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Abstract

The classical multiple regression model plays a very important role in statistical analysis.
The typical assumption is that changes in the response variable, due to a small change in a given
regressor, is constant over time. In other words, the rate of change is not influenced by any
unforeseen external variables and remains the same over the entire time period of observation.
This strong assumption may, sometimes, be unrealistic, for example, in areas like social sciences,
environmental sciences etc. In view of this, we propose stochastic coefficient regression (SCR)
models with stationary, correlated random errors and consider their statistical inference. We
assume that the coefficients are stationary processes, where each admits a linear process repre-
sentation. We propose a frequency domain method of estimation, the advantage of this method
is that no assumptions on the distribution of the coefficients are necessary. These models are
fitted to two real data sets and their predictive performance are also examined.

Keywords and phrases Gaussian maximum likelihood, frequency domain, locally stationary

time series, multiple linear regression, nonstationarity, stochastic coefficients.

1 Introduction

The classical multiple linear regression model is ubiquitous in many fields of research. However,
in situations where the response variable {Y;} is observed over time, it is not always possible to
assume that the influence the regressors {z; ;} exert on the response Y; is constant over time. A
classical example, given in Burnett and Guthrie (1970), is when predicting air quality as a function
of pollution emission. The influence the emissions have on air quality on any given day may depend
on various factors such as the meterological conditions on the current and previous days. Modelling

the variable influence in a deterministic way can be too complex and a simpler method could be



to treat the regression coeflicients as stochastic. In order to allow for the influence of the previous
regression coefficient on the current coefficient, it is often reasonable to assume that the underlying
unobservable regression coefficients are stationary processes and each coefficient admits a linear
process representation. In other words, a plausible model for modelling the varying influence of

regressors on the response variable is

n

n
Y= (aj+ar)wg+e =Y ajr;+ Xy, (1)
=1 =1

where {z;;} are the deterministic regressors, {a;} are the mean regressor coefficients, E(X;) = 0
and satisfies X; = Z?Zl a5 + €, {ec} and {ay;} are jointly stationary linear time series with
E(a,;) = 0, E(er) = 0, E(at%j) < 0o and E(¢7) < co. We observe that this model includes the
classical multiple regression model as a special case, with E(a;;) = 0 and var(a;;) = 0. The
above model is often refered to as a stochastic coefficient regression (SCR) model. Such models
have a long history in statistics (see Hildreth and Houck (1968) and Swamy (1970, 1971), Burnett
and Guthrie (1970), Rosenberg (1972, 1973), Duncan and Horn (1972), Fama (1977), Bruesch and
Pagan (1980), Swamy and Tinsley (1980), Synder (1985), Pfeffermann (1984), Newbold and Bos
(1985), Stoffer and Wall (1991) and Franke and Griinder (1995). For a review of this model the
reader is refered to Newbold and Bos (1985). In recent years several other statistical models have
been proposed to model temporal changes, examples of such models include varying coefficient
models and locally stationary processes. In this article, our aim is to revisit the SCR model,
comparing the SCR model with these alternative models, we show that there is a close relationship
between them (see Section 2). Having demonstrated that SCR models can model a wide range of
time-varying behaviours, in the rest of the article we consider methods of testing for randomness
of the regression coefficients and develop parameter estimation methods which do not require any
assumptions on the distribution of the stochastic coefficients.

In the aforementioned literature, it is usually assumed that {oy ;} satisfies a linear process with
structure specified by a finite number of parameters estimated by Gaussian maximum likelihood
(GML). In the case {Y;} is Gaussian, the estimators are asymptotically normal and the variance of
these estimators can be obtained from the inverse of the Fisher Information matrix. Even in the
situation {Y;} is non-Gaussian, the Gaussian likelihood is usually used as the objective function
to be maximised, in this case the objective function is often called the quasi-Gaussian likelhood
(quasi-GML). The quasi-GML estimator is a consistent estimate of the parameters (see Ljung and
Caines (1979), Caines (1988), Chapter 8.6 and Shumway and Stoffer (2006)), but when {Y;} is

non-Gaussian, obtaining an expression for the standard errors of the quasi-GML estimators seems



to be extremely difficult. Therefore implicitly it is usually assumed that {Y;} is Gaussian, and
most statistical inference is based on the assumption of Gaussianity. In several situations the
assumption of Gaussianity may not be plausible, and there is a need for estimators which are free
of distributional assumptions. In this paper we address this issue.

In Section 3, two methods to estimate the mean regression parameters and the finite number of
parameters which are characterising the impulse response sequences of the linear processes are con-
sidered. The suggested methods are based on taking the Fourier transform of the observations, this
is because spectral methods usually don’t require distributional assumptions, are computationally
fast, and can be analysed asymptotically (see Whittle (1962), Walker (1964), Dzhapharidze (1971),
Hannan (1971, 1973), Dunsmuir (1979), Taniguchi (1983), Giraitis and Robinson (2001), Dahlhaus
(2000) and Shumway and Stoffer (2006)). Both of the proposed methods offer an alternative per-
spective of the SCR model and are free of any distributional assumptions. In Section 5.2 and 5.3
we consider the asymptotic properties of the proposed estimators. A theoretical comparison of our
estimators with the GML estimator, in most cases, is not possible, because it is usually not possible
to obtain the asymptotic variance of the GML estimator. However, if we consider a subclass of
SRC models, where the regressors are smooth, then the asymptotic variance of the GML estimator
can be derived. Thus in Section 5.4 we compare our estimator with the GML estimator, for the
subclass SCR models with smooth regressors, and show that both estimators have asymptotically
equivalent distributions.

In Section 6 we consider two real data sets. The two time series are taken from the field of
economics and evironmental sciences. In the first case, the SCR model is used to examine the
relationship between monthly inflation and nominal T-bills interest rates, where monthly inflation
is the response and the T-bills rate is the regressor. We confirm the findings off Newbold and Bos
(1985), who observe that the regression coefficient is stochastic. In the second case, we consider the
influence man made emissions (the regressors) have on particulate matter (the reponse variable)
in Shenandoah National Park, U.S.A. Typically, it is assumed that man-made emissions linearly
influence the amount of particulate matter and a multiple linear regression model is fitted to the
data. We show that there is clear evidence to suggest that the regression coefficients are random,
hence the dependence between man-made emissions and particulate matter is more complicated
than previously thought.

The proofs can be found in the technical report.



2 The stochastic coefficient regression model

2.1 The model

Throughout this paper we will assume that the response variable {Y;} satisfies (1), where the

regressors {z; ;j} are observed and the following assumptions are satisfied.

Assumption 2.1 (i) The stationary time series {ay;} and {e:} satisfy the following MA(co)
representations
o0 o
o = Zwi,jnt—i,ja Jorj=1,....n, &= Zwi,n—&-lnt—i,n—f—la (2)
i=0 i=0
where for all1 < j < n+1, 3772, [¢ij] < 00, 3372 [i|* = 1, E(mn,;) = 0, E(n7;) = 07 < 00,
for each j, {n.;} are independent, identically distributed (iid) random variables, they are also

independent over j.

The parameters {1; ;} are unknown but have a parametric form, that is there is a known func-
tion 1; ;(-), such that for some vector 8y = (9¢, Xo), Vi, (Vo) = Vi ; and Xg = diag(aio, e U?HLO) =

’uar(gt), where n, = (Meds- s Ment1)-

(ii) We define the compact parameter spaces Q C R, ©1 C RY and ©y C diag(R™™), we have
S0 i j(9)2 = 1. We shall assume that ag = (ay,...,a,), Yo and Eo (which are defined
in (i), above) lie in the interior of 2, ©1 and Oy respectively.

Define the transfer function A;(9,w) = (2m)"Y23°2° 4y ;(9) exp(ikw), and the spectral
density fj(9,w) = |A;(9,w)|?. Using this notation the spectral density of the time series
{on;} is U?’ij(ﬁo,w). Let¢;(0,t—7) = 0]2- [ fi(¥,w) exp(i(t—T)w)dw (hence cov(on,;, arj) =
(80, — 7)),

It should be noted that it is straightforward to generalise (2), such that the vector time series

{ott = (ar1,...,a¢,)} has a vector MA(oco) representation. However, using this generalisation

makes the notation quite cumbersome. For this reason, we have considered the simpler case (2).

Example 2.1 If {a;} and e, are autoregressive processes, then Assumption 2.1 is satisfied. That

is {ae j} and e, satisfy

pj Pn+1
Qg = Z P j—kj+ne; J=1,...,n and & = Z Pknt+1€t—k + Men+1,
k=1 k=1



where 1, ; are 4d random variables with E(n ;) = 0 and var(n;) = 0]2 and the roots of the

characteristics polynomial 1 — ZZ]: 1 qbk’jzk lie outside unit circle. In this case, the true param-

o2 o2
eters are 99 = (P11, Pppi1n+1) and Bg = diag( (fgl(i})dw), . (fgnjjclu)dw))’

where gj(w) =

3|1 — kL1 Ok exp(ikw)| 2.

2.2 A comparision of the SCR model with other statistical models

In this section we show that the SCR model is closely related to several popular statistical models.
Of course, the SCR model includes the multiple linear regression model as a special case, with

var(ay ;) = 0 and E(oy, ;) = 0.

2.2.1 Varying coefficient models

In several applications, linear regression models with time-dependent parameters are fitted to the
data. Examples include the varying-coefficient models considered by Martinussen and Scheike

(2000), where {Y;} satisfies
Nt
Yt:z;aj(T)azt,ﬁat, t=1,...,T (3)
]:

and {«;(-)} are smooth, unknown functions and {e;}; are iid random variables with E(e;) = 0 and
var(e;) < oo. Comparing this model with the SCR model, we observe that the difference between
the two models lies in the modelling of the time-dependent coefficients of the regressors. In (3)
the coefficient of the regressor is assumed to be deterministic, whereas the SCR model treats the
coefficient as a stationary stochastic process. In some sense, one can suppose that the correlation
in {a; ;} determines the ‘smoothness’ of {ay ;}. The higher the correlation of {ay ;}, the smoother
the coefficients are likely to be. Thus the SCR model could be used as an alternative to varying

coefficient models for modelling ‘rougher’ changes.

2.2.2 Locally stationary time series

In this section we show that a subclass of SCR models and the class of locally stationary linear
processes defined in Dahlhaus (1996) are closely related. We restrict the regressors to be smooth
x5, and we will suppose that there exist smooth functions {z;(-)} such that the regressors satisfy
zy; = j(4) for some value N (setting £ >, xf’j =1) and {Y; n} satisfies

n

t - t
Yin = Z ajwj(ﬁ) + Xy n, where X;n= Zat’jxj(ﬁ) +e t=1,...,T. (4)
j=1 j=1



A nonstationary process can be considered locally stationary process, if in any neighbourhood of
t, the process can be approximated by a stationary process. We now show that {X; x} (defined in

(4)) can be considered as a locally stationary process.

Proposition 2.1 Suppose Assumption 2.1(i,ii) is satisfied, and the regressors are bounded (sup;, |x;(v)| <
00), let Xy n be defined as in (4) and define the unobserved stationary process X¢(v) = 271 a jaj(v)+

g¢. Then we have

t
[Xix = Xu(o)] = Op(|5: — v)).
PROOF. Using the continuity of the regressors the proof is straightforward, hence we omit the
details. g

The above result shows that in the neighbourhood of ¢, {X; x} can locally be approximated by
a stationary process. Therefore the SCR model with slowly varying regressors can be considered
as a ‘locally stationary’ process.

We now show the converse, that is the class of locally stationary linear processes defined in
Dahlhaus (1996), can be approximated to any order by an SCR model with slowly varying regres-
sors. Dahlhaus (1996) defines locally stationary process as the stochastic process {X; y} which

satisfies the representation

Xy = / Ap v () explitw)dZ(w) (5)

where {Z(w)} is a complex valued orthogonal process on [0, 27| with Z(A+7) = Z(X\), E(Z(\)) =0,
and E{dZ(N\)dZ ()} = n(A + v)dAdp, n(A) = 3772 (A + 27j) is the periodic extension of the
Dirac delta function. Furthermore, there exists a Lipschitz continuous function A(-), such that
sup, ¢ |A(5,w) — Ayn(w)| < KN~ where K is a finite constant which does not depend on N.

In the following lemma we show that there always exists a SCR model which can approximate

a locally stationary process to any degree.

Proposition 2.2 Let us suppose that {X; n'} is a locally stationary process, which satisfies (5) and
sup, [ |A(u, N)[?d\ < oo. Then for any basis {z;(:)} of L2[0,1], and for every § there exists an

ns € 7, such that f(t’N can be represented as

ng
- t B
Xt,N = Z atJ.’L'j(N) + Op((s + N 1), (6)
i=1
where {ou} = {(ou,...,ains)}t is a second order stationary vector process.



PROOF. In the technical report. O

One application of the above result is that if the covariance structure of a time series is believed
to change smoothly over time, then a SCR model can be fitted to the observations.

In the sections below we will propose a method of estimating the parameters in the SCR model
and use the SCR model with slowly varying parameters as a means of comparing the proposed

method with existing methods.

3 The estimators

We now consider two methods to estimate the mean regression parameters ag = (a1,0,...,0n0)

and the parameters 6y in the time series model (defined in Assumption 2.1).

3.1 DMotivating the objective function

To motivate the objective function consider the ‘localised’ finite Fourier transform of {Y;}; centered
at ¢, that is Jy(w) = \/ﬁ > ket Yiom 24k €xp(ikw) (where m is even). We can partition Jy;(w)

into the sum of deterministic and stochastic terms, Jy(w) = >0, aj,thsj) (w) + Jxt(w), where

Jt(]n)l(w) = \/;7” Py T jo4k,j €XP(1kw), Jx (W) = \/ﬁ pya Xy — o4k exp(ikw) and (Yy, Xy)
are defined in (1). Let us consider the Fourier transform Jy(w) at the fundamental frequencies
wk = % and define the m (7 —m)-dimensional vectors Jy,1 = (Jy,m/2(w1), - - -, Jy.r—m/2(wm)) and
Twr(ag) = 327, aj70J7(nj}2’m(w1), D aj70J¥2m/2’m(wm)). In order to derive the objective
function, we observe that Jyr is a linear transformation of the observations Y, thus there exists
a m(T — m) x T-dimensional complex matrix, A, such that Jyr = AY. Regardless of whether

{Y;} is Gaussian or not, we treat Jyr as if it were a multivariate complex normal and define the

quantity which is proportional to the quasi-likelihood of Jy 1 as
tr(00) = (Fvr = Tor(a0))Ar(00) " (Fvr — To.r(a0)) + log(detAr(60)),

where A7 (00) = E((Fyr — Ter(ao0)(Fyr — Jer(a)?) = ABR(X 7 X)) AT (Xp = (X4,..., X7/
and H denotes the transpose and complex conjugate (see Picinbono (1996), equation (17)). Evalu-
ating ¢7(6y) involves inverting the singular matrix Ar(6p). Hence it is an unsuitable criterion for
estimating the parameters ag and 0g. Instead let us consider a related criterion, where we ignore
the off-diagonal covariances in Ap(6g) and replace it with a diagonal matrix which shares the same

diagonal as Ar(6p). Straightforward calculations show that when the Az (0¢) in ¢7(60p) is replaced



by its diagonal, what remains is proportional to

) 2 (N Tyalwn) = Y0y ajo 0 (wn) 2
’ 3 1 m
tr(8o Z kz< fum(eo,wk) log 7, (007(’%))7 @

where T,,, = (T —m),

1 m—1 n+1 1 m7|r|
Fim(Bo,w) = P Z eXP(irw)ch(QOW)E Z Lt—m/2+k,jLt—m/24k+r,]
r=—(m-—1) 7=1 k=1

™

- Z o2 / (N5 (90,00 — NdA + 0241 / 0D (A) fo 1 (90,0 — A)AA(8)

—T

letting x¢ 41 = 1 for all ¢, It(j%(w) = |Jt(%(w)\2 and Ir(,?ﬂ)(w) | S exp(ikw)[?. Tt is worth

27rm
noting that if {Y;} were a second order stationary time series then its DFT is almost uncorrelated
and A7 (60y) would be close to a diagonal matrix (this property was used as the basis of a test for

second order stationarity in 7 (7)).

3.2 Estimator 1

We use (7) to motivate the objective function of the estimator. Replacing the summand = "
in (7) with an integral yields the objective function

T—m/2

m Lym(a
E% ) Z /_,, {}ém + log Fi.m (6, w)}dw 9)

where m is even and
m n
Tim(a,w) = Z t—m/24+k — Zaﬂt m/2+k.,j) €xp(tkw)| . (10)

2rm
k=1 j=1

We recall that 8 = (9, X), hence ngm) (a,0) = Egrm)(a, 3,Y). Let a €c QCR" and 8 € O ® O, C

R4 We use ar and O = ('{9T, fJT) as an estimator of ag and 8y = (99, o) where

. O, ) = inf £ (a. 9. %). 11
(aT7 T T> argaGQ,ﬁérél,EG@Q T (a7 ’ ) ( )

We choose m, such that T,,,/T — 1 as T — oo (thus m can be fixed, or grow at a rate slower than

7).

3.3 Estimator 2
(m)

In the case that the number of regressors is relatively large, the minimisation of £ is computa-

tionally slow and has a tendency of converging to local minimums rather than the global minimum.



We now suggest a second estimator, which is based on Estimator 1, but estimates the parameters
a, 0 = (X,9) in two steps. Empirical studies suggest that it is less sensitive to initial values than
Estimator 1. In the first step of the scheme we estimate X and in the second step obtain an
estimator of ag and ¥y, thereby reducing the total number parameters to be estimated at each
step. An additional advantage of estimating the variance of the coefficients in the first stage is that

we can use it to determine whether a coefficient of a regressor is fixed or random.
The two-step parameter estimation scheme

(i) Step 1 In the first step we ignore the correlation of the stochastic coefficients {c ;} and errors
{e+} and estimate the mean regressors {a; ; } and variance of the innovations X7 = {012-’0} using

weighted least squares with (ar, X7) = arg mingeq weco, L7(a, X), where

T ATt 5 2
Lr(a,X) = Z( 2 1)j 9) —|—logat(2)>. (12)

and 04(X) = >0, oir} ;i +oh .

(ii) Step 2 We now use 37 to estimate ar and ¥o. We substitute 37 into E(Tm), keep > fixed
(m)

and minimise £ with respect to (a,9). We use (ar,Pr) as an estimator of (ag, 9) where

(ar,9r) = arg Lolin £ (a,9,%7). (13)

We choose m, such that T,,,/T — 1 as T — oo.

4 Testing for randomness of the coefficients in the SCR model

Before fitting a SCR model to the data, it is of interest to check whether there is any evidence to
suggest the coefficients are random. Bruesch and Pagan (1980) have proposed a test, based on the
score statistic, to test the possibility that the parameters of a regression model are fixed against the
alternative that they are random. Their test statistic is constructed under the assumption that the
errors in the regression model are Gaussian and are identically distributed. Further, Newbold and
Bos (1985), Chapter 3, argue that the test proposed in Bruesch and Pagan (1980) can be viewed
as the sample correlation between the squared residuals and the regressors (under the assumption
of Gaussianity). In this section, we suggest a distribution free version of the test given in Newbold
and Bos (1985), to test the hypothesis that the parameters are fixed against the alternative that
they are random. Further, we propose a test to test the hypothesis the parameters are random

(iid) against the alternative that they are stochastic (and correlated).



To simplify notation we will consider simple regression models with just one regressor, the dis-
cussion below can be generalised to the multiple regression case. Let us consider the null hypothesis
Hy : Yy = ag + a12¢ + ¢, where {¢;} are iid random variables with E(g;) = 0 and var(g;) = 02 < o0
against the alternative Hy : Y; = ag + a1z + €, where ¢, = ayxy + €4 and {oy} and {&;} are iid
random variables with E(ay) = 0, E(g;) = 0, var(ay) = 02 < oo and var(e;) = 02 < oco. If the
alternative were true, then var(e;) = 2?02 + 02, hence plotting var(e;) against x, should give a clear
positive slope. The following test is based on this observation. Suppose we observe {(Y;, x;)} and
use OLS to fit the model ag + a1z to Y;, let é; denote the residuals. We use as the test statistic

the sample correlation between {z?} and {¢?}

T
_ l 2.2
=T Ty €y
t=1

To understand how &7 behaves under the null and alternative, we rewrite &7 as

1 T
=) (7 2_&): (14)

t=1 t=1

Nl
E

T T

a T
1 R 1 1 1
=7 ; (6? - E(é?))(ﬂﬁf T Zx?) +R;, where Ry = 7 Zx? (E(ef) -7 ZE(6§)>

s=1 t=1

op(1)
We observe that in the case that the null is true, then E(e?) is constant for all ¢ and S; = o,(1).
On the other hand when the alternative is true we have §; — E(R;1), noting that in this case

T

Zx <x szg). (15)

t=1
In the proposition below we derive the distribution of the test statistic Si, under the null and the

alternative.

Proposition 4.1 Let S; be defined in (14), and suppose the null is true and E(|e;|*T0) < oo (for

some 6 > 0) then we have \FF 2 N(O, 1), where Ty p = U“C}e?) Z?zl(xf -1 3:1 r2)2.

Suppose the alternative is true and {et} and {e;} are iid random variables, E(|e;|*1?) < oo and

E(low|*t?) < oo (for some § > 0) then we have
VIT, (81— Ri) B N(0,1),
where Ry is defined as in (15) and Tor = % Zthl var((ogry + et)2)(x% — % T_l xz)z.
PROOF. In the Technical report. ([l

We mention that in the case that the parameters in the regression model are fixed, but the

variance of the errors vary over time (independent of z;) the test statistic, S1, may mistakenly lead

10



to the conclusion that the alternative were true (because in this case R; will be non-zero). However,
if the variance varies slowly over time, it is possible to modify the test statistic S; to allow for a
time-dependent variance, we omit the details.

We now adapt the test above to determine whether the parameters in the regressor model are
random against the alternative there is correlation. More precisely, consider the null hypothesis
that the coefficients are random Hy : Y; = ag + a1z + €, where ¢, = ayzy + &, and {ay} are iid
random variables and {e;} is a stationary time series with cov(eg, e;) = c(k) against the alternative
that the coefficients are stochastic and correlated H4 : Y; = ag + a1x¢ + €;, where ¢ = apx + &4
and {a;} and {&;} are stationary random variables with cov(eg,ex) = ¢(k) and cov(eg, ;) = p(k).
We observe that if the null were true E(ee;—1) = ¢(1), whereas if the alternative were true then
E(erer—1) = xpxi—1p(1) + ¢(1), hence plotting €.6;—1 against xyz;—1 should give a clear line with a
slope. Therefore the empirical correlation between {é.é;—1} and {x;xy—1} can be used as the test

statistic, and we define

1 « E a
= T Zﬂftfxtflétgtfl — Z:L’ta?t 1 Zé é 1). (16)
t=2

Rewriting Sy we have

T T
1 1
S = T tEZQ (érér—1 — E(erer—1)) (mewe—1 — T 5522 TsTs—1) +Ra, (17)

op(1)

where Ry = %Z;‘FZQ Tpxp—1 <E(etet_1) -7 ST, E(eses_1)>. It is straightforward to see that if

the null were true S; = o0,(1), but if the alternative were true then E(S») LA R3, noting that
Ry = %Z;‘FZQ 1 xy—1 | Texi—1c0ov(ay, ap—1) — %23:2 xsms_lcov(as,as_1)>. Below we derive the

distribution of Sy under the null and alternative.

Proposition 4.2 Let Sy be defined in (16), and suppose the null is true, that is Yy = ap+ a1z + €,
where €, = oyt + €1, and {ay} are iid random variables E(|ay|®) < oo and {e;} is a stationary time
series which satisfies ex = 3 72 me—; and > ;|| < oo and E(|n;|®) < oo. Then we have
\/TA;’;/2SQ A N(O, 1), where Ay p = %ZZ’QZI CoV(E, 4y —1,EtyEty—1)Vty Vg, and vy = (x% —
T PO 333)2

On the other hand suppose the alternative were true, that is Y; = ag + a1 + €, where ¢ =
arry + e, and {ow} and {e} are stationary time series which satisfies ey = Y220 Yjn—j, o =
Dot Yiami—j1s 2ol < oo, i [a
fA_1/2(82 — Ry) A N(O, 1), where Ay p = var(Sz).

< oo, E(|n;|®) < oo and E(|n;1|®) < oo. Then we have

11



PROOF. Similar to Proposition 4.1. O

It is worth noting, it is not necessary to limit the test statistic for testing for correlation at lag

one (as was done in Sg). It is straightforward to generalise Sy to test for correlations at larger lags.

5 Asymptotic properties of the estimators

5.1 Some assumptions

We now consider the asymptotic sampling properties of estimators 1 and 2. We need the following

assumptions on the stochastic coefficients and the regressors, which we use to show consistency and

the sampling distribution.

Let | - | denote the Euclidean norm of a vector or matrix respectively.

Assumption 5.1 (On the stochastic coefficients) (i) The parameter spaces ©1 and O2 are

such that, there exists a 0 > 0, where infxceo, (T,,ZL_H > § and infyeco, flr (Zﬁ_f(mfl)(m;lﬂ)exp(ir)\))-

fo(P,w —N)dX > 6.
(ii) The parameter spaces Q, ©1 and ©2 are compact.

(iii) The coefficients 1); ; of the MA(co) representation given in Assumption 2.1, satisfy supgee, Y o 1]
(VEY; j(9)] < 0o (for all0<k<3and1<j<n+1)

(iv) The innovation sequences {n;} satisfy supy<;<ni1 E(nij) < 0.

Assumption 5.2 (On the regressors) (i) sup, ; |z < oo and + Zthl ﬁ:é‘% is non-singular

for all T (X}, = (z41,...,Tep))

(ii) Suppose that @q is the true parameter. There does not exist another 8* € ©1 ® Oy such that

for all 0 <r <m — 1 and infinite number of t we have

n m—|r|
> (cj(00,m) = ¢5(07,7)) D TysnyrihjTeom/zihtng = 0.
=1 k=0

Let Jrm(9,w) = ZtT:_nT/; fmm('ﬂ,w)_l((]t(’ln)@(w), cel t(’?,i(w)) For all T and ¥ € Oy,

| Trm (0, w) T m (¥, w) dw is nonsingular and the smallest eigenvalue is bounded away from

ZETO.

(iii) For all T, E(V%Egﬂm) (ao, B9)) and E(VgE(Tm)(ao, 00)) are nonsingular matrices and the small-

est eigenvalue is bounded away from zero.
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Assumption 5.1(i) ensures that F; ,, is bounded away from zero and thus E|£(Tm) (a,8)| < oo, simi-
larly Assumption 5.1(iii) implies that sup; Y02 __[r-V¥¢;(6,7)| < oo, therefore E|V§£(Tm)(a, 0) <

r=—00

0o. Assumption 5.2(i,ii) ensures that the estimators converge to the true parameters.

5.2 Sampling properties of Estimator 1: & and 07

We first show consistency of (ar, 9T)

Proposition 5.1 Suppose Assumptions 2.1, 5.1(i,ii) and 5.2 are satisfied and the estimators ar,
Or are defined as in (11). Then we have ar L ay and Op LA 0o, as T,, — o0 and T — oo.
PROOF. In the Technical report. O

We now obtain the rate of convergence and asymptotic normality of the estimator, this requires

a bound for the variance of Egpm)(a, 0) and its derivatives. To do this we rewrite Egpm) (a,0) and its

derivatives as a quadratic form. Substituting Jx r(w) = Jyr(w) — 227, ajJ(j) (w) into Lgpm) (a,0)

t,m
gives
m 1 _ “ 1 _
a,6) = - {ViF) +2 Y- D5 +
m j:1
37 (@40 — aj ) a0 — ap) HE D (Feh + Y / logft,m<e7w>dw},
Jr,j2=1 t=m/2

where for a general function {G¢(w)}: we define

T—m/2 m T—m+k m—k
1
Vr(G) = Z /Qt(w)\Jx,t(W)Pdw = om Z Z XsXstrgsymy2-k(r),  (18)
t=m/2 k=1 s=k r=—
o T—m/2 ‘ ‘ 1 m T—m+k m—k
HPG) = Y [ 6@ @I e = 5 ToistrinFsim/2 (),
t:m/Q ]{?:1 S:k r=—
‘ T—m/2 A 1 m T—m+k m—k
DG = Y [ G I = 5 S > Xatarrjlsrm/a-(r),
t=m/2 k=1 s=k r=—
gs(r) = [ Gs(w) exp(irw)dw and gs(r) = [ Gs(w) cos(rw)dw. A similar expansion also holds for the
derivatives of [,(Tm) (which can be used to numerically minimise E(Tm)). Let V = (8%1, ceey a%q) and

13



VLl = (Vo™ verl™), where

m 1
VoLi (a,0) = - {(VT VoF ! ~|—22a30 D (VeF ™))
T—m/2
, Vef,m 07w
+ Z (aji,0 — aji)(aj,0 — azy) Hy HY" ]2)(V F- ) Z ~7:t(9(w))dw}

.717]2 1 m/2 bm ’
Vo, £ (@.0) = ZH{DPFE ) + Y (aj0 - ) HP (F ) (19)

m jlzl

and the second derivatives are

m —2 j
vajVBE% )(a,G) = E{Déf)(VQ}“ )+ Z (aji0 — aj) H(Nl)(v F )}

Jj1=1
(m) _ 2 )
VaHVaJQL (aao) = ﬂ 1.J2 (V F- ) (20)
V%ﬁgﬂm) (a,a) = Tm |:VT V@f Z ajo — (VQJ: )

n

3" (@ju0 — i) (a0 — az) HY (V3FL)

J1,j2=1
1 TR V2F, (6 Vo Fim(0,0)VoFim(6,w)
4 Z / 0 t,m( ,W) o e t,m( 70')) (2] t,m( 7&)) dw )
m t=m/2 ft,m(euw) ft,m(eaw)Q

Since the Fourier coefficients in the quadratic forms of .C(Tm) and its derivatives are absolutely
summable (under the stated asumptions), it can be shown that the covariance of the stochastic
sequence {Z;,,}, where Z;,, = ﬁzgﬂ Zfz_kk Xt Xt 4rGt4m/2—k(7)}s is absolutely summable.

m)

This implies that the variance of E(T and its derivatives do not depend on m (so long as m = o(T)).

We make this precise in the lemma below.

Lemma 5.1 Suppose Assumptions 2.1, 5.1(i-iii) (and sup; E(néj) < o0) and 5.2(1) are satisfied.
Let Vr(G) and D(j)( G) be defined as in (18), where sup, Y, |gs(r)| < oo and sup, >, |Gs(r)] < oc.
Then we have E(D (”(g)) =0,

T— m/2
BViG) = Y. [ Gw)Fum(0.)de 1)
t=m/2
var<vT<g>><T<n+1>snggs<r>{2<2p2<r>>2+ > p4<k1,k2,k3>} (22)
T T k1,k2,k3
and
var(DY(6)) < T(n -+ 1)sup(}_15:(r)) (3 (1), (23)

14



where

pa(k) = k3sup > [l - [irnjl,  palky, ko ks) = kasup Y (Wil [Gipky |- itk | - Vit sl (24)
I Iy

Rg = Sup; WT’(HO,J’) and k4 = Sup; Cum(no,j, 10,5, 70,55 770,j)-

PROOF. See the Technical report. O
Applying the mean value theorem pointwise to V[,(Tm)(

SUDg g \Vzﬁgﬂm)(a, 0)— E(V2£§qm)(a, 0))| 2. 0 we have

- (m)

ar — aq m _ Vol (ao, 00) 1

A = E(V2L{" (a0, 00)) | T + oyl =) (25)
0r — 6 VBET (a0; 00) T

ao, 0p) and using the uniform convergence

Thus by using the above, if Assumption 5.2(iii) holds and m = o(T') then we have
1

(&T — ayp, éT — 90) = Op(ﬁ)

In the following theorem we use the above expansion to show asymptotic normality of (ar, 9T) This
requires us to evaluate E(V2£(Tm) (ap, Bp)) and Var(VE(Tm) (ap, 0p)). The elements 0fIE(V2£(Tm) (ao, 6o))
are given by E(ngaﬁ(Tm)(ao, 0o) =0,

T—m/2
E(VZLE (a0,00)) ], 5 = Z / Frn(00,0) I @) I3 (~w)dw,  (26)
t=m/2
T— m/2
m m 0 b m 0 9 !
E(V3LY" (ag,60) = V7 um{Bo th))( 0, 2) dw,
- /2 0,wW

and Var(VE%m) (ap,0p)). In order to compare the limiting distributions of estimator 1 and 2, we

rewrite Var(V,Cgpm)(ao, 00)) in terms of a block matrix

Wr = Tvar(VLY™ (ag,60)) (27)
. Wl,T TCOV(V@,ngm) (a(), 00), Vgﬁgwm)(ao, 00))
Teov(V L™ (o, 00), VLY (a0, 80)) Tvar(VsLS™" (a, 80))

with 8 = (a, ) and

Wi = var ﬁvaﬁ(Tm)(ao’ %o, 0) (28)
7 \/Tvﬂﬁ(Tm)(ao, 99, 00)

Theorem 5.1 Suppose Assumptions 2.1, 5.1 and 5.2 hold, then we have

VTBM? ( ar—ao ) 3/\/(0,1), (29)
Or — 0,
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as T, /T — 1 and T — oo, where By = VEIWT(Vfl, Wr is defined in (27) and

E(V2LI™ (a0, 00)) 0

Vi =
0 E(V3L" (ao, 60))

PROOF. In the technical report. O

We observe that Vr is a block diagonal matrix, this is because straightforward calculations show

E(VaVeLi™ (a,60)) = 0.

Remark 5.1 Ezamining Wr we observe that the only parameters in W which we need to esti-
mate (in addition to (ag,00)) are the cumulants cum(nej, Nej,Me;) and cum(ne;, Mg, Mej, Mej). We
estimate the cumulants using the estimated moments. To estimate the moments, we group the ob-
servations {Y;} in (n + 1) blocks, each of length M = T/(n + 1), and evaluate the empirical third
moment within each block. If the size of each block M =T /(n+1) is large, we obtain the following

approximate equations

1 M 1 n+1 M 0o
M Z Y]\?;[Wrs ~ M Z E(n?,j) Z $%4r+s,j Z Vij (190)3‘
s=1 j=1 s=1 i=0
Obviously this equation is true forr =1,...,(n+1). Therefore, we have (n+1) linear simultaneous

equations in the unknown {E(nij)}, which, if we replace O with 97, we can solve for. Thus we
have an estimator of E(nfj) Using a similar method, the empirical fourth moment, can be used to
obtain an estimator of the fourth order cumulants.

5.3 Sampling properties of Estimator 2: X7, ar, U7

We now obtain the sampling properties of Estimator 2. We first consider the properties of the

variance estimator Y.

Proposition 5.2 Suppose Assumptions 2.1, 5.1 and 5.2 are satisfied, let Lp(a,X) and o be
defined as in (12). Then we have

var(VsLy(ao, £0)) ">V Lr(as, o) 2 N(0,1) (30)
Cr P (Er - 20) B N(0,1),
1

as T — oo, where Cr = E(V&Ly(ao, 20))_1va7’(Vg£T(a0, 30))E(VE L (ao, o)) -

We now consider the properties of (ar, {9T), which are obtained in Step 2 of Estimator 2.
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Theorem 5.2 Suppose Assumptions 2.1, 5.1 and 5.2 hold, then we have

~r(m 7 (m)\— ~(m ar — agp D
\/T(ng ))1/2(W} )) 1/2(ng ))1/2 ) _)/\/-(07])7 (31)
Y1 — 9o
form =o(T) as T — oo, Cr = Vi "W,V L, where
Wy = Wrpy+ 0= pm _ E(VZE(Tm)(ao, 90, 20)) 0
T — s ; T = m
) S 0 (V3L (a0, 90, 5o))

with W1 defined as in (28) and
2 = COU(\/TVaE(Tm) (a0, 90, £0), VI Vs Lp(a, 20)) Qr
=, = 2cov(\FTV19£grm) (a, 99, 20), VT VsLy(ag, Eo)> o + QT’UQT(\/TVEJ[,T(CLQ, %0)) Q7

Qr is a ¢ X (n+ 1)-dimensional matriz defined by

T—m/2

1 —
QT - <T/ Z (vﬁfbm(,ﬂ@v EOaw)_l) ®H(t7m)(W)dw>E(v2E£T(a0, 20)) 1
m t=m/2
R (w) = / 19 (0 £ (90,0 — \)d, .

H (W) = (hgt’m) (W),..., hg_’:}) (w)) and noting that ® denotes the tensor product.

Remark 5.2 It is unclear which of the two estimators have the smallest variance. However, com-
paring the variances of the two estimators in (29) and (31), we observe that they are similar. In
particular VT is a submatriz of V. The terms =1 and S in WT, are due to the estimation of X

in the first stage of the scheme.

5.4 The Gaussian likelihood and asymptotic efficiency of Estimator 1

In this section we compare the asymptotic properties of the frequency domain estimator (ar, éT)
with the Gaussian maximum likelihood estimator (GMLE). We recall the GMLE is constructed as
if the stochastic coefficients {oy ;} and errors {e;} were Gaussian. However, unlike the frequency
domain estimators, in general there does not exist an explicit expression for the asymptotic variance
of the Gaussian maximum likelihood. Instead we will consider a subclass of SCR models, where
the regressors vary slowly over time and do the comparison over this subclass. We will show that

for this subclass an asymptotic expression for the asymptotic distributional variance of the GMLE
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can be derived. We will assume that the regressors are such that there exists a ‘smooth’ function,

z;j(+), such that z¢; = zj(%) and Y; := Y, v satisfies

n

t
Y%’N = Z(aj,o+at,j)xj(ﬁ)+€t t=1,...,T. (33)
=1

In the following lemma we obtain the asymptotic distribution of the GMLE under the asymptotic
framework that both 7" and N — oo.

Lemma 5.2 Let us suppose that {Y; n} satisfies (33), where the {cy ;} and {e} are Gaussian and
satisfy Assumption 2.1. Let

~7'-(U,90» ij ]ij "‘907 )+0-7?L+1,Ofn+1("‘907w)‘ (34)

We assume that there does not exist another 8 € ©1® ©2 such that F(v, 0y, w) = F(v,0¢,w) for all
v € [0,T/N] and the matriz £ [ TIN % )x(v) dv, (with x(v)' = (21(v),...,z,(v))) has eigenvalues
which are bounded from above and away from zero. Suppose (Qmie, Omie) s the Gaussian mazximum

likelihood estimator of the parameters (ag,6¢). Then we have
Ale — Q ATY 0
Voul I Y (0, ! )
0, — 0o 0 A2_1

with N — oo as T — 00, where

N T/N )
(Al)jl,jZ = / Ly (U)LL']'Z(U).F(U,O(),O)_ d?./,

TIN 2% 7o F (v, 00, w) (Ve F (v, 00, —w))’
Ay =2 ’ 70 dwd
? / [F (v, 60,)]2 o

1
e _— ] — 0 -1 o
a(v, k) /f(v,@o,w) exp(ikw)dw b(v, k) /Vg]-'(v, 0,w) "~ exp(ikw)dw

a(v) = {a(v,k)} and b(v) = {b(v, —k)}.

In practice, for any given set of regressors {z;;}, N will not be known, but a lower bound for

N can be obtained from {z; ;}. To ensure the magnitude of the regressors do not influence N, we

2

will assume that the regressors satisfy %Zthl Ty =

1 (for all j). To measure the smoothness of
the regressors define

. 1
N = . (35)
supy ; |[ze,; — Te-1,]

Clearly if N is large, this indicates that the regressors are smooth.

We now compare the asymptotic variance of the GMLE and Estimator 1.
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Proposition 5.3 Suppose Assumptions 2.1, 5.1 and 5.2 hold and

2
sup/‘d I 190’ ‘ dw < oo and sup/‘dvﬁmfdw<oo. (36)

Let VT(m), W;m), Arni, Arno and N be defined as in (26), (27), Lemma 5.2 and (35), respec-

tively. Then we have

. Ay 0 0 T 111
’W})— ' + e ' < K{A+++m} (37)
0 A, I, I N m Tm N
Ay 0
ym [ A ‘ < gM (38)
0 A N

where K 1is a finite constant,

ro_ N/T/N/Q’T 2”Vg]-“ ,00,w1)VoF (v, 00, w1)’
i v, 00,w1)2F (v, 00, wn)?

N (TN 2 2” VoF(v,80,ws)’
F = B Y 9 19 . d d d
2 = TS SO o s o O] explran) s

Fa(v,90, w1, ws, —w1)dw;dwadv,

(39)

x(v) = (z1(v), ..., 20 (v)), with F(v,0,w) defined as in (34),

n+1
]-'3(21, 19, Wi, LUQ) = Z /ﬁ‘/J 3ZL‘J 19 wl)Aj(ﬁ, wz)Aj(’ﬁ, —Ww1 — w2)
n+1
.7:4(’[}, ’19, w1, w2, w;g) == Z I{] 4.TJ ’19 wl)Aj(ﬂ, WQ)A]'(T?, w;g)Aj(’ﬂ, —W] — W2 — w:),),

ki3 = cum(no,j,o,j,M0,5) and K4 = cum(1o.j, 10,5, 10,55 70,5)-

Remark 5.3 (Selecting m) Let us consider the case that {oy ;} and {e;} are Gaussian, in this
case I'y o = 0 and I'y = 0. Comparing the asymptotic variances of the GMLE and (&T,@T) we
see that if we let N — oo, m — oo and m/N — 0 (noting that we have replaced N with N) as
T — oo, then the GMLE ((amie, Omie)) and (dT,éT) both have the same asymptotic distribution.
Hence within this framework, the relative efficiency of the frequency domain estimator compared
with the GMLE is one.

Furthermore, in the case that {oy ;j} and {e;} are Gaussian, (37) suggests a method for selecting

m. Since in this case the GMLE is efficient, by using (37) we have
m)y— 1 1
047 WA ot 87 = 0, (5 L ),
Hence the above difference is minimised when m = N1/2,

19



5.4.1 An expression for W(m)

m)

An expression for Vr} in terms of F;,, is given in (26) we now obtain a similar expression for
W:(Fm). The expression for Wém) is quite cumbersome, to make it more interpretable we state it in
terms of operators. Let /2 denote the space of all square summable (vector) sequences. We define
the general operator F&’?’”,ZIE’ )( -) which acts on the d; and ds-dimensional column vector sequences
g =1g(k)} € {2 and h = {h(k)} € {2 (to reduce notation we do not specify the dimensions of the
vectors in /3)

m—k1 m—ko

L2 ns,u) = Y Y grr0)hr2) K oy mumusny (8 — w,r1,m2),  (40)

ri=—k1 ro=—ko

where x5 = (Z51,...,%sn, 1) are the regressors observed at time s and the kernel KW is defined as
either
n+1
(0) _
K, oy s oy (Ko T1,2) = > Ty sy g sy jCOV(Q0j Uy iy Ok Uy )
Jj=1
n+1
(1) _ ;
ch517x527x337x34 (k,r1,m2) = Z xSlvjmszijssaijmhCOV(O‘OJO‘TlJ’ O‘k,j) I1<ji<n
Jj=1
n+1
(J1,42) _ ;s
or Kl sy oy (Bym1,m0) = D @y s i Ts iy 00V (0 gy k) 1< 12 <n (41)
=1
where for notational convenience we set o 41 := €; and x4 41 := 1. We will show that var(VE(Tm) (ag, 0o)

can be written in terms of F,((]ile,)cT(J) Suppose G,(-) and H,,(-) are square integrable vector functions,

then it can be shown

Hy(w) Xy Zg_ksz Tugry,jr €Xp(irow)dw
( )X E:«?fk_lkl s+r1 exp(zrlw)dw

k2.k2),(j1,j = k1.,k
B rﬁﬁ...?}l;ﬂ“(h ) () TR (g0, (5, w) )
T8 2 (g By (s, ) FSc’i{r.’“.f,Zé‘))(gS,gs)(s,s)

where 9, = {g = [ Gs(w) exp(irw)dw},, hy = {hy(r) = [ Hs(w)exp(rw)dw},, g g, = {QS(—’I‘)}T
and h, = {hs(—r)}T.
Using the above notation we can write

m T—m-+k1 T—m+kso
Wi = Tvar(VLY(a0,00)) = — > > Y (43)
k1 ko=1 s=k; u=ko

ki,k ) k1,k2),(
F)((117 723)(7§ J)(a5+m/2—k17au+m/2—k2)(s7 u) F)(ql,---?))(ig‘])(bs+m/2—klv au+m/2—k2)(87 u)

k1,k k1,k2),(0 - ’
ngll, ?))CISJ)(strm/Z k1> QGutm/2— kz)(sau) F>(<117,2>)<T( )(bs+m/27k1’Qu+m/27k2)(5’u)
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k1.k k k; , k ,k: k k
where TEUFL0Y — plfvkpbndzhy, o) and T80 = kO, = {0, (k)

as = {as(k)} with
= /fsjm(eo,w)_l exp(ikw)dw, b (k)= /ngsym(eo,w)_l exp(tkw)dw, (44)

(noting that Fsm,(0o,w)~! is a symmetric function hence as = as). We will use (91) when we

compare Estimator 1 with the Gaussian maximum likelihood estimator.

6 Real data analysis

We now consider two real data examples.

Example 1: Application to financial time series: Modelling of T-bills and Inflation

rates in the US

There are many possible applications of stochastic coefficient regression models in econometrics.
One such application is modelling the influence of the nominal interest rate of three month (short
term) Treasurey bills (T-bills) on monthly inflation. Fama (1977) argues that the relationship be-
tween the T-bills and inflation rate determines whether the market for short term Treasurey bills
is efficient or not. In this section we will consider three month T-bills and monthly inflation data
observed monthly between January 1959 to December 2008, the data can be obtained from the US
Federal reserve,

http://wuw.federalreserve.gov/releases/h15/data.htm#fn26 and
http://inflationdata.com/inflation/Inflation Rate/HistoricalInflation.aspx respectively.
A plot of the time series of both sets of observations is given in Figure 1. The estimated corre-
lation coefficient between the three month T-bills and monthly inflation is 0.72. Let Y; and z:
denote monthly inflation and T-bills interest rate at time ¢ respectively. Fama (1977) and Newbold
and Bos (1985) consider the nominal interest rate of three month T-bills and inflation rate data
observed every three months between 1953-1980. Fama (1977) fitted the linear regression model
Y: = ayxy + ¢4 ({&} are iid) to the data, and showed that there wasn’t a significant departure of a;
from one, he used this to argue that the T-bills market was efficient. However, Newbold and Bos
(1985) argue that the relationship between T-bills and inflation is more complex and suggest that
the SCR may be a more appropriate model, where the coefficient of x; is stochastic and follows an

AR(1) model. In other words
YVi=ao+ (a1 +oup)ze +er, g =111+ (45)
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where {&;} and {n;} are iid random variables with E(g;) = 0, E(1;) = 0, var(e;) = 02 < oo and
var(n) = 0727 < 00. Using the GMLE they obtain the parameter estimates ag = —0.97, a; = 1.09,
Y1 = 0.89, 02 = 1.41 and 0727 = 0.013. We now fit the same model to the T-bills data observed
monthly from January 1959 to December 2008 (600 observations), and use the two-step Estimator
2 to estimate the parameters ag,ay, 91, 02 = var(az 1) and o2 = var(e) using Estimator 2. The
variances 02 and o2 are estimated in the first step of Estimator 2, the estimates with their standard
errors are given Table 1. Note that comparing the estimates with their standard errors we observe
that both parameters o2 and o2 appear significant. In the second stage of the scheme we estimate
ap, a1 and Y1 (we note that because the intercept ay appears to be insignificant we also do the
estimation excluding the intercept), these estimates are also summarised in Table 1. The estimates
for different m are quite close. The model found to be most suitable for the above data when

m = 200 is
i = (0734 ay1)xe +e, o1 = 0.9600—1,1 + 1,

where 02 = 1.083% and 02 = 0.285% (hence o = 0.079?). We observe that the AR(1) parameter
estimate of the stochastic coefficient {ay 1} is 0.96. This value is close to one, suggesting that the
stochastic coefficients {ay1} could come from a unit root process.

To assess the validity of this model, we obtain one step ahead best linear predictors of Y; given
{Ys 2;11 and the current T-bills rate z;, every month in the year 2008. In order to do the prediction
we re-estimate the parameters aq, 0, ag and o2 using the observations from 1959-2007. We use the

two-step Estimator 2 with m = 200 to obtain
i = (0774 o)z +e,  apn = 0.9650q—1,1 + 1y, (46)

with 02 = 0.79? and 03 = 0.30? (hence o7 = 0.18%). We also fit the linear regression model
Y; = a1x¢ + 4 to the data and use OLS to obtain the model Y; = 0.088 + 0.75x; + ;. The predictor
using the usual multiple linear regression model and and one-step ahead predictor using the SCR
model are given in Figure 2. To do the one-step ahead prediction we use the Kalman filter (using
the R package ss1.R, see Shumway and Stoffer (2006), Chapter 6 for the details). The mean
squared prediction errors over the 12 months using the multiple regression and the SCR model
are 8.99 and 0.89 respectively. We observe from the plots in Figure 2 that the multiple regression
model always underestimates the true value and the mean square error is substantially larger than

the SCR model.
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Figure 2: We compare the true inflation rates with their predictions. The continuous thick line —
is the true inflation rate. The broad dashed line —— is SCR one step ahead predictor given in (46).
The fine dashed line - -- is the linear regression predictor }A/t = 0.088 + 0.750x;.
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ao a1 % Oa Oe
OLS 0.088 0.750
(s.e.) (0.18) | (0.029)
Stage 1 0.088 0.74 0.285 1.083
(s.e.) (0.011) | (0.059)
m = 10 (with intercept) 0.618 0.625 0.981
(s.e.) (0.325) | (0.069) | (0.042)
m = 10 (without intercept) 0.741 (0.971)
(s.e.) (0.0325) | (0.05)
m = 50 (with intercept) 0.309 0.687 0.969
(s.e.) (0.35) | (0.069) | (0.026)
m = 50 (without intercept) 0.743 0.957
(s.e.) (0.032) | (0.038)
m = 200 (with intercept) 0.223 0.7327 | 0.96088
(s.e.) (0.44) | (0.022) | (0.024)
m = 200(without intercept) 0.765 0.951
(s.e.) (0.029) | (0.030)
m = 400 (with intercept) 0.367 0.725 0.963
(s.¢.) (0.48) | (0.070) | (0.023)
m = 400(without intercept) 0.773 0.957
(s.e.) (0.029) | (0.026)

Table 1: We fit the model Y; = ag + (a1 + oy,1)z¢ + ¢, where oy 1 = ¥104-1,1 + 1, with and without
the intercept ag. The estimates using least squares and the frequency domain estimator for different

m are given. The values in the brackets are the corresponding standard errors.
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Example 2: Application to environmental time series: Modelling of visibility and

air pollution

It is known that air visibility quality depends on the amount of particulate matter (particulate
matter negatively effects visibility). Furthermore, air pollution is known to influence the amount
of particulate matter (see Hand et al. (2008)). To model the influence of air pollution on par-
ticulate matter Hand et al. (2008) (see equation (6)) fit a linear regression model. However,
Burnett and Guthrie (1970) argue that the influence of air pollution on air visibility may vary
each day, depending on meteorological conditions, and suggest that a SCR model may be more
appropriate than a multiple linear regression model. In this section we investigate this possi-
bility. We consider the influence of man made emissions on Particulate Matter (PM2.5-10) in
Shenandoah National Park, Virginia, USA. The data we consider is Ammonium Nitrate Extinction
(ammNO3f), Ammonium Sulfate (ammSO4f), Carbon Elemental Total (ECF) and Particulate Mat-
ter (PM2.5-10) (ammNO3f, ammSO4f and ECF are measured in ug/m3) which has been collected
every three days between 2000-2005 (600 observations). We obtain the data from the VIEWS web-
site http://vista.cira.colostate.edu/views/Web/Data/DataWizard.aspx. We mention that
the influence of man made emissions on air visibility is of particular importance to the US national
parks service (NPS), who collected and compiled this data. An explanation of the data and how
air pollution influences visibility (light scattering) can be found in Hand et al. (2008).

The plots of both the air pollution and PM2.5-10 data is given in Figure 3 and 4 respectively.
There is a clear seasonal component in all the data sets as seen from their plots. Therefore to prevent
spurious correlation between the PM2.5-10 and air pollution we detrended and deseasonalised
the PM2.5-10 and emissions data. To identify the dominating harmomics we used the maximum
periodogram methods suggested in Quinn and Fernandez (1991) and Kavalieris and Hannan (1994).
To the detrended and deseasonalise PM2.5-10 and air pollution data we fitted the following model

Y: = (a1 + ae1)xe + (a2 + ar2)xee + (a3 + e 3)xes + €,

where {x:1}, {zt2}, {23} and {Y;} are the detrended and deseasonalised ammNO3f, ammSOA4f,
ECF and Particulate Matter (PM2.5-10), and {oy ;} and &; satisfy

g =504 15+, forand j=1,2,3, & =Dug 1+ 4,

{ne;} iid random variables. Let 02 = var(e;), 03’1 = var(oy,1), 0272 = var(oy,2) and 0373 = var(o3).
We used Estimator 2 to estimate the parameters ai, as, az, o 1, a2, ¢ 3, v 4, ag, ai}l, 0272 and

0373. At the start off the minimisations of the objective functions L7 and Eg,,m), as initial values we
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Figure 3: The top plot is 3-day Ammonium Nitrate Extinction (Fine), middle plot is 3-day Am-

monium Sulfate (Fine) and lower plot is three day Carbon Elemental Total (Fine)
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Figure 4: The plot is 3-day Particulate Matter (PM2.5 - PM10)

gave the least squares estimates of ag for the mean regression coefficients and 0.1 for all the other
unknown parameters. In the first stage of the scheme we estimated a1, az, a3 and o2, 0371, 0372 and
0273. We also fitted parsimonious models where some of the coefficients were kept fixed rather
stochastic. The results are summarised in Table 2 (step 1). We observe that the estimate of 041
is extremely small and insignificant. We observe that the minimum value of the objective function
L7 is about the same when the coefficient of ammNO3f {z;;} is fixed and random (it is 2.012).
This suggests that the coefficient of ammNO3f {x; 1} is deterministic. This may indicate that the
relative contribution of NO3f ({z41}) to the response is constant throughout the period of time
and is not influenced by any other extraneous factors. We re-did the minimisation systematically
removing 042 and 04,3, but the minimum value of L7, changed quite substantially (compare the

minimum of the objective functions 2.012 with 4.09,3.99 and 4.15). Hence the most appropriate

model appears to be
Y = arz0 + (a2 + ou2)zio + (a3 + o 3) T3 + €4,

where {ay1} and {as2} are stochastic coefficients. It is of interest to investigate whether the
coeflicients of ammSO4f and ECF are purely random or correlated, and we investigate this in the
second stage of the frequency domain scheme, where we modelled {oy2} and {oy 3} both as iid
random variables and as the AR(1) model ay; = ¥jou—1,; + 15, for j = 2,3. The estimates for

various different models and different values of m are given in Table 2. If we compare the minimum
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of the objective function where {oy 2} and {a; 3} are modelled as both iid and satisfying an AR(1)
model, we see that there is very little difference between them. Moreover the standard errors for
the estimates of 9 and v3, are large. Altogether, this suggests that ¥o and 3 are not significant
and {oy 2} and {a4 3} are uncorrelated over time. Hence it seems plausible that the coefficients of
ammSO4f and ECF are random, but independent. To check the possibility that the errors {e;}
are correlated, we fitted an AR(1) model to the errors. However we observe from Table 2, that
the AR(1) parameter does not appear to be significant. Moreover, comparing the minimum of the
objective function Eé%) (for different values of m) fitting iid {e;} and an AR(1) to {e;} gives almost
the same value. This suggests that the errors are independent. In summary, our analysis suggests
that the influence of ammNO3f on PM2.5-10 is fixed over time, whereas the influence of ammSQO4f
and ECF varies purely randomly over time. Using the estimator obtained when m = 200 this

suggests the model
Y: = 0.255271571 + (4.58 + Oét’Q)xt’Q + (1.79 + Oétyg)wt,g + &¢,

where {oy 2} and {oy 3} are iid random variables, with o, 2 = 1.157, 04,3 = 0.84, 0. = 1.296. Based
on our analysis it would appear that the coefficients of pollutants are random, but there is no linear
dependence between the current coefficient and the previous coefficient. On possible explanation for
the lack of dependence is that the data is taken every three days and not daily. This could mean
that the meterological conditions from three days ago has little influence on today’s particulate
matter. On the other hand if we were to analyse the daily pollutants and daily PM2.5-10 the
conclusions could have been different. But this daily data is not available. It is likely that since
the data is aggregated (smoothed) over a three day period any possible dependence in the data was

removed.
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A Appendix

A.1 Proofs for Section 2.2.2 and 4

We first prove Proposition 2.2.
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al as as Vo 93 Iy \/var(a,ql) \/var(atyg) \/var(at,;;) \/m minL
OLS 0.29 4.57 1.76
(0.078) | (0.088) | (0.0908)

Stage 1 0.38 4.53 1.58 7.10°7 1.25 0.84 1.29 2.102
(s.e.) (0.048) | (0.079) (0.076) (0.07) (0.097) (0.098) (0.046)

Stage 1 0.56 3.28 -3.09 0.75 3.315 4.496 4.09
(s.e.) 0.170) | (0.181) (0.29) (0.042) (0.159) (0.049)

Stage 1 0.387 4.53 1.58 1.157 0.84 1.296 2.102
(s.e.) 0.048) | (0.080) (0.076) (0.009) ( 0.009) (0.002)

Stage 1 0.287 3.52 -3.11 3.00 3.83 3.99
(s.e.) 0.139) | (0.171) (0.27) (0.164) (0.07)

Stage 1 0.521 5.09 -2.93 4.42 4.15
(s-e.) (0.131) | (0.145) (0.65) (0.011)

m=10 0.393 4.47 1.630 0.883 -0.144 2.066
(s.e.) (0.048) (0.079) (0.076) (0.095) (0.351)

m=10 0.39 4.47 1.63 -0.13 2.066
(s.e.) (0.05) (0.077) (0.071) (0.34)

m=10 0.388 4.467 1.661 0.94 2.084
(s.e.) (0.039) | (0.061) (0.058) (0.029)

m=50 0.327 4.55 1.75 0.617 -0.235 2.199
(s.e.) 0.056) | (0.070) (0.071) (0.30) | (0.659)

m=50 0.324 4.54 1.746 -0.32 2.22
(s.e.) (0.055) | (0.073) (0.070) (0.54)

m=50 0.308 4.55 1.764 0.244 2.21
(s.e.) (0.049) | (0.062) (0.062) (0.127)

m=200 0.261 4.595 1.770 0.538 0.9722 2.111
(s.e.) (0.06) (0.067) (0.070) | (0.322) | (0.042)

m=200 0.261 4.60 1.77 -0.087 2.124
(s.e.) (0.06) (0.068) (0.068) (1.2)

m=200 0.255 4.58 1.797 0.458 2.1339
(s.e.) 0.051) | (0.058) (0.058) (0.145)

m=400 0.2531 4.597 1.793 0.979 0.932 2.116
(s.e.) 0.061) | (0.068) (0.070) | (0.032) | (0.143)

m=400 0.25 4.59 1.79 0.92 2.128
(s.e.) (0.06) (0.068) (0.068) (0.167)

m=400 0.250 4.580 1.807 0.478 2.139
(s.e.) 0.051) | (0.0583) | (0.059) (0.148)

Table 2: In stage 1 we fitted the model Y; = (a1 + oy1)xe1 + (a2 + on )2 + (a3 + o 3) w3 + €,
and various subsets (here we did not model any dependence in the stochastic coefficients). In the
second stage (for m = 10, 50,200 and 400) we fitted AR(1) models to {a;2}, {oy 3} and {e;}, that
is ago = Vooy—12 + N2, 03 = Vao—13 + m.3 and €, = V4641 + nra. The value of the frequency
domain likelihood at the minimal value is also given in the column minL. The standard errors of

the estimates are given below each estimate in brackets.

PROOF of Proposition 2.2 We first observe that because Xt, ~ is locally stationary there

exists a function A(-), such that
Kon = / A(%,w) exp(itw)dZ(w) + O, (N1). (47)

Now since A(-) € Ly([0,1] ® [—m, x]), for any § there exists a ng such that
ns
|A(v,w) = > Aj(w)z;(u)] < K5,
j=1
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where A;(w) = [A(v,w)zj(v)dv, and K is a finite constant independent of §. Substituting this

into (48) gives

ng
- . t _
Xiv=> { / Aj(w) exp(ztw)dZ(w)} 2i(5) + Op(d + N b. (48)
j=1
Let ayj = [ Aj(w)exp(itw)dZ(w), since Z(w) is a orthogonal increment process with E|dZ(w)]* =
dw it is clear that {a; = (ay,1,...,a¢y)} is a second order stationary vector time series. Thus for

every 0 there exists a stochastic coefficient regression expansion, thus we have the desired result.

O

We now prove Proposition 4.1.
PROOF of Proposition 4.1 We first prove the result under the null. We write the residuals
as & = e +q(a—a,x;), where g(a—a, x¢) = (ag—ap)+ (a1 —ay1)xy and ag, a; are the OLS estimators

of (ap,a1). Therefore S = S1 + I, where

M 1 « 1 «
iy aa- Lyt yd
t=1 t=1 t=1
and
1 & 1 1
sz a—g,a:t)st—l—q(g—g,a:t TZ:E TZ a—a,z)er + q(a— a, xt)Z)-
t—1 t=1 t=1

Under the stated conditions it is straightforward to show that I = O,(T~1), therefore S; =
S1+0 (T ~1). By using the central limit theorem for independent random variables it can be seen
that \/>F 1/281 = N(O 1) thus fF 1/281 LA N(O, 1) which gives us the result under the null.

A similar method can be used to prove the result under the alternative. ]

A.2 Proofs for Sections 5.2

PROOF of Lemma 5.1. The proof of (21) is straightforward, hence we omit the details. To prove
(22) we first note that |cov(X¢, Xs)| < (n+1)sup, ; |z1.5]%p2(t — 8) and |cum(Xy,, X4y, Xiy, Xi,)| <
(n+ 1) supy ; |5 pa(ta — t1,t3 — t1, ¢4 — t1). Expanding var(Vr(G)) gives

m  T—m/2+k1 T—m/2+ks m—k1 m—ks

Z Z Z Z Z COV X XS_:,_Tl,Xu,Xu—l—rz)gs(rl)gu(rQ) (49)

k‘l,kQ 1 s=k1 u=ko ri=—k1 ro=—ko

var(Vr(G)) =

From the definition of pa(-) and p4(+) it is clear that

lcov(X s Xstry, Xuy Xutrs)|

< pa(s—u)pa(s+ri—u—r2) + pa(s+r1 —up2s —u—ro) + pa(ri,u —s—ri,u—8s+r —1r2).
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Substituting the above into (49) gives us (23). Using the same methods we have (23). O

We use the following lemma to prove consistency of the estimator and obtain the rate of con-

vergence.

Lemma A.1 Suppose Assumptions 2.1, 5.1(i-v) and 5.2(i) are satisfied. Then for all a €  and
0 € © we have

var (£5(a,0)) = O(Ti), var (VL$"(a.6)) = O(Ti), var (V2L (0, 0)) = O(TL). (50)

PROOF. To prove (50), we use Lemma 5.1, which means we have to verify the condition
S [VEFSL(6,w) explirw)dw| < oo, for k = 0,1,2. This follows from (112) (in Lemma A.8),

hence we obtain the result. OJ

To show convergence in probability of the estimator we need to show equicontinuity in proba-
bility of the sequence of random functions {[,(Tm)}T. We recall that a sequence of random functions
{Hr(6)} is equicontinuous in probability if for every ¢ > 0 and n > 0 there exists a § > 0 such
that limy o sup P(supjg, _g, |, <s |H7(01) — Hr(02)| > 1) < &. In our case Hr(0:) := [,Epm) and

pointwise it converges to its expectation

E(L"(a,0)) (51)
T—m/2 n (J1) (J2)
1 ftm 007 Jt,m (w)‘]t,m (_w)
Tn Z /{ Fom(0,0) +j;1(%,0 —aj,)(aj0 — aj,) Fon0,0) + log Fi.m (0, w) pdw,
1,J2=

Lemma A.2 Suppose Assumptions 2.1, 5.1(i-v) and 5.2(i) are satisfied, then

(i) E(Tm) (a,0) is equicontinuous is probability and |£§Fm)(a, 0) — IE(E(Tm)(a, 0))| 2o

(i1) V2£§Fm)(a, 0) is equicontinuous in probability and |V2£(Tm) (a,0) — E(Vzﬁgpm)(a, 0))| z 0,
as T — oo.

PROOF. We first prove (i). By the mean value theorem

125 (a1,00) = £5(a2,6P) < sup VLY (a,0)] (a1 — as,0D —0P)],  (52)
SN ISSITSD

where V[,(Tm) (a,0) = (VaE(Tm) (a,0), VgE(Tm) (a,)). From above it is clear if we can show V/J(Tm) (a,0)

is bounded in probability, then equicontinuity of Egrm) (a, ) immediately follows. Therefore we now
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bound sup,ecnpco, 20, |V££Fm)(a, 0)|, with a random variable which is bounded in probability. In-

specting (19) and under Assumption 5.1(i) we note that

sup \Vajﬁ(Tm)(a,O)] < —{ sup |ze 5| -m - ST+ Z sup ]H 772) (Fo 1)]} (53)
a0 jo—1
m K _
sup \Vgﬁ% )(a, 0) < T{ sup Vi (VoFy ') + sup |zt 4] - m - St
a,f m 0 t,j
T—m/2
(J1.J2) |VoFim(0,w)]|
+]ZJS££H (VoFy* Z sup/ Fom(0,0) ———————dw ;, (54)
1,J2

noting that to obtain the above we bound the Dgf)(}"e_l) in Vajﬁ(m) (see (19)) with |D§Z (Fo )| <

supy , | Frm (00, w) "t supy j |4, j|-Sr, where Sp = ST |X,|. With the exception of T, ! supg Vr(VeFg

and T}, St, all the terms on the right hand side of supg g \VgE(Tm) (a,0)| and sup, ¢ |V, E(Tm) (a,0),
above, are deterministic and, under Assumptions 5.1(i,ii,iii) (with £ = 1) and 5.2(i), are bounded.
It is straightforward to show that sup;E(T,,'Sr) < oo and var(7T,,'S7) = O(T™!), therefore
T,,,* St is bounded in probability. By using Lemma 5.1 we have that T}, E(supg Vir(VeF, 1)) < 00
and var[ﬁVT(nggl)} = O(T1 ), hence 7 LVr(VeFy ') is bounded in probability. Altogether
this gives that supg, g ]Vgﬁgqm)(a, )| and sup, g |V, ,CTm)(a, 0)| are both bounded in probability.
Finally, since Vﬁgpm) is bounded in probability, equicontinuity of E%m)(-) immediately follows from
(52).

The proof of (ii) is identical to the proof of (i), the main difference is that it is based on the
boundedness of the third derivative of f}, j,, rather than the first derivative of f}, ;,. We omit the
details. O

We use equicontinuity now to prove consistency of (ar, 9T)

PROOF of Proposition 5.1. The proof is split into two stages, we first show that for a
large enough 7', (ap,8p) is the unique minimum of the limiting deterministic function function
E(ﬁgqm)(a, 0)) (defined in (51)) and second we show that Egﬂm) (a,0) converges uniformly in proba-

bility, together they prove the result. Let us consider the difference

E(LY"(a,0)) —E(LY (a0,00) = I+1I

where
T—m/2
;- L Z/ / Funl09) | FonB00)),
T 2y ) L Fim(8,0) Frm(0,)
T-m/2 n
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ft,m(907w)

We now show that I and II are positive. We first show that I is positive. Let x¢, = Fo0w)

since w,, is positive, it is obvious that x;, — logx; . — 1 is a positive function. Moreover x;,, —
logz¢,, — 1 has a unique minimum when z;, = 1. Since I = i ;‘an%zf (0 — logawy, —
1)dw, I is positive and has minimum when F;,,(0¢,w) = ft,m(Bo,w). To show that IT is pos-
itive, we recall from the definition of Jr,,(w)" given in Assumption 5.2(ii), that II = (a —
ao) [ Trm(0,w)TIrm(0,w) dw(a — ag), where (@ — ag) = (a1 — ai,...,a, — Gno)’, which is
clearly positive. Altogether this gives E(E( )(a 0)) — (£(Tm)(a0,90)) =TI+ 11 > 0, and for
all values of T, E(Egr )(a, 0)) has a minimum at @ = a¢ and 6 = 6y. To show that (ag, 8) is the
unique minimum of E([,(Tm)(-)), suppose by contradiction, there exists another (a*,8) such that
E(E(Tm)(a*, 0%)) = E(E(Tm)(ao, 0)). Then by using the arguments above, for all values of ¢t and w
we must have Fy,,(0%,w) = Fim(0o,w) and (a* — aop) [ Trm(0,w)Trm(0,w) dw(a* — ag) = 0.
However this contradicts Assumption 5.2(ii), therefore we can conclude that for a large 7', (ao, o)
is the unique minimum of E(E(Tm)())

We now show that 67 L 0y and ar L ag. To prove this we need to show uniform conver-
gence of Egpm) (a,0). Uniform convergence follows from the probabilistic version of the Arzela-Ascoli
lemma which means we have to verify (a) pointwise convergence of Egﬂm) (a,0) (b) equicontinuity in
probability of Egpm) (a,0) and (c) compactness of the parameter space. It is clear from Lemma A.1
that for every 8 € ©; ® ©3 and a € ) we have |£(Tm)(a,0) - E(Lgpm)(a, 0))| P oasT — oo ((a)
holds), by Lemma A.2 we have that equicontinuity of ﬁgﬂm) (a, ) ((b) holds) and under Assumption
5.1(ili) © and €2 are compact sets ((c) holds). Therefore sup, g |£(m) (a,0) — (ﬁgm)(a,em LA
0. Finally, since £ (ao,00) > £ (ar,07) B E(LY (ar,07)) > E(LI™ (ao,00)), we have
that £ (ar,07) — E(LY" (a9, 00))| < max{|L¥" (ar,07) — E(LY (ar,07)), [£1 (a0, 80) —
E(Egpm)(aoﬂo))]} < SUpgg |£g,,m)(a,0) — (L'gpm)(a, 0))] 2. 0. Because (ao, 8) is the unique mini-

mum of E(C(Tm)(-)), it follows that ar — ag and 87 = aq. O

(m)(

By approximating VL; 7 (ao, 8y) with the sum of martingale differences, we will use the mar-

tingale central limit theorem to prove Theorem 5.1. Using (19) we have

. 1 - - 1 [ (m m
VoL{"(ao,00) = ——— {Vr(VFg") —EVr(VF N} = —— |2 + U],
m 1 j —
and VoL (ag,00)]; = Tfpgﬁ(feol)_f{zs ) 4 ofmaly
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where

( m n+l T—m+k m—k
m)
2 = zﬂmz Z Z Z Ts.j1 Tstr,jads o 2— km( ) (55)

k=1j1,jo=1 s=k r=—k

s—1,s+r—1
X Z 1/%‘14’1%2,]‘2 (775—2‘1,3‘1775+r_¢2,j2 — E(TIS—’i17j1nS+T—i2,j2))
11,52=0
m n+l T-—-m+k m—k

v = 27rmz Do D D TsaTsrrisbermppm() (56)

k=1 j1,72=1 s=k r=—k

X Z T;Z)il,jl wiz,jz (nsfil,ﬁ Ns+r—iz,jo — E(nS*il,ﬁ 778+1"*i2,j2))

©11>S Or 12 >S+Tr

(57)
1 n  m T—m+k m—k S1
(myj)  _
BT T 2mm Z Z Z as+m/2—k,m(r)x5’j2xs+rvj Z@Z)z’,jgnm*i,h
jo=1k=1 s=k r=—k i=1
1 n  m T—m+k m—k
(mj) _
Cr T 2mm Z Z Oy ymj2—n(T)Ts1,2 T, Z Vi jaMs—i g (58)
jo=lk=1 s=k r=—Fk i=s+1

with {b,(k)}, {as(k)} defined in (92) and setting x¢ 41 = 1.

In the following results we show that \/TVgE(Tm)(aO, 0y) = ;1Z(Tm)—i—0p(l) and \/Tvaﬁgﬂm) (ap,00)]; =

VT

ﬁB’EFmJ) + op(1).

Proposition A.1 Suppose Assumptions 2.1, 5.1 and 5.2(i) are satisfied and U}m) and WT(,m) satisfy
(55). Then we have

E(UH)I? < K (59)

where K is independent of T and Z;m) = 25:1 Zc(lm), {Zc(lm)}d are martingale difference vectors

with
n+1 1,
75" = > <{77d,j1 Md.j — Bl0a.jiMa.j]} A, T+ 2, 2 M Aé{élﬂ?)) o
J1,52=1 e

Y_ij, =0 fori>1, and

o 1 m T—m+k m—k
AEZ;;”) = 9m Z x87j1x5+7",j21/}8+d,j1wS+T+d17j2bs+m/27k,m(T)' (61)
k=1 s=k r=-—
For all d, do, 71 and jo we have
sup Z ]Agil’f and Sup ]A(jl’]Q | < o0. (62)
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PROOF. We first prove (59). To make the notation in the proof less cumbersome, we prove the
result for X; = x4 1041, where a4 satisfies Assumption 2.1. The proof for the general case is
the same. We observe U}m) contains all the terms in Vgﬁ(m) which have {n:}+<o. We partition

Uj(wm) = Rt 1 + Rrp, where

9 m T—m+k m—k s+r—1
Rpy = %Z S waamereabs i km () D > Wi 1ot (Msiy 1Mstr—int — E(Ns—iy 10str—in1)),
k=1 s=k r=—k i1>s 12=0
1 m T—m+k m—k
Rry = fﬂmz > wamerribeimppm(T) D D i 1®in 1 (siy 1 Mstr—in 1 — B(Ns—iy 10str—in1))-

k=1 s=k r=—k 11>8 19>S+Tr
We bound each term. Studying Rr; we see that due to the ranges in the summands, 7,—;, 1 and

1/2

Ns+r—ip.1 are independent, therefore the second moment of (E|Rz1|?)!/? is bounded by

(E|Ry,[*)'/?

T—m+k s+r 2
E(5.0)" sup Zsup Z [bs i (1) Z > il E(Z %,msm@)
s

r=—k s=k 11>s i9=1

1/2

IN

< 280 ) e 00 Y LD D a3 < oo
Sy s=1 =0

where to obtain the last inequality in the above we use that 7/ otk Yoizs Vi1l <320 i ial.

To bound (E|Rr2|?)'/?, it is straightforward to show
G 2
(E|Rro[)"? < sup 2,1 > max(Elng [V Elg ) { sup Y lbgpm(r)| Y Isthsa|}” < o0
S
-

Using the above bounds we have (E|U; m)\ )12 < oo thus giving (59). To prove (60), we change
(m)

indices and let d; = s — 41 and dz = s + 7 — i2, substituting this into Z;, gives

(m 1 m n T—m+k m—k s  s+r
zZ = S ST DT D b kom0 Verag Usirrdr o (Mdg My g2 — By nay o))
k=171,j2=1 s=k r=—k d=0d;=0

Using the above and partitioning into the cases di < d and d; = d we obtain the martingale
difference decomposition in (60).

Finally from the definition of A(J MZ) we have

d d T—m+k1 T—m+ks m—ki m—ko
Z‘ djiizm‘ = m2 Z Z Z Z Z Z | %551 T2 B s B o
do=1 k1,ko=1d2=1 s=k; u=ko ri=—k1ro=—ko
|bs+m/2 k1, m(r1)| |bs—|—m/2—k527m (7"2) |¢8+d,j1 ¢8+T+d7j2 wu—&-d,ﬁ 7/)u+7’2+d7j2
< sup el (sup Z 1bg i (M) sup (>~ [5%) sup(> [ 41)?,
Iy I

36



thus giving sup, Zd2 1 |Ad];l’2]2)|2 < oo (the first part of (62)) we use a similar method to show

supy ]A(jl’h | < o0. O
We state an analogous result for Vaﬁgqm)(ao, 0o)]; = {B md) C( )}.

Proposition A.2 Suppose Assumptions 2.1, 5.1 and 5.2 are satisfied and ngm’j) and C;m’j) satisfy
(58). Then we have

ElCF™)? < K (63)
and ngm’j =y . B , where {B } are martingale difference with Bo(lm’j) = 2?1“1 Nd Jch(lj’jl)
and

Gian) 1 m T—m+k m—k
DUt D Z Z -’Bs,jxsw,jlas+m/2_k7m(7”)¢s+d,j1- (64)
k=1 s=k r=—
Furthermore D( 29 s bounded by
1 o
sup \D(]’]l | < —sup |2 4|2 supz | s, m (7 ]squ |95 (65)
732 J 1
PROOF. It is straightforward, hence we omit the details. O

In order to use the martingale central limit theorem we show that the martingales differences

{Wém)} and {Bém,j )} have a finite fourth moment.

Lemma A.3 Suppose Assumptions 2.1, 5.1 and 5.2(i) are satisfied. Let Zém) be defined as in
(60) and Bc(lm’j) be defined as in (64). Then, for some finite K, we have supy E(|Zc(lm)|4) < K and
supy E(|B{™ 1Y) < K.

PROOF. In order to bound E(|Z((1m)|4) we note that Zc(lm) = Xc(lm) + Yd(m), where

1 : 1 -
" = 2 Z?ij:l Td, 51 Zd1<d nd17j2A¢(ijcllljz) and Y(m) = Z?ﬁjg:l {nd,jlndm - E[ndmnd,h]} Aglj;l ]2)‘
) .

Now the fourth moment of the inner summand in X(gm is

E{nd,jl Z Ndz 52 djtli;h)} < E(niﬁ) Z E[nglz,hngmh](Agl],zli;j2))2(A¢(ij,(l;l;J2))2
da<d da<d,d3<d
» 9
< max(Efnd 1 Bl 1 (Y (A7)

di<d

Hence E(|XJ™ ) < 2(n+ 1) max;[(E(n4 )2, (E(03,))"( g, <a(AT57*)?)*. Since n < co by using
(62), we have E(]X(m)|4) < 00. Using the same arguments we can show that E(|Y(m)|4) < 00, this
gives E(\Z(gm)| ) < K. Finally we note that since B( mad) = =3 7=0 nd,JzD( 772) 1y using (65) we have
E(\Bc(lm’j)\‘l) < 00, as desired. O
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We use the following lemma to prove asymptotic normality of the estimator. In the lemma
below we show that the likelihood of the derivative can be written in terms of a martingale term

and a term which is of lower order.

From the above we have Z;m) = 0,(T71/?), B(Tm’j) = 0,(T~%/?), and by using (55),

VIVeL M (ag,00) = T 22{™ 4 0,(T/?) (66)
VTV, L5 (ag,00) = T V2B 40,171/,

as T'— oo. We use this to prove Theorem 5.1.

Proposition A.3 Suppose Assumptions 2.1, 5.1 and 5.2 hold, then we have
VT VLT (ag,00) B N(0,W™), as T — oo, (67)
where W}m) is defined in (27).

PROOF. Using (66), Propositions A.1 and A.2 we have

T
VIVL (a0,00) = T3 Sa+ 0p(T 1),
d=1

where S/ = (B(Slm’l)7 . ,Bc(lm’n), Z(gm)) are martingale differences defined in Propositions A.1 and
A.2. Clearly T-1/2 Zdel S, is the dominating term in /7' Vﬁgpm) (ag, 09), hence we prove the result

by showing asymptotic normality of 7~ 1/2 25:1 Sy using the martingale central limit theorem and

the Cramer-Wold device. Let ¢ = (ci,...,cont+q) be any non-zero vector and define the random
variable
2n+q+1
Qa = Z ") 4 Z ci(Z;)j—n.
J=1 Jj=n+1

To apply the martingale central limit theorem we need to verify that the variance of 71/2 Zdel Qua
is finite and that Lindeberg’s condition is satisfied (see (Hall & Heyde, 1980), Theorem 3.2). Using
Lemma A.3 we have that %var(zg 1 Qd) = O(1). To verity Lindeberg’s condition, we require
that for all § > 0, Ly = 7>, 1IE(Qd (TY21Qq| > 8)|F4_1) %0 as T — oo, where I(-) is the
identity function and Fy_1 = 0(Qg-1,Qd—2,...,Q1). By using Hélder’s and Markov’s inequality
and Lemma A.3 we obtain the following bound L, < ﬁ 25:1 E(Q4|Fa—1) = Op(3) — 0, as

T — oo. Finally we need to show that

N

T
fZE QlFi1) =5 O [B@F1 ) ~E@))] + 7 S E@) Zewie (69
d=1

d:l
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where ¢’ = (c1,. .., Cntq). From the definition of Q2 in terms of Zc(lm) and {B(m’j)} which are trun-

cated versions of VE(Tm)(ao, 0o), it is straightforward to show that |ﬁ L E(Q%) ¢ W c| — 0
as 1" — oo. Therefore it remains to show
T
1 P
Pr= T dz; (E(QF|1Fa-1) —E(QF) = 0

which will give us (68). To do this we note that E(Pr) = 0 and

T

2
var PT m ;‘/ar Qd|fd 1)) Tr% dgi COV(E(Q?h’fdlfl)vE(Q?lQ’fdzfl))' (69)
1 2

Now by using the Cauchy Schwartz inequality and conditional expectation arguments for 7y, C Fy,

we have

cov(E(Q2, | Fa-1), E(Q4, | Fr—1)
< [E(EB@IFn-1) ~ EQL)] E(EQS, 1 Fa-1) ~EQ3))T. (70)
We now show that [E(E(QF |F4,—1) — E(Qfll))2] — 0 as di — dy — o0. Define the sigma-

algebra Gg = (94,1, Mdn+1,Md—1,1,---). it is straightaforward to show that F; C Gg. Therefore
E[E(Q3 |Fa,-1)?] < E[E(Q2|G4,-1)?] which gives

2
2
B[E(Q}, 1Fun-1) — E(Q3)] < BIE(@162-1)] - (B3]
From the definition of g, (in terms of {n:}:>1) and using Propositions A.1 and A.2, we have that
E[E(Q3,G4,-1)?] — [E(Q?ll)]Q — 0 as dy — oo, and

sup Z Qd1|gd2 1) ] - [E(le)f)l/z <00

A g,=1
Substituting the above into (70) and (69) we have var(Pr) = O(T~!), hence we have shown (68),

and the conditions of the martingale central limit theorem are satisfied. Thus we obtain (67). O

PROOF of Theorem 5.1. To prove (29) we note that by Lemma A.2(ii), V2£(Tm) is point-
wise convergent and equicontinuous on probability. Together with the compactness of the pa-
rameter spaces ) and ©1 ® Oy this implies that sup, ¢ \V2£(Tm)(a,9) - IE(VQE(Tm)(a, 0))] 2o,
therefore |V2£(Tm) (ar,01) — E(VQE(Tm)(aO, 0o))] 0. Given that E(VGV(;ErEFm)(ao, 0y)) = 0, and
E(V2L (g, 00)) and E(V2LY™ (@g, 80)) are non-singular, then [V2LY™ (ar, 7)1 —E(V2LY™ (ag, 00)) 7| 5
(m)(

0. Using this and the mean value theorem element wise to VL (aq, 0o) gives

Vaﬁ( ) (ao, 90)

ar —a
) = ag, 00 | T o). ()
0r -6 ) VeLy" (ao,80) VT

The above together with (67) proves (29). O
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A.3 Proofs in Section 5.3

We now consider the sampling properties of the two-stage scheme. We observe that the derivatives

of E% )(a, 3) evaluated at the true parameter are

T 2 T /
1 X 1 XX
Vs Ly(ag, Xo) = § : ) L and  E(ViLy(a, Zo)) § : (t
t:l t:l or(%
where X; = (27,,...,27,)"

Lemma A.4 Suppose Assumptions 2.1, 5.1 and 5.2 are satisfied then Let E(Tl)(a, Y) and o be
defined as in (12). Then we have

((@r — aq), (Br — o)) = O,(T"1/?), (72)
VIVLD (a9, 20) = =20 4 Ly, (73)
VT VT

where supp E\Uj(})| < 00, Zj(ﬂl) = 5:1 Zc(ll) and {Zt(ll)} are martingale differences with

) - -
z) = > ([agnags — E(Ud,jﬁd,jz)]Bc(lj,cll ) 1 245, > TldQ,ngU(lj,éjZ)) (74)

j1 :J2=0 da<d
(1.g2) Ls.j1Ls,j

Bcl,cllz2 - Zws Jlﬂ)s d2,j2 o (120)2X (75)

PROOF. By using analogous results to Lemmas A.1 and A.2 and the same technique of as the
proof of Proposition 5.1 it can be shown that ((ar — a), (Er — >0)) %, 0. Further this gives (72).
Using Propositions A.1 and A.2 we can show that VTV Ly (ag, o) and (73) is dominated by a

term which is the sum of martingale differences, which is given in (73). O

PROOF of Proposition 5.2 By using the same arguments in Propositions A.3 and Theorem
5.1 we have (30).

We now consider the properties of [,(Tm)(ao, Vo, fJT). To do this we compare E(Tm)(ao, o, fJT)
with ﬁgﬂm) (CL(), ’19(), 20)

Lemma A.5 Suppose Assumptions 2.1, 5.1 and 5.2 are satisfied, E(Z;(w)) = 0 and for any deter-
ministic sequence {ay,}, with supy, |ag| < oo we have sup,, var(: "7 | a;Zy(w)) = O(T~1), then for

any k > 1 we have
1 [ - P
- / > a1 Zy(w){VoFim(Do, Xr,w) — VoFym(9o, o, w) fdw = 0 (76)
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1 - 1 1 P
e — ar Zy(w - - dv—0 k>0. 77
\/ﬁ/; ! t( )<]:t’m(’l90,2T,w)k ft,m(ﬁ07207w)k> ( )

PROOF. To prove the result we first recall that from the definition of F; ,, (9, ¥, w), that
n+1

ZatZt ) Frm (9,2, w) Zajzatzt / 19 (N (9,0 — A)d. (78)

Now by using the above, (72) and differentiating F; ,, with respect to ¥ we immediately obtain
(76). We now prove (77). We observe that

1 T 1 1
— at Zi(w _ _ —A+B+C,
; il )<7:t,m(19072T,uJ)k ft,mwo,zo,mk)

T
where
T 3 k k
1 fmﬁyz 9 _fm19727
A = Zatzt(w)[ t, ( T w) t, gk 0 w) ]
\/T —1 ft,m(ﬂaz()?w)
T d k k12
Fi m 1972 ) - F m 1972 )
g - L ZatZt(w)[ tm (0, X1, w) t, (% 0,w)"]
VT 2= Fom(9, 50, 0)

C:

1 ]:mﬂvia k_]:m’ﬂ)zja K
S a2y 0B~ P9, B
\/T t=1 ft,m(ﬁa 207 w)gkft,m(’ﬁ) ETa w)?)k
Now by using (78) and (72), and the stated assumptions E( ST a:Zi(w)) = 0 and sup,, var (7 ST aiZ (w)) =
O(T~') and that Fy (9, X0,w) > § (due to Assumption 5.1(i)), we have A = O,(T~/?) and
B = 0,(T~!). Finally, to obtain a bound for C' we note that

)

IC] < 56kf2|at\ 1Z4(w)] - | [Frm (D, S, 0)F = Fipn (9, 2o, w)¥]°

now by using the same methods as above it can be shown that C = O,(T~!). Thus we obtain (77).
O

We use the result above to prove the results below.

Lemma A.6 Suppose the assumptions in Theorem 5.2 are satisfied. Then we have

T—m/2

wit [

<log [Fim (0, > w)] — log[Fi m (9, Zo,w)]>dw‘ 2o (79)
t=m/2

k k
Sup‘/ S (@)L Fn @ Bow) | T Fn®. 500y

t=m /2 ft,m(’ﬂv 20’ w)kz ft,m(ﬁv 2T7 w)kz
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T—m/2 1 1

1 (X)(y 70)
—— RIS (@) 79 (- - dw 2 0 81
=/ P S R i) 1)
1 T—m/2 ) ) . N )
—— I m 3 _f m ,'.9 ,2 3 = - VNf m 19 ,2 5 d 0 82
ﬁTm/t:Zm/Q (Zt;m (a0, w) = Frm (Yo, X W))(ft,m(ﬁ,ET,w)Q ]_-t’m(&zojw)Q) oFt.m(P0, X, w)dw = 0(82)
and
T—m/2 ~
1 (It m(a’Oaw) - ~Ft m(19072T;W)) ~ P
—_— : . VaFim(®,Xr,w) — VaFrm (9, 2o, d 0(83
\/Tm/t;:m/2 Fon (D, S0, w)) {VgFtm(0, 7, w) = VgFim(9, Bo,w) pdw = 0(83)

PROOF. To prove (79) we use the mean value theorem and that F;,, > d > 0 to obtain

} log(ft,m("97 ST,W)) - log(Ft7m(’l9, 20,&)))’ S ‘ft,m('ﬁ’ 20,&)) - Ftﬂn(lﬁu 2’1—'7("})’

(ST

Now by substituting the above into the sum in (79) and using (72) we obtain (79). Using a similar
argument to the proof given in Lemma A.5 together with (72) we obtain (80). Now noting that
E%[Jt(ﬁ) (w)Jt(i,)](—w)] =0, E(Lt (a0, w) — Frm (Yo, S, w)) = 0 and using Lemma 5.1 we can apply

(77) to obtain (81) and (82). Finally by using (76) we have (83). O

We now obtain approximations of C(Tm)(ao, 9, 2~]T) and its derivatives. In the following lemma
we show that Vaﬁgrm) (ag, Yo, Z~]T) is uneffected by whether the estimated f)T or true X is used.

On the other hand, estimating >, changes of the asymptotic variance of VgE(Tm)(ao, Yo, ET).

Lemma A.7 Suppose the assumptions Theorem 5.2 are satisfied and let Qr(ag, ¥, Xg) be defined
as in (32). Then we have

sup | L5 (a,9, £7) — £5"(a,9,%0)| 2 0, (84)
a,9
2 p(m) = 2 a(m) P
sup ‘V Ly (a,9,X7) — VL (a,ﬂ,Eo)‘ -0, (85)
a,9
VTV LY (ag, 90, 57) = VTVLLE (a9,90, Zo) + 0,(1) (86)

VIVL (a0, 90, 57) = VIVLI™ (a0, 90, o) + VT QrVsLy(ao, So) + 0p(1)  (87)

where Qris defined in (32).
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PROOF. By using (79) and (80) we immediately obtain (84) and (85). By using (81) we immediately
obtain (86). To prove (87) we observe that by expanding V,gE(Tm)(ao,ﬂg, 3)) and using (82) and
(81) we have

\/Tvﬁﬁ(Tm) (ag, 90, X7) = \/Tvaﬁ(Tm)(ao, 90, Bo) + VT Kr(ag, 99, o) + 0p(1)

where
VTKr(ag, 99, o) = Tiﬂftm'””’ @) = FemD0 20,0 G o 6,05
7\Q0, Vo, 240 \f/ Fim (00, 20, )2 9Ft,m(01,0, Xo,w)
n+1 T—m/2 h(tm)( )
B \Fz 750 /tz:/2 Ft.m (0, Xo, )ngt,m(ﬂ,Eo,w)
= VTQrVsLY (ag, o) + 0,(1),
where O is defined in (32). Thus we obtain the desired result. O

Theorem A.1 Suppose the assumptions Theorem 5.2 are satisfied, and let W}m) be defined as in
Theorem 5.2. Then we have

VIVLY (a0,90,57) D A (0, ™)

PROOF. To prove the result we substitute (66) into Lemma A.7 to obtain

T
VIVLLY (a0, 90.87) = T2 B 4 0,(1)
d=1

VTV (ag, 90, 5r) = T2 i Zm 41/ ZT: 077V + 0,(1),
d=1 d=1
where B( 7 and Z, M) are defined as in (64) and (75), and Zc(lm) is defined as in (60), except it does
not include the derivatives with respect to 3. Now from the definitions we observe that {Bc(lm’j )}
and {Zc(lm) + QTZ(gl)} are martingale differences, hence by using the same method of proof given

in Proposition A.3, we have the result. ([l

PROOF of Theorem 5.2 The proof follows by making a Taylor series expansion of /J(Tm) (a,9,%7)
with respect to a and ¥ and using Theorem A.1. O

A.4 The covariance operator, approximations and the proof of Section 5.4

A.4.1 An expression for W}m)

m)

An expression for ng in terms of F,, is given in (26) we now obtain a similar expression for

W:(Fm). The expression for Wr_(pm) is quite cumbersome, to make it more interpretable we state it in
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terms of operators. Let ¢o denote the space of all square summable (vector) sequences. We define

the general operator F(kl’kQ,){T( )() which acts on the d; and dp-dimensional column vector sequences
g =1{g(k)} € {2 and h = {h(k)} € {2 (to reduce notation we do not specify the dimensions of the
vectors in /3)

m—ki1 m—ko

TR g n)(su) = 3 S gtr)hre) K xors xsuiny (s — wiriira),  (88)

ri=—ki ro=—ko

where X = (241,...,%sn, 1) are the regressors observed at time s and the kernel KW is defined as
either
n+1
Kk (k,ri,m2) = Tsy jTsy iTss iTsy iCOV(QUQ QU 7y QU QU )
Xsq:Xsg,Xsg,Xsy W T1,T2) = s1,js2,js3,5s4,] 0,5 %r1,5) Xk, g Xk+ra,j
=1
n+1
(1) _ .
K oy oo, (B T1,72) = > @y iy sy jsg 5 COV(Q0 0y gy ) 1 < j1 <
=1
i ) n+1
J1,J2 . ..
or szl,x527x53,xs4 (k‘, T17T2) = § xsl,ijQ,jl$53,j$34,jzcov(a0,j7 ak,j) 1<j1,72<n (89)
Jj=1

where for notational convenience we set o 41 := €; and @y 41 := 1. We will show that Var(Vﬁgpm) (ag,09)
(khkz) ( )

can be written in terms of I'y Suppose Gs(-) and H,(-) are square integrable vector functions,

then it can be shown

Hu(w) Xy Err_k{z Tytryjr €Xp(irow)dw
Gs(w)Xs Z:;L_kfkl sty €Xpirw)dw

k2,k2),(j1,5 k1,k2),(j1) /=
Tk ?%f““(h hy)(u,u) TEEELOY (g hy)(s,u)

U =U

L2000 (g by (s, u) Fé’i%r?32§°><gs, 3.)(s,9)

----- ) Loy

where g = {g_(r) = [ Gs(w)exp(irw)dw},, hy = {hy(r) = [Hs(w)exp(rw)dw}r, g, = {g,(=7)}r
and h, = {hs(—r)}r.
Using the above notation we can write

m T—m-+ky T—m+ko

W:(Fm) = Tvar(V[,gp)(ao,Oo Z Z Z (91)

kl,kz 1 s=k1 u=ko

k 7k 9 .7‘ k 7k bl j
F>(<117,2>)<7€J 2 (as+m/2—k1 ) au+m/2—k2)(5’ u) FSQI,?D)C]SJ) (bs+m/2fk1 s au+m/2—k2)(87 u)

k1,k2),() (3, k1,k2),(0 T g
T 2D (b o ks Gy k) (5,0) - T2 (09 ks B2 i) (51 0)

where Ty "3 = TSP e, and TS = (T3 )i, B = {B(R)),

as = {as(k)} with
= /fsm(eo,w)_l exp(ikw)dw, b (k)= /ngs,m(eo,w)_l exp(ikw)dw, (92)
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(noting that Fsn,(6o,w)~! is a symmetric function hence as = as). We will use (91) when we

compare Estimator 1 with the Gaussian maximum likelihood estimator.

A.4.2 General approximations

The results in this section are used to prove Proposition 5.3. These results may also be of indepen-
dent interest.

In this section we will consider functions which admit the representation G(w) = 3272 g(k) exp(ikw),
where {g(k)} is a square summable sequence, hence G(-) € L2[0, 27|, where Ls[0, 27] denotes all
functions defined on [0,27]. Many of the results below, require that the sequence {g(k)} is abso-

lutely summable. Sufficient conditions for this can be obtained in terms of G(-). More precisely,

since (ik)"g(k) = 027r d'G(w) exp(ikw)dw, if & Gw) ¢ L5[0,27], then >, [k"7!| - |g(k)| < co. Hence

dw™ dw”

if the derivative of G(-) is square integrable, then this implies absolute summability of {g(k)}. Let
|Gll2 = [|G(x)|*dz, where G : [0,27] — oo.

We begin by considering some of the properties of the operators F)(q% 2))@( ), defined in (88), and

I (@n)k) = 3 3 gr)hr)KE xxomi (b1, 72), (93)

r1=—00 r2g=—00

where g = {g(r)} and h = {h(r)} are d; and da-dimensional column vector sequences which are in
ls and KW is defined in (89).

We recall that Var(V/J(Tm) (ag, Bp)) can be written in terms of I’,((]?kQ,)cT(J) (see (91)). The operator

Ix, x, has a similar interpretation. Define the (unobserved) time series Xi(s) = > 7} oy jxsj + &

and Jx(s,w) = \/ﬁ > onet Xo—my2+k(s) exp(ikw), using this, it can be shown that

2T o0 2T e
cov( Gs(w) Z Xs(8)Xstr, (8) exp(iriw)dw, Hu(w) Z X () Xygry (w) exp(imw)dw)
0 r1=—00 0 ro=—00
= D (95, ) (s~ u) (94)
where g5 = {gs(r) = [ Gs(w) exp(irw)dw}, hs = {hs(r) = [ Hs(w) exp(rw)dw}. Similar interpreta-

tions are true for F,(gj,;ii) (gs, hy)(s — u) and F,(i),xu (s, hu)(s —u).

The proof of Proposition 5.3 requires the proposition below, where we show that if the kernels
KW satisfy a type of Lipschitz condition, then we can approximate F(kl’kQ,)(T with I'y, x,. We start
by obtain upper bounds for the kernels X&. Recalling the definition of pa(-) and p4(:) in (24),

let p3(k1, k2) = K3supy, i, 5 > -1@igi| - @itk jo| - |@ivky,j5]- Using these bounds it is clear that for
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j€10,4,(41,72)} we have sup |’Cx51,x527x53,x54 (k,r1,19)] < KW (k,71,73), where

KOk, ri,m) = (n+1) sup M <p2(k)p2(k + 11 —1r9) + pa(k — ro)pa(k + 72) + pa(r1, k, k — 7"2))
S7j

ROk, r1,12) = (n+ 1) sup fogg|ps(b, ) and RG0 (k, g, r3) = (0 + 1) sup o 49 (k).
8,7 $,J

For all j € {0, 7, (j1,Jj2)}, these kernels can be used as the Lipschitz bounds

4
. 1 o
‘ICXSI7x527x83axS4 (k7 Tl? TQ) - ,C>(‘<JS)5 1XsgsXsy,Xsg (k7 rl? TQ)‘ S ﬁ{ Z ‘SZ - SZ+4‘ }K(J)(k7 Tl? T2)' (95)
i=1

In the proofs below we require the following bounds, which are finite under Assumption 5.1

S KOk, 71,m)| j=0 Yo KK (k,r1m2)] - §=0
K =3 Sy KOs, 3= K3 = Lir, WK horira) j=3  (96)
S KU (kv ro)| § = (j1, 4a) S RKU2) (k)| § = (i o)

Proposition A.4 Let F(kl’kQ})(T(J) and F;S) x, e defined as in (88) and (93). Let Hy(w) = > 2o hs(k) exp(ikw)
and Gs(w) =Y o gs(k) exp(ikw). Then we have

m T—m-+k1 T—m+ko

(F1,k j
1sz 2 2 X ( e gsm,hm)(s,u)r§£37xu<gs+kl,hu+k2><su>)\

k1,ke=1 s=k1 u=ko
11 d’H,(w) PGu(w), 1 1-6)

< — — - 7
< of 5t s 1T s 150 e b

where j € {0, 7, (j1,72)} and C < co.

PROOF. The main differences between F(kl’kﬂ:ﬁ 3 and ngxu are the kernels used and the limits of

the summands. Systematically replacing the kernels lC,gixH” XuXutry (Ky71,72) With IC,(gS)’xS,xu,xu (k,r1,72)
and the summands Zz;kjkl Zg;’?@ with Y2 >, and using (95) gives

m T—m+k1 T—m+ka

k1,k2) j
SN Y R (gemky humi) (5,0) = T e, (Gt Puia) (5 — )| < T+ 11 + 11T
k1,ko=1 s=k; u=kso

m2T

(97)

where

—m-+k1 T—m-+ko

L= s 2 TS Gl bl a9 — i)
1,ke=1 s=k1

u=kg T1,r2=—00

= WT Z Z Z Z S 1ga ) 1hay(r2)| - KD (dy + by — da — ko, 71, 72)

k1,ko=1d1=0 da= =—00 ro<—ka,ro>m—ka
m mT— 0 ~
11 = m2T > Z Z > > ga (1)l - hay (r2)| - K9 (dy + ky — da — kg, 71, 72)
k1,ko=1d1=0 d2=0r1<—ki1,r1>m—ky r2=—00
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We will derive bounds for I, I1 and I11] in the case j = 0, similar bounds can be obtained for the

j=jand j = (j1,72). We first bound I. By using the Cauchy-Schwartz inequality we have

o0

STl 1gsm (P - Vruig (r2)] - KO (s — w,71,7m2)

T1,rg=—00

> 12, = = 1/2 dGs(w) SO 1/2
< (Y I geem(r)P) ( S KO (s —u,r, ) ?) / Sst;pH ¥ (> KO (s —u,r1,m) ) /2
T1=—00 r1=—00 ri=—00
The same bound can be obtained for fo rye o0 [T+ |Gs—ky (T2)] + [Pou—py (12)] - KO (s —u,r, 1),
substituting both these bounds into I and noting that » > (er—oo IKO) (s —u, rl,r2)|2)1/2 <
D 00 e o0 KO (s —u,ry,m)| = IC&J), we have
m T—m++k; ) dH (w) T—m+ks 00 00
s C0) (g _
I < 2T % Z Z sup |2 sng = 2 Z ( Z + Z VKO (s —u,r1,72)
k kz 1 S= kl u:kg r1I=—0o0 r1=—00
K dGs(w) dHs(w) 0
< ol S lasup ok,

where K is a finite constant. We now bound /1. By using (96) we have

T—m m

< sup [gs(r) vc“’zz o lha(ra)l. (98)

I s =0 ko=1ro<—ko,ro>m—ks

Studying the inner sum of the above we observe that
m (o)
d>Hy(w)
S Y et Y ket <sw| = 5k
ko=1ro<—ka,ro>m—ka rog=—00 s

Substituting the above and sup,,. [gs(7)| < sup, || w) ||l2 into (98) gives

1 (0 dHS(w) dGy(w)
7 < — —_— Er— .
< ok fsup | Py sup | L,

Using a similar argument we obtain the same bound for 1. Altogether these bounds for I, IT and

IIT give (97). To prove the result for j € {j, (j1,j2)} is similar and we omit the details. O
Proposition A.5 Suppose the assumptions in Proposition A.4 hold, supy_, |d/H 1C) | < oo and for
all s and u we have
s—u s—u
sup | H() — Hy()] < K2 sup |6 (w) - Gulw)] < K21, (99)
w N w N

where K < oo. Then we have

m T—m-+kq <T m-+ko

m21T‘ Z Z Z Fxs,xu (gs k1> - k2 S B u Z Fxs Xs gs k1> hs—k2)(5 - ’LL)> ‘
m

k1,ka=1 s=k1 u=ko U=—00

< K{;{~|—7711}{(25811“1])|H3(w)|ssu£|w|)1/2+ ” } )|| ’C(J (100)
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and

1 m T—m+ky oo 1 T o)
mQTm Z Z Z er,xg 9s— k17h’s k2 5 - u T Z Z 11xg,xg gs, (5 - U)
k1,ke=1 s= k1 U=—00 s=1 u=—00
) 1/2 dGy(w) )
— |25 101
< w1 1 s | T i (101)
PROOF. We first prove (100), where the summand ZT R changes to S°°°_ and Ty, x,

changes to I'x, x,. We first observe

m T—m-+kq { T—m-+ko

sz Z Z Z ng)vxu(gs ks k) (8 — u) — Z Fxs,xs(gs kys Ps— kQ)(S—u)}‘

k1,ko=1 s=k; u=ka U=—00

< I+1I (102)

where

1 m T—m-+k1 T—m+ko

To= o 30 2 2 Mo ) (s =) = T (9ot ot (5 — )
k1,ka=1 s=k1 u=ko
m T—m++ky

II = m2T Z Z Z ’ng,xs (gs—kla hs—kz)(s - u)‘

k1,ko=1 s=k1 u<ko,u>T—m-+ka
We now bound I. To bound inside the summation of I we use (95) and the definition of Fg;iixs to
obtain

ITD (G5 krs B i) (s — 1) = T o (Ge s hs i) (5 — )|

oo o0

< X a0l Y {Ina(r2) ~ b )]+ G RO = v tap)

r{=—00 ro=—00
We start by examining Z:j,_oo ’hu_kQ (ro) — hs—k, (12) ’I@ (s — u,71,72), which is the first term in
(103). By using the Cauchy-Schwartz inequality we have and that { > KO (s—u,r1, 7‘2)2}1/2 <

oo KO (s —u,r1,1m9) gives

ro=—00

ro=—00
D hura(r2) = b () KOs —wrre) < {3 k(o) = b o) P YT KO (s =i, ma)
r2=—00 rg=—00 ro=—00
Recalling that hy(r) = [ Hs(w) exp(irw)dw we have by Parseval’s theorem and (99) that
- 2 o 2 |u — s|
D [husra(r) = hoa () = | 1Ha() = ()Pl < H=—=,

r=—00

dH (w) |)1/2

where H = (2supy, |Hs(w)|sups, | . Substituting the above into (103) gives

‘Fxs,xu 9s—ki» hu—kzz)(s - u) - Fg&ls),xs (gs—kzp hs—kz)(s - u)‘

o0

< szl 3 ]gskl(n)]<H+ 3 |hukQ(r2)|>I€(j)(s—u,r1,r2).

N r1=—00 ro=—00
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Substituting the above into I, and noting that Y5> [hy 1, (r2)| < sup, || dH“(w [and 3% 1gs—k, (r2)] <
dGS w)

supy || | we have
m T—m++k; 00 o) T—m+ko ~
I < Do D lgew(n) (H+ > rhuk2<r2>r) S Js —ulKD(s —u,ri, )
QNTm k1,ka=1 k - — —r
1,/02= s§=K1 T1=—00 ro=—00 u=ko
o dHs(w) > o
1 s
< N su 2(H—i—sgp” T HQ) uzz_oo]s—u\}C(J)(g—u,rl,rg)
¢ d s dHS
< Nflsup‘ Gs(w) 2<H—i—sup} w) 2>IC§J)

Now we bound /1. Using similar methods to those used in the proof of Proposition A.4 we have

m T—m-+k1 oo 00 ~
I < sz Yoo D ul D lgerm (r)l Rt (r2) K (s — u,r,ra)
k1,ko=1 s=k; u=—00 r1,r2=—00
1 dH(w)

2 sup 1Gs (@)K

IN

— sup||
m

s

Substituting the bounds for I and I7 into (102) and noting that ||Gs(w)|j2 < HdGs |2 gives (100).

The proof of (101) uses the same methods used to bound I, hence we omit the details. t

A.4.3 Proofs in Section 5.4
We first outline the proof of Lemma 5.2.

PROOF of Lemma 5.2 The result can be shown by using the same arguments as those used
in Dahlhaus (2000), where it is shown that a version of the Whittle likelihood containing the pre-
periodogram and the localised spectrum is asymptotically equivalent to the Gaussian likelihood.

As the proof is identical to the proof given in Dahlhaus (2000), we omit the details. O

In the following proposition we obtain a series of approximations to (91) which we use to
approximate var(y/T VE(Tm)(ao, 0y)). The proof of Proposition 5.3 follows immediately from the
proposition below and

TN T/N
N/ Z Famz a(v),a (U))(k)dvz‘;\f/o zj, (V)2 4, (v)F(v,00,0) dv,

k=—o00

N (TN & ) _ N [TIN 27 7o F(v,80,w)(VeF (v,00, —w))'
o 1—\ _ ) ) ) b .
Pl 2 S (0 N0 = | Fuoewp

Proposition A.6 Suppose Assumptions 2.1, 5.1 and 5.2 hold, N is defined as in (35), the opera-
tors Fsc]il,’k?,)éj) and I’gz,xu are defined as in (88) and (93) respectively and

Sup/‘d Sl 190’ | dw < oo and sup/’dvefjﬁo" dw < 0. (104)
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Then we have

m Tm+k’1{T m-+tko

(k ,k ( ) (2
m2T Z Z Z I'x : 2 s m/2+ky? du—m/2+k2)(5au)_

kl,kQ 1 S_kl u= kQ

(2) 1 1 1
Z rd) . ( dy_ m/2+k1 Ou “)H < K{N t—+ T} (105)

U=—00

m T—m+k1 oo

'sz Z Z Z Fx%"@ s— m/2+k1 dg2)m/2+k )( _U)_

ki,ko=1 s=k; u=—00

1) 42 m. . m
T;lu;mrx“xé (d), dP) (s —u)| < K(N + T) (106)
1 ¢ o= ) 1) 42) N (TN &S ) (1) 2) m
'T ;:1 U_E_OO i (ds? dg”) (s —u) — T ), u_E_OO: L o) (o ([A(0), d(0) ) (u)dv| < K(ﬁ +<t E) (107)

s "”2 Vs m(00,0)VFsm(B0,0) N [TIN VF(u,00,0)VF(u, 8, w)

(f&m(eg,w)y - ? 0 (f(u, 90,&1))2

du' <KZ  (108)
N

where € {0,, (i1, g2)}, 4 (k) € {as(k), by(k)} (see (92) for their definition), d(u, k) € {a(u, k), b(u, k)}
(see (34) for their definition) and K is a finite constant.

s= m/2

PROOF. The proof follows from Propositions A.4 and A.5 We need to verify the conditions in these

propositions which we do below. O

Under Assumptions 5.1 and 5.2 we have supy ,, , |Fsm (00, w)| < 00, sup; , ., | Fsm(00,w) 1| <
oo and SUD; 1y ]Vg]-"sjm(eo,w)_l\ < 00, therefore F (6o, ), ]:S,m(eo,-)_l and vgfs,m(eo,-)—l
belong to La[0, 27]. We recall that Proposition A.6 is based on the sequences {as(k)}x and {b,(k)}

(defined in (92)), the above means

o0

Fam(0o,w) ™! = Z as(k)exp(ikw) and VgFsm(0o,w Z b, (k) exp(ikw).  (109)

k=—o00 k=—o00

We use the following lemma to prove Lemma A.1.

Lemma A.8 Suppose that Assumptions 2.1, 5.1 and 5.2 hold. Then we have

dvgft,m(e, w)

sup dw

t,m,0,w

‘ < 00, (110)

dV’é]‘“@m(H, w)~t
dw

sup < 00, (111)

t,m,0,w
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and

sup Z ’/Veftm(a W) exp(irw)dw| < oo. (112)

t,m,0 re—oo

PROOF. In order to prove the result we will use that Assumption 5.1(iii) implies

supZ\r Voci(0,7)] < co. (113)
T r=0

m—|r|

To prove (110), we observe Vg F; 1, (0,w) = Z”H o (m—1) exp(irw)Vec;(0, r)% kel Ttem/24+kTt—m 24k

now differentiating this wrt w gives

m—|r|
AVEF m(0,w) T , 1
e—m Z Z ’WGXP(WW)VGCJ(G " Z Lt—m/2+kTt—m/24k+r-
j=lr=—(m-1 k=1

Hence using (113) gives (110). We now prove (111) for £ = 0. Under Assumption 5.1(i), infg o, Ftm (0, w) >
d > 0 (for some ¢§). Therefore, this together with (110) gives

su ‘M‘ — sup | 1 dFm (0, w)
t,m,g,w dw B tmgw ft m(e w) dw

)| < oe.

hence (111) holds for £ = 0. The proof of (111) for & > 0, is similar and we omit the details. To

prove (112), we note that (111) implies % € L9[0,27], hence the Fourier coefficients of

VEFi.m(0,w)! are absolutely summable, thus giving (112). O
In order for us to apply Propositions A.4 and A.5 to F}((]iff,]??,)éj)(bﬁm/z_kl,bu+m/2_k2)(s, u) we

d2-7:s,m(907w)_1 d d2vﬂfs m(907 )
dw? an dw?

, which is shown in the following lemma.

require boundedness of

Lemma A.9 Suppose Assumptions 2.1, 5.1 and 5.2 and (104) hold. Then we have

d2ft7m (00, w)_l
dw?

d2Vth7m (907 w) -1
dw?

sup
t,m,w

<00 sup
t,m,w

PROOF. We first note that (104) implies

sup Z(r2]cj17j2(00,r)|)2 <oo and sup Z r°Vecj, (80, 7)* < o0,

Ji.g2 Ju.j2 )
which implies

A2 F; (0 d? m(0
sup ]—}—t’ ( O’UJ)\ <oo and  sup | VoFim(00,w)
tm,w dw? tm,w dw?

| < oo, (114)

By expanding LFm@) ! o q LEVeFmBo) T g using (110) and (114) we obtain the result.

dw? dw?

O
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Lemma A.10 Suppose Assumptions 5.1(i,iii) and 5.2(i) holds. Let Fy,, and N be defined as in
(8) and (35). Then we have

1 K
_ < s—t, 115
’ft,m(eo,w) fs,mwo,w)’ < gl (115)
-1 ) K
‘Vftm(ao,w) — stym(ao,w) ‘ < ﬁ|8 — (116)

PROOF. To prove (115), we use (8), Assumptions 5.1(iii) and 5.2(i) to obtain

n+1

Z/ {10 = 19), ()} (80,0 — N)dA| < |t]_\78|, (117)

ft,m(g[b ) fsm 007 ‘

for some finite constant K. Now, under Assumption 5.1(i), F¢ (00, w) is uniformly bounded away
from zero over all w, t and m. Therefore by using (117) we obtain (115). We use a similar method

to prove (116). O

Proof of Proposition A.6(i,ii) To prove Proposition A.6(i) we apply Propositions A.4 and
A5, equation (100), where depending on the block matrix in W}m) we are considering, we let G5(w)
and Hg(w) take either one of the functions

[e.e]

Fom(00,w) ™! = Z as(k)exp(ikw), VoFsm(0o,w Z b, (k) exp(ikw).

k=—o0 k=—o0

To verify the conditions in Propositions A.4 and A.5, for fsm(eo,w)_l and Vg]-"&m(@o,w)_l,

we note that Lemma A.9 implies ||Fs.m (00, ) 2 € L2[0,7] and [[VeFsm(00,-) L2 € La[0,7]

(verfying the conditions in Propositions A.4) and Lemma A.10 verifies the condition in Proposition
A.5. Altogether this gives Proposition A.6(i).

To prove Proposition A.6(ii) we apply Proposition A.5, (101). The proof uses identical argu-

ments to those given above, hence we omit the details. ([l

We use the following lemma to prove Proposition A.6(iii,iv).

Lemma A.11 Suppose Assumptions 5.1(i,iii) and 5.2(i) holds. Let Fi,m, N and F(u,-) be defined
as in (8), (35) and (34). Then we have

t m 1
! - L < K(ﬁ + l)v ‘Vftm(g()aw)_l - Vft m(907w)_1‘ < K(i + l)(119)
Fi,m(00,w) J”:(%,Oo,w) - N m ’ g = N m
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PROOF. We first prove (118). We note that by using Assumption 5.1(iii) (with £ = 0) we have
> ITVEe j»(80,7)| < 0o. Therefore by using this, the definitions of F,, and F(u,-) given in
(8) and (34) and a similar method of proof to Lemma A.10 we have (118). To prove (119) we use
that under Assumption 5.1(i), Fm (6o, w) is uniformly bounded away from zero over all w, ¢ and

m and similar proof to the proof of (118), we omit the details. O

Proof of Proposition A.6(iii,iv) We first prove (iii). We will use similar methods to those
used in (103). We will prove it for dgl)(k:) = as(k), dg?)(k) = as(k), dV(u, k) == a(u, k) and
d® (u, k)2 (the proof for the other cases are identical). The difference between the two operators

is

P (s a) () =TS0 (ol al5)) (k)

Ny
< Y (o) +ra<fv,n>r) > fara) - al S| K9 k.11, 7o)
T1=—00 ro=—00
< Z (‘as(rl ’+ ‘G/ { Z ‘as 7-2 —CL —.,T9 ‘ }1/2{ Z IC S—U 71177.2) }1/
ne=Tee r2=—00 ro=—00

Therefore by using the same arguments given in the proof of Proposition A.4, and using (119) we

have

s 8 2 2 1 1 2 m 1.9
Z ‘GS(T)—CL(NJ’)‘ - 0 ‘fs,m(eﬂuw) _‘7_—(%790’(‘))‘ deK(ﬁ—i_E) :

r=—00

Substituting the above into the difference below gives

!fZ > (P( (a5, 05)(s — u) — PS:'Zm,x(m(aw),a<u>><k>)y

s=1 u=—00
dF(u,Bp,w) - (s
% *!( + 7= )R,

finally replacing S°7_, with and integral yields (iii). Tt is straightfoward to prove (iv) by using

<

dftm(a(% )
dw

2

(116), we omit the details. O
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