(8) + 0.4Z,_1(s)er—1(8) + ().

We note that the nonlinear term 0.4Z;_(s)e;—1(s) induces sporadic bursts in the
spatio-temporal process. The coefficients 0.5 and 0.4 are chosen to ensure that the

process has a finite second moment (see Subba Rao and Gabr| [1984] for details).

7.2.2 Discussion

The results for model S1 and S2 are given Table [I]

We first consider the stationary Gaussian model (S1). The results for all the tests are
relatively good for both p = 0.5 and p = 1. However, for the average squared statistics
(without variance adjustment) for H = 10 and p = 1 there are some inflations in the type
I error. This is probably because without the variance adjustment the average squared
statistics depend on the asymptotic result W 51/ (wjm) 5 (see ) which depends on
the range parameter p and the degree of non-Gaussianity. Model S1 is Gaussian, and it
seems the error in this approximation seems only to mildly impact the case H = 10 and
p=1

The results from the simulations for the stationary but non-Gaussian model (S2) are very
different. The average covariance test results keep close to the nominal level (for both p = 0.5
and 1) however there is a substantial inflation in the type I error (between 70-90%) for the
average squared statistic without variance adjustment (for both H = 10 and H = 20). This
is likely due to the non-Gaussianity of the process which seems to greatly impact the rate
that W, 5-1/2 (wjn) L However, the variance adjusted average squared covariance test
statistics appear to keep close to the nominal level for both p = 0.5 and 1 and H = 10 and
20. This demonstrates that ng/,l so(win) 2 lisan asymptotic result and for finite samples

it is important to estimate the variance.
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In all cases, both removing and keeping the nugget term Np give comparable results.

Our results in the simulation study demonstrate that both the average covariance and
the variance adjusted average squared covariance test statistics perform well under the null,
but caution needs to be taken when interpreting the results of the non-variance adjusted

average squared covariance tests.

Model S1 Model S2
p p
0.5 1 0.5 1
n 100 500 100 500 100 500 100 500

T,y | 0.08 (0.08) | 0.08 (0.07) | 0.07 (0.07) | 0.04 (0.04) | 0.09 (0.09) | 0.08 (0.09) | 0.09 (0.08) | 0.08 (0.07)

M, g1 | 0.04 (0.07) | 0.05 (0.06) | 0.05 (0.06) | 0.02 (0.02) | 0.06 (0.04) | 0.05 (0.06) | 0.07 (0.07) | 0.06 (0.08)

Ty, 012, | 0.04 (0.03) | 0.01 (0.01) | 0.06 (0.04) | 0.03 (0.02) | 0.45 (0.70) | 0.86 (0.91) | 0.62 (0.72) | 0.94 (0.98)

H=20 M, p-1/2, | 0.07 (0.08) | 0.06 (0.05) | 0.07 (0.08) | 0.02 (0.03) | 0.48 (0.67) | 0.80 (0.88) | 0.60 (0.70) | 0.86 (0.88)
T, o125 | 0.05 (0.05) | 0.02 (0.01) | 0.07 (0.03) | 0.02 (0.01) | 0.06 (0.07) | 0.05 (0.04) | 0.05 (0.05) | 0.06 (0.05)

M, g2 | 0.05 (0.06) | 0.03 (0.03) | 0.05 (0.05) | 0.06 (0.05) | 0.04 (0.07) | 0.06 (0.07) | 0.10 (0.09) | 0.08 (0.08)

Ty, 012, | 0.10 (0.10) | 0.08 (0.07) | 0.12 (0.12) | 0.13 (0.14) | 0.50 (0.71) | 0.85 (0.90) | 0.67 (0.78) | 0.85 (0.88)

H=10 M, 912, | 0.08 (0.08) | 0.09 (0.08) | 0.11 (0.12) | 0.16 (0.15) | 0.42 (0.58) | 0.65 (0.77) | 0.53 (0.67) | 0.79 (0.83)
T, o125 | 0.10 (0.08) | 0.04 (0.04) | 0.06 (0.04) | 0.04 (0.04) | 0.09 (0.10) | 0.06 (0.06) | 0.05 (0.06) | 0.08 (0.10)

90 D12 T 0.05 (0.06) | 0.03 (0.04) | 0.06 (0.05) | 0.05 (0.05) | 0.08 (0.10) | 0.09 (0.09) | 0.10 (0.13) | 0.11 (0.12)

Table 1: Empirical type I errors at 5% level based on different tests with A = 5 for Gaussian
and non-Gaussian stationary data with innovations coming from a Gaussian random field
with exponential covariance functions. Rejection rate without removing N (see (18])) are in
the parentheses.

7.3 Simulations under the alternative
7.3.1 Models

In order to induce spatial nonstationarity in the models (NS2) and (NS3) (defined below) we
define the Gaussian innovations process {n;(s); s € [=\/2, A/2])?}, which is independent over

time with nonstationary covariance cov[n(s1), n:(s2)] = ca(81, S2) = Ko(S2 — S1; 81) where,

—1/2

exp[—\/ Qx(s1, 82)],

(%) +5(%)

S S
CA(31,82) = |E <—1> |1/4|E <—2> |1/4 9

A A

| - | denotes the determinant of a matrix, Q5(s1, 82) = 2(s1 — 82) [E(&) + Z(%2)] 7 (81 — 82)
and X(%) =T(£)AT(%)’, where

r (g) _ | (/) me(s/A) | L
A %(s/A) mls/A) | 0

with 71 (s/A\) = log (s./A + 0.75), 72(8/A) = (82/A)?+(s,/A)?, and 8 = (s, s,)" (see|Paciorek

and Schervish [2006] and Jun and Genton [2012] for the details on this process). Note that

=}

N =
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the variance of this process is constant over the spatial random field and it is simply the

correlation structure that varies over space.

(NS1) Temporally nonstationary but spatially stationary Gaussian random field: Z,(s) =
0.5Z;-1(s) + (1.3 +sin (22)) &,(s), where {&;(s)} is defined in Section [7.2.1] We use

400
p=05 p=1and A =5.

(NS2) Temporally stationary but spatially nonstationary Gaussian random field: The spatio-
temporal process is defined with an AR(1) model Z;(s) = 0.5Z;_1(s) +m:(s). Following
a similar set-up as in Bandyopadhyay and Subba Rao| [2016] we use A = 20. This

process has a constant variance over space and time.

(NS3) Both temporally and spatially nonstationary Gaussian random field: The spatio-temporal

process is defined using an AR(1) model with time-dependent innovations

27t
Z,(8) = 0.5Z,_1(8) + (1.3 +sin [ = ) ) mi(s).
400
For the simulations we use A = 20.

7.3.2 Discussion

The empirical powers based on Models NS1 - NS3 are given in Table 2}

First we consider Model NS1, which is temporarily nonstationary, but stationary over
space. The results of the general spatio-temporal test using the test set P = {(1,0), (1, 1),
(0,1), (—=1,1)}x{1, 2} and orthogonal estimates set P’ = {(1,0), (1,1),(0,1), (—1,1)} x{4,5}
(described in Section [4)) are given in Table [2] Before discussing the results we note that
over the test set P the Fourier transforms are near uncorrelated. However, the temporal
nonstationarity means that the orthogonal estimators gg,h(rl, o) and Eg,h; w(wjm; Ty, re) for
(r1,72) € P’ do not necessarily share the same variance. Furthermore, there is correlation
between the terms. These conflicting behaves (decorrelation of DETs but inability to capture
the true variance) helps explain why the power in the overall test varies between 27%-80%
in the case p = 0.5 and 21% - 80% in the case p = 1 (excluding the non-variance adjusted
tests). The results of the one-way temporal stationary and one-way spatial stationary tests
(described in Section [5) are given in Table . The power in the one-way temporal tests are
close to 100% for all the test statistics (as we would expect since the process is temporally
nonstationary) for both p = 0.5 and p = 1. The power for the one-way spatial tests drops
considerably (as expected because N S1 is spatially stationary) for the average covariance test
and variance adjusted average squared covariance test. In the case of the variance adjusted

average squared tests the proportion of rejection is least in the case p = 0.5 and H = 10.
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Next we consider Model NS2, which is temporarily stationary, but spatially nonstationary.
The results are reported in Table In this case the general spatio-temporal test using
the test set P = {(1,0),(1,1),(0,1),(—1,1)} x {1,2} and orthogonal estimates set P’ =
{(1,0),(1,1),(0,1),(—1,1)} x {4,5} gives very little power. As we would expect, in the one-
way test for temporal stationarity the proportion of rejections is close to the nominal level
(with the exception of the variance adjusted test average squared test with H = 20 when
the proportion of rejection is about 12%). However, the test does seem to have some power
in the one-way test for spatial stationarity. In the case that n = 500 all the tests (excluding
the non-variance adjusted tests) have power between 8-21%. This level of power is not high
but it is higher than the case n = 100. The overall low power is because the number of
observations is relatively sparse on the random field (n = 500 and A = 20). Therefore
most of the observations are unlikely to be highly correlated and thus contains very little
information about the nonstationary structure (recall the variance of the spatio-temporal
process is constant). It is likely if a larger n were used in the simulations, the power would
increase (compare with the simulations in Bandyopadhyay and Subba Rao [2016]).

Lastly, we consider Model NS3, which is both temporal and spatial nonstationarity. The
results are presented in Table 5] For the general spatio-temporal tests we get higher powers
than for Model NS1 across all the tests. The power increases to 100% for the one-way
temporal stationary test. For the one-way spatial stationarity tests the power is more than
for the same tests using model NS2.

We mention that for all the models (NS1-NS3) the power for the average squared covari-
ance test without variance adjustment is very high. However, we have to be cautious about
interpreting the result of these tests as the simulations under the null of stationarity show
that the these test statistics are unable to keep the nominal level when the process is not
Gaussian.

Comparing the rejection rates with and without the nugget term removed (the values
outside and insides the parentheses), we observe that for models NS1 and NS2 the rejection
rates with and without the nugget term are about the same. However, for NS3 the power is

slightly more after removing the nugget term.

Dedication

SSR was very fortunate to attend a course on nonparametric statistics given by Professor
M. B. Priestley when she was an undergraduate student. His classes were a joy to attend.
During the 1960’s, Professor M. B. Priestley was one the first researchers to study non-
stationary time series, without his fundamental contributions this paper would not have
been possible. Therefore, this paper is dedicated to the memory of Professor M. B. Priestley

whose kind nature and encouragement was an inspiration to all.
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Model NS1: Overall Power
p
0.5 1
n 100 500 100 500

T, o2 | 073 (0.80) | 0.60 (0.59) | 0.76 (0.74) | 0.57 (0.49)
M, p-12 |0.74 (0.78) | 0.61 (0.59) | 0.80 (0.75) | 0.59 (0.51)
Ty, o1z, | 0.99 (0.99) | 0.99 (0.99) | 0.99 (1.00) | 0.97 (0.96)
H=20 M, 12y | 097 (0.99) | 0.99 (0.99) | 0.98 (0.98) | 0.93 (0.92)
ng v | 044 (0.56) | 0.33 (0.27) | 0.45 (0.45) | 0.22 (0.21)
M2g po127p | 051 (0.64) | 0.47 (0.45) | 0.60 (0.57) | 0.34 (0.27)
Ty, 912, | 1.00 (1.00) | 1.00 (0.99) | 0.99 (1.00) | 1.00 (1.00)
H=10 M2,g,‘7’1/2,1 0.98 (0.99) | 0.99 (0.98) 0 99 (0.98) | 0.98 (0.97)
T2.g$‘7,1/2.w 0.53 (0.56) | 0.39 (0.37) 55 (0.50) | 0.30 (0.27)
Mlg_;jﬂ/z@ 0.52 (0.56) | 0.46 (0.44) O 02 (0.48) | 0.33 (0.28)

Table 2: Overall empirical power at 5% level based on different tests with A = 5 for non-
stationary data generated from the model NS1 with innovations coming from a Gaussian
random field with exponential covariance functions. Rejection rate without removing Np
(see (18))) are in the parentheses.

Model NS1
Temporal Power Spatial Power
P P
0.5 1 0.5 1
n 100 500 100 500 100 500 100 500
T, p-12 | 097 (0.99) | 1.00 (1.00) | 0.97 (0.99) | 1.00 (1.00) | 0.01 (0.01) | 0.01 (0.01) | 0.04 (0.03) | 0.04 (0.04)
M, p-12 | 0.99 (1.00) | 1.00 (1.00) | 0.99 (0.99) | 1.00 (1.00) | 0.01 (0.01) | 0.02 (0.01) | 0.02 (0.02) | 0.03 (0.01)
Ty -2, | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.99 (0.99) | 0.99 (0.99) | 1.00 (1.00) | 1.00 (1.00)
H=20 M, 12 | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.99 (0.98) | 0.99 (0.99) | 1.00 (1.00) | 1.00 (1.00)
T, p-emw | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.05 (0.04) | 0.10 (0.08) | 0.15 (0.14) | 0.28 (0.31)
M, p-izg | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.15 (0.15) | 0.18 (0.16) | 0.23 (0.24) | 0.31 (0.32)
T, -2, | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.99 (0.99) | 0.99 (0.99) | 1.00 (1.00) | 1.00 (1.00)
H=10 M, 12, | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.99 (0.99) | 0.99 (0.99) | 1.00 (1.00) | 1.00 (1.00)
T, p-12mw | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.02 (0.02) | 0.06 (0.05) | 0.10 (0.11) | 0.26 (0.28)
2g -1z | 1:00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.06 (0.06) | 0.09 (0.07) | 0.14 (0.14) | 0.24 (0.26)

Table 3: One-way empirical powers at 5% level based on different tests with A = 5 for
nonstationary data generated from the model NS1 with innovations coming from a Gaussian
random field with exponential covariance functions. Rejection rate without removing Nrp
(see (18)) are in the parentheses.
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Model NS2
Overall Power Temporal Power Spatial Power
n 100 500 100 500 100 500

T, p-12 | 0.09 (0.11) | 0.11 (0.11) | 0.04 (0.05) | 0.05 (0.06) | 0.06 (0.07) | 0.17 (0.17)

M, p-12 | 0.08 (0.08) | 0.10 (0.09) | 0.03 (0.03) | 0.05 (0.06) | 0.03 (0.02) | 0.15 (0.15)

Ty 912, | 0.04 (0.06) | 0.06 (0.06) | 0.04 (0.05) | 0.05 (0.06) | 0.24 (0.26) | 0.28 (0.31)

H=20 M, p-12, | 0.07 (0.09) | 0.07 (0.07) | 0.08 (0.08) | 0.03 (0.04) | 0.12 (0.15) | 0.21 (0.25)
Ty, oo | 007 (0.06) | 0.05 (0.04) | 0.11 (0.12) | 0.12 (0.12) | 0.05 (0.06) | 0.18 (0.19)

M, vz | 0.08 (0.06) | 0.08 (0.09) | 0.11 (0.12) | 0.13 (0.12) | 0.07 (0.10) | 0.21 (0.20)

Ty -2y | 015 (0.18) | 0.15 (0.15) | 0.06 (0.07) | 0.06 (0.07) | 0.38 (0.47) | 0.56 (0.59)

H=10 M, p-12, | 012 (0.10) | 0.13 (0.15) | 0.05 (0.06) | 0.06 (0.06) | 0.32 (0.34) | 0.48 (0.50)
Ty, o125 | 0.08 (0.10) | 0.06 (0.05) | 0.05 (0.04) | 0.04 (0.04) | 0.01 (0.02) | 0.09 (0.10)

M, vz | 013 (0.14) | 0.10 (0.10) | 0.06 (0.03) | 0.04 (0.05) | 0.01 (0.01) | 0.08 (0.09)

Table 4: Empirical powers at 5% level based on different tests with A = 20 for nonstationary
data generated from the model NS2. Rejection rate without removing Nr (see ((18)) are in
the parentheses.

Model NS3
Overall Power Temporal Power Spatial Power
n 100 500 100 500 100 500
T, p-12 | 0.83 (0.80) | 0.98 (0.92) | 0.92 (0.99) | 1.00 (1.00) | 0.11 (0.07) | 0.33 (0.19)
M, p-12 092 (0.88) | 0.99 (0.97) | 0.95 (1.00) | 1.00 (1.00) | 0.18 (0.08) | 0.54 (0.25)
T, , 012, | 0.99 (0.99) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 0.99 (1.00) | 1.00 (1.00)
H=—20 M, p-1/25 | 099 (0.98) | 1.00 (0.99) | 1.00 (1.00) | 1.00 (1.00) | 0.99 (1.00) | 1.00 (1.00)
sg 127 | 065 (0.66) | 0.85 (0.77) | 1.00 (1.00) | 1.00 (1.00) | 0.34 (0.22) | 0.74 (0.50)
9gp-12g | 0-82 (0.80) | 0.98 (0.87) | 1.00 (1.00) | 1.00 (1.00) | 0.52 (0.34) | 0.90 (0.69)
T,, 512, | 100 (1.00) | .00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00)
H=10 M, 12 | 0.99 (0.99) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00) | 1.00 (1.00)
Ty, o125 |0.65 (0.63) | 0.81 (0.77) | 1.00 (1.00) | 1.00 (1.00) | 0.13 (0.08) | 0.45 (0.35)
M, o125 | 079 (0.70) | 0.94 (0.84) | 1.00 (1.00) | 1.00 (1.00) | 0.32 (0.19) | 0.79 (0.58)

Table 5: Empirical powers at 5% level based on different tests with A = 20 for nonstationary
data generated from the model NS3. Rejection rate without removing Ny (see (18))) are in
the parentheses.
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A Supplementary material

A.1 Proof of Lemma [3.1]

To prove the result we start by expanding cov [J(Qg,, Wk, )s J (kg 441y Whgtro )] -

cov [']<Qk1 ) wk2)7 J(Qkﬁ-m ) sz-l—m)]

T—1 T—max(0,h)

1 , 1 ,
=5 2 CMen 30 o) (e e

T =—(T-1) t=1—min(0,h)
=M+ R, (48)
where M is the main term

T-1

T
. 1 )
Z eilh“’kz f Z COV[Jt(Q]ﬂ)? Jt+h(Qk1+Tl )]eﬂtww )

=—(T-1) t=1

and R is the remainder

T-1 T

1 o |
h= o 6_2}“%2? Z COV[‘]t(Q/ﬂ)?Jt+h<Qk1+1‘1>]6_thT2
=0 t=T—h+1
T 1 &
+ﬂh%waf§“Mthmamwmw

The expansions above are valid in the general case. Below we obtain expressions for M (the
main term) and bounds for R in the case that the spatio-temporal process is stationary and
nonstationary.

e Spatially stationary
By using the same proof used to prove Theorem 2.1(i), Bandyopadhyay and Subba Rao

[2016], and the rescaling devise over time, under spatial stationary we have, for r; # 0,

cov(Je (R, ), Jen(Qy 49, )]

:/ e_iﬂz"s?/ mh’%(sl) 1d81d82
Jieaeaa [~A/2-s1,-/2)d

-

O(5585)

[-A/2,0/2)4 Nojared T T>\d b

s

g

O(555)
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and for 7 = 0,

COV[Jt(le), Jt—i—h(le‘H‘l )]

Ctith . ANy i PhdTime=Ns
= = (v —10' Qg )dv + —=—k,; + (0 Oo|————— |,
> /[ A2,/2 At (V) exp =0 b o o+ o0 1 (0) 4 ( T )

where, b = b(ry) is the number of zeros in 71, crevn = (MNpn — Nesn)/MeNein,
Negrn = {86555 1N {st+h]}nt+h| and Itime—ng denotes the indicator variable for tem-
poral nonstationarity. Note that we use the notation [—)\/2 — 81, —\/2]¢ = [-)\/2 —
s11] X ... X [=A/2 — s14]. Substituting the above into the remainder R we see that
|R| = O([T* + X /n]I(ry = 0) 4 x5 (r1 # 0)). Now we derive expression for M for

the temporally stationary and nonstationary separately.

(a) Temporally stationary (i.e., r; 1 (v) = rp(v)) First we look at the case 7 #
0. In the case that r; # 0 and r, # 0, we take the summand 23:1 e~ in
M separate of rkj, giving M = 0. Therefore, cov [J(Qk,, Wk, ), J (Qkey 0y y Whoytry)] =
O(A~U=97-1) In the case that r; # 0 but r, = 0, we get M = O(A~*~9), and thus
cov [J(Qy, Why )y J (ks 1y, Wiyt )] = O(NTED),

Now we consider the case 1 = 0. In the case that ;1 = 0 but ro # 0, we use
Assumption (ii), where ¢in < n; < con, which implies that |cippn — 1] < Ccl—gn
and immediately gives M = O(T~! + X¥/n) and cov [J(Qg,, Wk, ), J (Qky s Whopiry )] =
O\ /n+T~1). On the other hand, when r; = 0 and ro = 0 we have M = f(Qg,, wp,)+
O(T~* + X\~ + X\¥/n), which immediately leads us to cov [J(Qu,, Wk, ), J (s, Wi, )] =

F(Quey,wiy) + O(TH+ X714+ X /n).

(b) Temporally nonstationary Again it is immediately clear that when r; # 0
(ro € Z) we have M = O (A1), which gives cov [J(Qu,, Wk, ), J (Rey 1, Whry)] =
O(A~=% 1-7=1) However, when r; = 0 (r, € Z) (and using Assumption (ii)) it is
clear that

T-1 . >\d 1
e~ Whe — exp(—iv'Qp, dv+0( —),
T h=%1 Z A / [~A/2, A/21d (w)expl ) n T

which gives the desired result.

Spatially nonstationary If the spatio-temporal process is spatially nonstationary,

using the same proof to prove Theorem 2.1(ii), Bandyopadhyay and Subba Rao [2016]
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and the rescaling devise over time and space we have,

COV[Jt(le)v Jt+h(9k1+T1)]
Ctt+h .S - c ot
— / Kp.t (fu7 —) exp(—iv'Qy, ) exp(—is'€,, )dvds
a/2a/224 TN A

N
+/ ¢ / Kpt (’U; f) "Y1V duds
[—A/2,1/2]4 [—A/2—s, /\/2 = A )
Ph/>\)
+/ e ibs / ('v; f) U1 duds
[=A/2,)/2)4 A2, /\/2+s A )
Ph/>\)

I ime=
—|——nt’t+h / K.t (O; f) exp(—is'Q,,)ds + O (—ph & NS) .
Milen Jiaepgze TN A T

Using the above result it is straightforward to show that R = O([1 + \¥/n|T~1).

(a) Temporally stationary (i.e., 5 (v, ) = rn(v, s)). Since the process is spatially
nonstationary, we consider 7; = 0 and r; # 0 together. In the case that ry # 0
S°1 e~z is separate of sy, thus M = 0 and cov [J(Qu,, Wiy ), J (R, Wiy )] = O(T71).

If ro = 0 we have,

T-1

1 4 1 s 1
M= _— e”wkz_/ K <'v; —> exp(—iv'Qy, ) exp(—is'Q,., )dvds+O (—) :
2 Z Ad )\/27)\/2](1 A ( 1) ( 1) A

m -
h=—(T-1)

which immediately leads to the desired result.

(b) Temporally nonstationary In this case using Assumption [3.1fii) we have,

1 T-1 1 T
- —thwy, — —itwr.
Moo= g D, etug) o
h=—(T-1) t=1

T n

Ctt+h s /\d 1
X —= K L (v ) exp(—1v'Qg, ) exp(—is'Q,., )dvds + O -,

thus leading to the desired result.

A.2 Proof of results for stationary spatio-temporal processes

PROOF of Lemma The proof of this lemma is identical to the proof of Lemma 3.1 in
Bandyopadhyay and Subba Rao| [2016] and hence omitted. O
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To prove the remainder of the results in Section 4] we use the following notation

fn(Q2) = /Rd kn(s) exp(—i€¥'s)ds,

Zexp zhw/ n(8) exp(—i€Y's)ds,

heZ

and
fhl,hQ,h3<Ql7 QQ, Qg) = / /ihl’h%hg(sl, Sa, 83) eXp( (S Ql =+ 8292 + S3Q3))d31d82d83
R34

Note that in this section we do not prove any central limit theorems. However, we conjecture
that by combining Bandyopadhyay et al.| [2015], which give a CLT for mixing spatial processes
and the CLT for quadratic forms of a time series (see, for example, Hsing and Wu| [2004],
Leucht [2012], Lee and Subba Rao|[2015]) asymptotic normality of spatio-temporal quadratic
forms can be proved.

Having established an expression for the mean of @,(-) under stationarity, the main focus
is obtaining expressions for the variance and covariance of @,(-) and the corresponding test
statistics. To do this we define the related quantity a,(-) such that

6g(wk2; rq, TZ) == ag(wk‘g; T, TQ) + NT7

where,

a

T n
1 ztw —ITWo 41 1 1 —is;
=g 2o T 2 ) D Gt 2l ()

ki=—a

More precisely, we have,

g (Why; T1,72)

1 a
= F Z g(ﬂkl)J(le,ka)J<Qk1+T17wk2+r2)

ki=—a
- _
= _2 - Z eztwkg ZTWIQQ‘H‘Q— Z le Jt Qk’l)JT<Qk1+7’1)
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1 W ITW
— TZ gitata iyt — Z 9( ) Z 051032 Z1(85,) Z(83,)

kl —-a Ji,j2=1
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where the second equation follows by expanding J(,,wy,). To understand the role Np
plays, consider the expectation of Ny for the case ry = 0 and ry = 0; not a case included in

the text, but useful in understanding its role. Taking expectation of Ny (under stationarity)

we have
1 - d n
E[N;] = — Q —i(r —t s
Vi) = g 3 0(@) 3 ex(ilr )
A\ 1 al
No— g(2)d2 x — E exp(—ihwy,)kn(0) = O (—> .
" Jor[—a/ra/Nd 2 £~ ? n

In the case that we constrain the frequency grid {Qx;k = (k1,...,kq), —a < k; < a} to
be bounded, i.e., a/\ — ¢ < oo as a,\ — oo, then it is clear that E[Ny] = O(\%/n) =
o(1). Furthermore, using similar arguments it can be shown that the variance of Nr is
asymptotically negligible and Avar[a,(wk,; 71,72)] = Avar[a,(wk,; T1,72)] + o(1) when the
frequency grid is bounded. On the other hand, if the frequency grid is not bounded and
a/A — oo as A — oo then we can show that for 7 = 0 and ro = 0 we have E[Ny| =
O(a?/n) and for general 7, and ry Avar[Ny] = (a**/n?). Therefore, if the frequency grid is
not bounded, Gy(wg,;T1,72) and a4(wk,; 71, 72) are not asymptotically equivalent. However,
Gg(wk,y; 71, 72) does play an important role in understanding the covariance of ay(wg,; r1,72),
and we come back to this later on.

Returning to @y(wg,; r1,72), we see from the definition of @y(-) that in order to obtain the

covariance of @,(-) we require the expansion

a

1
Meov [E Z 9(Q,)

o O —ige €
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ntl nt2
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R 1 o
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ks=—a tM ki

—A+B+C (19)
where,
A = F Z Q(Qk1>g(ﬂk3)1_[4—n Z cov [5t17jlztl(sj1)€zsﬂﬂkl75t3,j12t3<sj1)6 sjgn,cg}

k1 ks=—a 3=1"" gy 5,
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‘ 1

B 1 y . i )
B o= 55 D0 9 )g(Qk) i Y cov [Bu g Z (85)e 1M b, g, Zy, (5, ) 0 Mo
k1,ks=—a Hj:l Uz ]:1?‘2
J37#7a
XCOV [B1y.gy Zty (832)€ 2571, 8y, 5y Ziy (87, ) €05 ]
~ 1 - - 1 - N
¢ = F Z g(le)g(Qk3)4— Z cum |:5tlvaZt1(3j1)elleﬂkla5t27j2Zt2(3j2>€ 23329’“1“‘1,
k1,k3=—a szl " J1#32

JaFja

. o855 2k ) N ,i85,
Ots o L5 (85, )€ 9373 by, 5, 7y, (85, )" 3+T3].

Simplifications for these terms can be obtained by using the methods developed in Subba Rao

[2015a]. Using this we can show

n I’r =r
A= (_2171-); /D‘g<ﬂ)|2ft3t1 (Q)ftzﬁtQ (Q + er)dﬂ + R17t37t1,t47t27

35 ]r =r T o
B = g/ g(ﬂ)g(—ﬂ - QT‘1)ft4*t1 (Q)ft?s*b (Q + QT’>dQ + RQ,M*tl,ts*tQ

(2m)d Dy,
and,
~ [7‘1=T3 -
C = (271_)251 g(Ql)g(QQ)ftz—tl,t3—t1,t4—t1 (Ql + QTU QQa _QQ - Q"'l)dﬂldQQ
D2
FR3 1)ty ts—t1 ta—t1s
where,
|Rits—tita—tal = O(Pts—t,Pts—t2l0am),
|R27t4—t1,t3—t2| - O(pt4—t1pt3—t2€)\,a,n)a and

al)?
R3,t27t1,t37t1,t47t1 = 0 (Ptztlptstlpt4t1 {gk,a,n + (n—z)}) :

We further observe that use of the expansions given in to obtain an expression
for var[a,(wg; 71, 72)] can make the notations extremely cumbersome and difficult to follow.
Proofs which only involve DFTs can substantially reduce cumbersome notations. However,
a DFT based proof requires the frequency grid to be bounded, and as mentioned in the
discussion at the start of this section, ay(wg,; 71, 72) and a,(wk,; 71, r2) are only asymptotically
equivalent if the frequency grid is bounded. Therefore to simplify notations, for the remainder

of this section we focus on the case that the frequency grid is bounded. However, we mention
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that exactly the same bounds apply to the case when the frequency grid is unbounded.
We observe that in order to obtain an expression for Acov([a,(wk, ; 71,72), Gy (Wky; T3, 74)]

(in the case that the frequency grid is bounded) we require the expansion

Xcov Z g(le>Jtl (le)‘]tQ(Qk1+7‘1)7 Z g(ka)Jtz(ka)Jt4(Qk3+Ts> = AV+ é + 57
ki=—a ks=—a
where
~ 1 e -
A = F Z g<Qk1 )g(QkS)COV [']tl (Qk1)> Jis (Qk3>] cov [Jt2 (Qk1+?“1)7 Ji, (Qk3+7‘3)] J
k1,ks3=—a
~ 1 a - - ___
B = F Z g(ﬂkl)g(9k3)COV [Jh (Qk1)7 Ju, (Qk3+7‘3)] cov [Jt2(9k1+7‘1)7 Jts(ﬂka)] )
k1,k3=—a
~ 1 4 -
¢ = F Z g<Qk1)g(Qk3>Cum |:Jt1 (Qk1)7 Jt2<ﬂk1+7‘1)7 Ji, (Qk:a)? Ji, (Qk3+7‘3)] :
k1,ks=—a
Now we obtain simplified expressions for Av, B and C.
e ]r =7
A = W / ‘g(Q)Pftgftl (Q)ft4,t2(ﬂ + erl)dﬂ + Rl,t3*t1,t4*t27 (50)
D

I —, o
B = (217T)§ / g( ) g(—=2 — Qp)) fra—0, () fry—1, (2 + Q) dQ + Ryt 43—tz (51)

1

I -
C = (2;)23 /DQ 9(Q21)g(Q2) fro—ty ta—ty ta—t, (1 + Qpy, Qo — Qg — Q) )dQ1dQy

R340ty t5—t1,ta—t1 - (52)

Comparing the above with , when the frequency grid is unbounded, see that the expres-

sions are identical. We use the above to prove Lemma [4.2]

PROOF of Lemma [4.2| By decomposing the covariance we have

)\dCOV [fig(wkg; rl,rg),ag(wk4; 7‘3,7"4)] = Ikg,k4 =+ [[kg,k‘4 + II[]Q’]M,
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where,

a

1 -
Ik27k4 = F Z g(QkH)g(ka)COV [J(Qk17w/€2>?‘]<ﬂk3>wk4)]

k1,ks=—a

X cov [J(Qk1+T17wk2+T2)7 J<Qk3+1’3)wk4+7'4):| )

a

1 [
iy gy = \d Z 9(, ) g2, )cov [J(kawlw)vJ(Qk3+7‘3’wk4+7‘4)}

k1,k3=—a

Xcov [‘](le-i-mawkz-i-rz)v J(Qk:a?wk’zl)} )

and

a

1 -
gk, = \ Z 9(2k,)9(Qi,)
k1,ks=—a

xXcum [J(le,ka), J(Qk1+7'1’wk2+7"2)7 ‘](Qk37wk4)7 J(Qk3+’r‘37 wk4+r4> :

By using — we obtain expressions for the Iy, x,, [ Ik, x, and [11, j,. We first consider
Iy, iy Using we have,

a

1 -
[k2,k4 = F Z g(Q’ﬂ)g(ka)COV [‘](Qkuwh)?‘](ﬂkmwM”

k1,ks=—a

Xcov |:J<Qk1+7'1 9 wk2+7‘2)7 J(Qk3+7’3 9 wk4+7’4):|

= Ty ko.vr + Loy ko R (53)

where,

T
]7‘1:1"
Tpy ot = oy Z /|g(Q)|2ft3—t1(ﬂ)ft4—t2(Q+QT)
D

(27T)d+2T2
t1,ta,t3,t4=1

% eitlwkz 7it2wk2+r2 7it3wk3 +it4wk4+r4 dQ’

T
1 . . . .
Wi, —ttow —it3wg, +itaw
-[k ko R Rl 674 1WEqo 2WEkg+1o 3Wkg kg+ry
1,k2, d+2772 E , t3—t1,ta—t2 :
(271-) r t1,t2,t3,t4=1
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We first find an expression for Iy, i,

T-1 T—|s1|

= LS Sl —zsw 1t (W, —w
ot = (2m 1d+23T2/ (€2 % : fs, (22 1k tzl et (Wry—why) |
s1=—(T— 1
T—|s2|
Z Fo( Q4 Qe }y 7 ettalrammaeniin) | d0)
so=—(T-1) to=1
IT TI r2=r 7“ =r
= ot 4/!9 )2 (9, w0k, F(Q+ QW 1) AR+ O | 5 4 4y
(2m)¢ T
o Ir1 T3]k2 k4 ro=r4 Irl s
= ’ | J (2, wp,) f(2 + 4y, Wiy, )AL + O T + lran | -

It is straightforward to show that Iy, , g = O({)4,). Therefore we have

[T‘1 "'SIkQ k4 T2=T4

Ikhkz = / |g | f(Q wkz)f(Q + erawkg-l—rg)dg + O Tl . + E/\an .
(2m)¢ T

Using the same arguments and

a T
1 —_— ) . ) .
I]/f27/€4 = F Z g(Qk1)g(Qk2) Z exp(@tlka + 1t4wk4+7“4 - Zt?wkz-ﬁ-rz - Zt3(")/€4)

ki,ks3=—a t1,..., tg=1

cov [‘]h(ﬂlﬂ)’ Jt4 (Qk3+7‘3)] cov [‘]tz(ﬂk1+7’1)7 ‘]t3 (kaa)}

T—1 T—|s1]
y J— - ) .
_ T1=T 0 —Q— Qr i Q) 519k it1 (Wi, +Wko +wry )
(2m)d+27 /Drl o5t J —z(:;nfl( o tlz:l R
T-1 T—|s2]
< Z Fon(QF Qe 52kt Z eits(Wiytwrytwiy) | Q) 4 O(lran)
sa=—(T—1) ts=1
JARN AR A .
= 1= Rt k; z = / g(ﬂ)g(—ﬂ - Q’f'1)f(Qv —ka)f(—Q - er7wk2+7"2)d9
(2m) Dy,
9) r1="73 / an |- 54
+0 (22 4 b0, ) 659
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Using (see the proof of Theorem 4.1, |Jentsch and Subba Rao [2015] for details) we have

[[[k’z,k4
T
= —Im:m Q Q Q)+ Q.. , 0y, -0y — O
- (271')2dT2 29( l)g( 2) ftg—t1,t3—t1,t4—t1( 1+ r1y) 882, TRE2 T 7‘2)
D t1,t2,t3,ta=1
Xeitlka 7it2wk2+r2 7it3wk4+it4wk4+r4 dQldQQ
1 T
it wg, —ttow —it3wg , +itgw
+W E : R 1yt ta—ty 1y —t, € 1R ke ra TR TSR g
t1,t2,t3,t4=1

T-1

Y — _
= —d/ 9(91)9(92) Z f81,82,83(91 + Q'I‘l) 927 _QQ - er)
DQ

(QW)szZ 51,82,82=—(T—1)

T—| max(s;,0)|

Xeis1wk2+r2 Fisowh, —183Wh 1y Z eit(wk2 —Why 4 rg —Why +wk4+7.4)dﬂld92
t=| min(s;,0)|+1

1 T-1
" (27T)2dT2 Z R3,81,52,53 1o 1ty TIS2N TES8 kg
s1,82,89=—(T—1)
T—|max(s;,0)]
% Z U (Why =Wk trg —Why TWhy4ry)

t=| min(s;,0)|+1

By changing the limits of the sum we have

I, k,
T-1

Ir =r
= _<27T1)2d;"2 /D2 9(€21)g(€22) Z Forismss (1 + QDo —Qy — Q)
s1,82,50=—(T—1)

T
) ) , , 1
X ek T2k Fissk g § ky ~kry ~ha Fkitra) 4 A + O (A,a,n T
t=1

I’l‘ =7 IT =7
e W /1;2 g(Ql)g<Q2)f(Ql + QT17wk2 + wTQ’ Ql,(«dk;2, —QQ — er, _wk_4 _ w’r‘g)

Coan oy Doy
dQ,dS2 + O ( R ) (55)
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The above results imply

Neov[ay (why: 71, 72), Gy (Why T3, 74)]

[7'1:7'317”2:’)"4 _
T @2 (I/ () g(Q) (R + Dy, Wrgr2) F (2, ) AR
) >

+Ik4=T—k2—T2 / g(ﬂ)g(—Q - Qm)f(ﬂv _wkz)f(_ﬂ - vawkz-i-m)dﬂ)
Dy

1
+0 <€,\7a7n + T) .

By using the well known identities

cov(RA,RB) = %(%COV(A, B) + Rcov(A, B))
cov(SA,8B) = %(%COV(A, B) — Reov(A, B)),
cov(RA, 3B) — _71 (Scov(A, B) — Scov(A, B)), (56)

we immediately obtain ([19)).
Asymptotic normality is proved using sufficient mixing assumptions. 0

A.2.1 PROOF of results in Section (used in Section [4.2))

We start by analyzing the sampling properties of the first test statistic //l\g,h(rl, To).

PROOF of Lemma [6.1] We first note that

AT ~ -
-cov [Ag,h(rl, ra), Ay p(rs, m)] — [+ 11+ 11,
where,
5 T/2 5 T/2 5 T/2
I = = > I = > I, 1= = > Ik,
ko,ka=1 ko,ka=1 ko,ka=1

and I, ks, IIpyk, and I11;, , are defined in the proof of Lemma 4.2l We now obtain expres-
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sions for these terms. By substituting the expression for Iy, , in into I we have

T
21, —,
P i Y [ @R @ @ R
t1,ta,ta,ta=1" D
) T/2
X e~ itawry Titawry (ﬁ Z h(ka)h(wM)ei‘”kz(tltz)eiwk4(t3t4))
ko ky=1
2 /2 _ : : . .
+ﬁ Z h(wky ) (wr, ) Z T e e
ko,ka=1 t1,ta,t3,ta=1
= Iy + Ip.

We first obtain a neat expression for the leading term I;. Using that the function h :
[0, 7] — R is piecewise Lipschitz continuous and the integral approximation of the Riemann

sum, we have

T/2
D h(wi)e ™ = hj+O(T™)

k=1

2
T

where h; = 2 [7 h(w)e“dw and the Fourier coefficients decay at the rate |h;] < Clj| (5 #

0). This approximation gives

T/2
4 — . :
R Z h(wg, )h(wy, ) exp(iwg, (t1 — t2)) exp(—iwy, (ts — t4))
ko,ks=1

= hyy—to gty + O(hyy i, T+ hyyy T+ T72).

Substituting this into Iy, and using that |h;| < C|j]7'1(j # 0) gives

T
2[’!‘127‘ 7 —itow itqw
In = z Z htl—t2ht3—t4€ fatoryHita r4/ |g(Q)|2ft3—t1(Q)ft4—t2<Q+QT)dQ
D

(27T)d+2T
t1,ta,t3,t4=1

+O((log T)T™Y).

By making the following change of variables, s; = t3 — t1, so = t4 — ty and s3 = t; — t5 (so
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t3 —ty = 51 — 53 + s3) we have

—Ir r ngw —1to(w —Ww. B S — ]
IM = (27T3d+; Z hsghsl 82+83 T4e t( o T4 / |g | fsl( )fsg(ﬂ—l—ﬂﬁ)dﬂ

+O((log YT

IT - r =" zsw —_—
— W D hgha—arae’™ / 19(Q)2 fo, () fo, (Q + Q. )dQ

+0((log T)T™Y),

$1,52,83,t2

$1,52,83

where in the last term we have used that 771307, e 2@ra—wr) = [(r; = 1,). Next we use
that Y. heheys(si—s0) = = [ [M(w)|? exp(—iw(s; — s2))dw to give

—[Tl T3 1274 —iw 81 S zs w —_—
Iy = 2; ) / (W) e 2) sz rz/ 19(Q) 21, () fo, (2 + Q) dQdw
51,52

+O0((log T)T™1)

Lo .. 1. _ &
= h(w)||g(Q) 2 £ (2, w) F(Q+ Q, -,)d$, d
st [ I Plo(0) (0,6 T T Sy )02

+O0((log T)T 1)

By using a similar method we can show that |Ig| = O({),.,). Altogether (using that f is

real) we get

1= e [ Rl @R ) [0+ Qo+ ) a2
+0((log T)T ™" + €y an)

= IT1:7‘3I7’2=7"4/0 ‘h(w)‘QVg(w§vawrz)dw-

Using similar arguments we can show that

T

Ip = .
I = (27r)—d+2T > /D 9()g(—Q — Q) frit, () fro—1 (2 + Q,.)dQ
t1,t2,t3,ta=1 o1
L
« glt2wry Hitawr, <ﬁ Z h(wk2)h(wk4)eiwkg(t1—t2)e—iwk4(t3—t4)) +O(€)\,a,n)-
ko,ka=1
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We set s1 =ty —t1, Sg =13 —ta, S3 =1t — to (and t3 — t4 = $9 — 51 — $3) to give

= 27?#3 ) — /D 9(2)g(— Q= Q) £, () £, (2 + 2,)d
51,52,53,t2 T

xe’t”"r? Filsitssttz)on, + O(g)\,a,n + (log T)T_l)

By changing the limits of the sum over t, we have

= 27:1d4:;T D hashe—aa / 9(Q)g(—Q — Q) 1, () £, (Q + Q,.)dQ
51,52,53 1
T
Xei(s1+53)wr4 Z eitg(wm-&-wrg) +O(ﬁ>\7a,n + (10g T)T—l) — O(g)\’a,n + (log T)T_l),
to=1
r1:¥—r2

where the last line follows from the fact that r; and ry are constrained such that 0 < r; <
ro < T'/2. The following expression for 111 follows immediately from (55]).

I = ’;2’“;7:2 ’"4/ / /DQ (£21)9(22) h(wr ) h(ws)
Xf4(Ql + 91‘1;(")1 + wTQ? QQ: Wa, — QQ Q'l‘17 —W2 — w’rg)dﬂldﬂ2dwldw2

+O0((log )T + Uy an)-

This gives us

T ~ ~
TCOV [Ag,h(rl, r2), Agn(Ts, 7“4)]

1 s 1 ™ ™
~ Lt (5 [ WPV st [ a0t

Xh(wl)h(WQ)f4(Ql + Qf,,l , W1 + Wry, 92, Wa, _QQ — er, —Wy — WTQ)dgldﬂgdwldOJQ)

FO((log TYT ™ + £r.0.).

Note that 1/[(27)%n?] = 4/(2m)??*? gives the fourth order cumulant term in (41)).
By using the expressions for I, I1 and 111 and , we obtain .
By using mixing-type arguments the CLT can be proved. ([l

A.2.2 Proof of results in Section (used in Section [4.3))

PROOF of Lemma [6.2|equation (42]) Expanding cov [Bg n.m (W), 13 71, 72), By nsr (Wjo 5 73, 74)]
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gives

N Hcov [ By prr(wjy 71, 72), By st (Wi 73, 74)] = g + g + 1y,

where
H
1
Iy = T E Ly Hovky o H ks
Ko ha=1
H
1
Iy = & E ITj b ok o H
ko,ka=1
LA
IIIH == E E IIIj1H+k2,j2H+k47
ko, kg=1

and Iy, gy, Tliy o, and I11y, 1, are defined in the proof of Lemma[f.2 We now find expressions
for these terms, first focusing on the case j; = jo = j. By using we have,

Iy = Igm+ g,
where
[HM _ h i / ’g(ﬂ)|2ft . (Q)ft ' (Q +Q )dﬂ X e*itng2+it4wr4
: di2772 sTh e "
<27T> - T t1,t2,t3,ta=1 D
1 H
(g D0 Pl + )i+ el i )
ko,ka=1
R s
[H,R = T2 Z h(ij+k2)h(WjH+k4>

ko,ks=1
R e 1Ws H kg —H2W5 H kg rg —H3W5 H 4y TIAWT H 4oy try
Litg—t1,ta—t2 .

t1,t2,t3,t4=1

We first bound the inner sum in I ;. Using the approximation of the Riemann sum by an
integral we have,
H Wi
1 1Sw T S 1Sw —1 -1
& D hlwin + wp)e ™ = il h(w)e* dw + O(H™Y) = hypy(wjn) + O(H™).
k=1 wj
(57)

64



Applying the above to the following product gives

H
1 - .
2 Z (wibr + Wi )h(wja + wy, e o) (=t milation (st
2, ka=
= htl—tz,H (ij)hta—M,H(ij) + O(htl—tQ,H (ij)H_l + ht3—t4,H(ij)H_1 + H_Q)'
Substituting the above into Iy js, using that

H
(2m)d+2T

/|g P foy s () o (2 5 0,2 = O(H)

t1,t2,t3,t4=1
and the same arguments used to bound I, in the proof of Lemma [6.1| we have,

I"'l 3 ‘[7’277'4T 27rw(j+1)H

I — M=T3re=rac h 2(,() 2 £(Q QLQ, Vi
nar = Bl [ [ PRI @) 0+ 00t )i

+O(H '+ (logT)T™1).

Using the same argument we can show that Iy g = O({) ,.,), which gives altogether

Ir =7 r = AR
e P T / / (@) Plg () (2, 0) f (R + 2, w0 + wy,)dQw

+O(H ™+ (logT)T ™ + Uy am)-

Using the same methods, we can show that [Ty = O(H™' + (logT)T™! + ly.n) (since
< rg,ry <T/2). Finally to bound 111y we substitute into 111y to give

Iy = Iri= S e R Lra=ry Q
" (2n)2TH Z /D 1)
f(ﬂl, WiH+ ko> —91 - Qm, —WjH+ky+r2) — 2, —ij+k4)dQ1d92

HE)\,a,n HIm:rg [T2=T4
+O( =+ 3

By using we have

7,1 Tl —ps Lry=r, TQ - WE+nH PG+ H
IIIH = 27{_ 2d+2 / / / (wl)h(wg)
X fa (821 + Qpp, Dy w09, =29 — Q. —wy — Wy, ) d21dQydw; dw;

+O0((log T)T ™' + by gn + H™Y).

We observe that I11y = O(H/T). Thus by using we obtain and a similar expression
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for the imaginary parts. U

PROOF of Lemma equation (43]) The proof of follows immediately from (41]).
0]

Finally we consider the sampling properties of ﬁg,h,v; u(ry,m).
PROOF of Lemma . To prove (44]) we expand the expectation squared in terms of

covariance and expectations to give

E[)\dDgﬁ’v;H(’l"l, 7’2)] =1 + II

where
g7 (T/2H)—1
I= 2T var[VHA B p;p (wj 571, 72)], and
§=0
o f] (T/2H)—1 ,
11 = ﬁ Z ‘E[VAdHBg,h;H(leH;T'l,TQ)]
j=0
Using we have
2HT/(2H)—1 9
I = — —— | var[VHNRB, j.;7 (wj ;71,7
Y g (IR RB i)

—i—var[v HAd%Bg,h;H(wﬁH; T1, TQ)]> + O(£A,a,n)

T/(2H)—1
2H 1 1
- T Z U(—W%h(ij; er,wm) + 0O (g)\,a,n + ﬁ)

j=0 wﬂlH)

L [T Wyn(w; 2y, wiy) 1 H
= — ’ dw+ O | lyan + =+ =
7T/0 v(w) W e +H+T

1 H

- Eg’h,v(Q’rﬂng) + O <£>\’a7n -+ E + T) .

Next we consider the second term /. First considering the expectation we note that

Ve R
E[VAH By psn (w571, 1m2)] = 7 > hlwja k) Eldg(@ja 5 71,72)].

k=1

By using Lemma we obtain bounds on E[a,(w;mik;T1,72)], however, these rely on the



number of zeros in 7y and whether r; is zero or not. More precisely,

NoXIE]

(M [T;=) (log A + log |m; )
Z ij-l—k Clg WJH+k7 T, TQ)] - TITQ*M#O/\d_b .

Therefore,

o (ML (og A+ log [my DI
= (TTra=ra#0 \d—b)2 = o(1).

This proves ((44)).
To prove we expand the covariance in terms of products cumulants to give

T
WCOV [)\ Dg h,v;H(Irb r?)a AdDg,h,v;H<r37 T4):|

_2\¥H 1

T j1,j2=0 U(WﬁH)U(whH)

(T/2H)—1

( |cov[By pmr (W, i 71, 72) s Bt (Wiar; 71, 72)] |

2

+ ‘COV[Bg,h;H(leH; 71,72), By hm(Wjpm; T1,72)]

+cum [Bg,h;H(wle; T, 7’2), Bg,h;H(wle; 1, 7’2), Bg,h;H(wng; 1, 7‘2)7 Bg,h;H<Wj2H§ 1, 7”2)]

+E[By p.m(wjy g5 71, r2) jcum [Bg,h;H<wj1H; r1,72), By hrr (Wjpm; 71, 72), By ot (Wip i 71, 7“2)}

+ similar terms involving the product of third and first order cumulants).

By using that

a

1 - -
334 Z g(Qk1)g(Qk3)g(Qk5)Cum |:Jt1 (Qk1)‘]t2(ﬂk1+7’1)7 Jt3(ﬂk3)‘]t4(ﬂk3+7’3)7

3d
k1 ,ks,ks=—a
_—— log )
Tt (ks ) Joo (kg ors) :| - Z H —t T \2d (58)
Bs (t t; )633

and

1 e -
N4d Z g(le)g(ﬂka)g(ﬂk5)g(9k7)cum |:Jt1 (Qlﬂ)‘]tz (le-‘r?‘l)’ Jts (ka)JM (Qk:s-‘rrs)?
k1,k3,ks5,k7=—a

log
Jts(ﬂks)‘]%(ﬂks-i-m)vJt?(ﬂk3)‘]t8(ﬂk7+7’3):| = Z H Pti—t; \3d ) ) (59)
By (it )684
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where B3 and Bs denotes the set of all pairwise indecomposable partitions of the sets
{1,2,3}x{4,5,6} and {1,2,3,4} x{5,4, 6,7} (for example, it contains the element (1,4), (3, 6)
,(5,8),(2,7)) respectively, we can show that

N\d/2

log*(a) )

)\3d/20um [a!](wkz; T, T2)7 a!](wkz; T, T2)7 ag(wkzx; T, T2):| =0 (

10g4d(a)> '

Acum [ag(wkg;7‘1,7“2),Gg(wkg;7‘177’2),Gg(wk4;7‘177’2),@g(wk4;7‘177’2)] =0 < \

From this we expect (by using the methods detailed in the proof of Lemma B.5, [Eichler

[2008]), though a formal proof is not given, that the terms involving cumulants of order three

and above are asymptotically negligible. Moreover that ’cov[Bgﬁ;H(wle; 71,72), By . (Wjy 571, 72)]

is asymptotically negligible for j; # j5. Using this we have

T
WCOV [)\dDg,h,v;H(rla 7"2), /\dDg,h,v;H(TBa T’4)}

oN\2d f] (T/2H)-1 1 2
= =5 |cov[ By niar (Wi, i3 71, 72), Byt (W) 71,72)] | -
J1,j2=0 U(wj1H>U<Wj2H)

Substituting into the above gives . O
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