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This document contains some lemmas and their proof that are key in proving Theorems

1 and 2 stated in the main paper. First, we re-state some notations that we have already

introduced in the main paper. Model (3.3) in the paper is

Y = ZF bF +Wν + Υ,

where W = (ZR,M0, · · · ,Mp) and ν = (bTR, U
T
0 , U

T
1 , · · · , UT

p )T . Denote G = var(ν) =

diag(cov(bR), In ⊗ Σu0, · · · , In ⊗ Σup) and cov(Y ) = Σ. Also, Σi = Σi(δ) = ZFicov(bR)ZT
Fi +

cov(Ui0) +
∑p

k=1 Diag(Xik) cov(Uik)Diag(Xik) + Ωi for i = 1, . . . , n. The estimator of bF is

b̂F = (ZT
FΣ−1ZF )−1ZT

FΣ−1Y and the predictor of ν is ν̂ = GW TΣ−1(Y − ZF b̂F ). The covari-

ance matrix Σ(δ) is involved with parameters δ = (σ2
b0
, · · · , σ2

bp
, ψ0, · · · , ψp, ρ0, · · · , ρp)T . Let

s = (p+ 1)(q + 2) be the number of parameters in δ. These parameters are estimated through

restricted maximum likelihood method by maximizing

`(δ) = −1

2
log|ZT

FΣ−1ZF | −
1

2

n∑
i=1

log|Σi| −
1

2
(Y − ZF b̂F )TΣ−1(Y − ZF b̂F ). (S1)

Then there exist some T such that T TZF = 0 and rank(T ) = mn− L1(p+ 1), and define

P = T (T TΣT )−1T T = Σ−1 − Σ−1ZF (ZT
FΣ−1ZF )−1ZT

FΣ−1

such that the likelihood can be written as

`(δ) = −1

2
log|T TΣT | − 1

2
Y TPY. (S2)

and define the REML estimator δ̂ as the solution to the score equation ∂`(δ)/∂δ = 0.

Now we shall state the lemmas. Lemma 1 is needed for Lemma 2 which is needed for

Theorem 2. Lemmas 3 and 4 are needed for proving Theorems 1 and 2.

Lemma 1 Let Σ∗i = Σi(δ
∗) and Σi = Σi(δ). If maxi,k ‖Xik‖ < ∞, then tr{(Σ∗i − Σi)

2} ≤
Cδ‖δ∗ − δ‖2, where Cδ is a constant and ‖δ∗ − δ‖2 = (δ∗ − δ)T (δ∗ − δ).
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Proof: We write Σ∗i − Σi = J1 + J2 + J3 + J4 + J5, where

J1 = ZFiDiag{(σ∗b0
2 − σ2

b0
)Diag(λ−1

L1
), · · · , (σ∗bp

2 − σ2
bp)Diag(λ−1

L1
)}ZT

Fi
,

J2 = (ψ∗0 − ψ0)Am(ρ0),

J3 = ψ∗0Am(ρ∗0)− ψ∗0Am(ρ0),

J4 =

p∑
k=1

Diag(Xik)[ψ
∗
k{Am(ρ∗k)− Am(ρk)}]Diag(Xik),

J5 =

p∑
k=1

Diag(Xik){(ψ∗k − ψk)Am(ρk)}Diag(Xik).

Therefore,

tr{(Σ∗i − Σi)
T (Σ∗i − Σi)} ≤ C[tr(JT1 J1) + tr(JT2 J2) + tr(JT3 J3) + tr(JT4 J4) + tr(JT5 J5)].

We see that

tr(JT1 J1) ≤ C

p∑
k=1

(σ∗bk
2 − σ2

bk
)2

m∑
j,l=1

{Z(k)T

Fi
(tj)Diag(λ−2

L1
)Z

(k)
Fi

(tl)}2.

Also, notice that tr(JT2 J2) = tr{(ψ∗0 − ψ0)Am(ρ0)}2 ≤ C(ψ∗0 − ψ0)
2tr{Am(ρ0)}2 and

tr[{ψ∗0Am(ρ∗0)− ψ∗0Am(ρ0)}2] = tr
{

[(ψ∗0 − ψ0){Am(ρ∗0)− Am(ρ0)}+ ψ0{Am(ρ∗0)− Am(ρ0)}]2
}

≤ 2{(ψ∗0 − ψ0)
2 + ψ2

0}tr{Am(ρ∗0)− Am(ρ0)}2

≤ C{(ψ∗0 − ψ0)
2 + ψ2

0}‖ρ∗0 − ρ0‖2.

Hence, tr(JT3 J3) ≤ C‖δ∗ − δ‖2. Next,

tr(JT4 J4) ≤ C

p∑
k=1

tr
{

Diag(Xik)[ψ
∗
k{Am(ρ∗k)− Am(ρk)}]Diag(Xik)

}2

≤ C

p∑
k=1

[
tr
{

Diag(Xik)[(ψ
∗
k − ψk){Am(ρ∗k)− Am(ρk)}]Diag(Xik)

}2

+tr
{

Diag(Xik)[ψk{Am(ρ∗k)− Am(ρk)}]Diag(Xik)
}2
]

≤ C

p∑
k=1

[(ψ∗k − ψk)2tr{Am(ρ∗k)− Am(ρk)}2tr{Diag(Xik)}4

+ψ2
ktr{Am(ρ∗k)− Am(ρk)}2tr{Diag(Xik)}4].

If Am(ρk) has bounded second derivatives with respect to ρk, then tr{Am(ρ∗k) − Am(ρk)}2 ≤
C‖ρ∗k − ρk‖. And tr(JT5 J5) ≤ C

∑p
k=1(ψ

∗
k − ψk)2tr

{
Diag(Xik)Am(ρk)Diag(Xik)

}2
. In summary,

tr{(Σ∗i − Σi)
2} ≤ Cδ‖δ∗ − δ‖2.
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Lemma 2 Let Cδ be the constant defined in Lemma 1 and assume that the smallest eigenvalue

of Σi is bounded below by c0 > 0. Suppose that ‖δ∗ − δ‖2 ≤ ∆ such that 2Cδ∆/c
2
0 < 1 when n

is large enough. Then

tr{(Σ∗i
−1)2} ≤ (1− 2c−4

0 C2
δ∆2)−1

[
2tr{(Σ−1

i )2}+ 2Cδ∆/c
4
0

]
.

Proof: By the matrix inverse formula, Σ∗−1
i = Σ−1

i −Σ−1
i (Σ∗i−Σi)Σ

−1
i +Σ−1

i (Σ∗i−Σi)Σ
∗−1
i (Σ∗i−

Σi)Σ
−1
i , we then have

tr{(Σ∗i
−1)2} ≤ 2tr{(Σ−1

i )2}+ 2tr[{Σ−1
i (Σ∗i − Σi)Σ

−1
i }2]

+2tr[{Σ−1
i (Σ∗i − Σi)Σ

∗−1
i (Σ∗i − Σi)Σ

−1
i }2]. (S3)

Because (Σ∗i − Σi)Σ
−2
i (Σ∗i − Σi) is non-negative definite,

tr[{Σ−1
i (Σ∗i − Σi)Σ

∗−1
i (Σ∗i − Σi)Σ

−1
i }2] ≤ tr2{Σ−1

i (Σ∗i − Σi)Σ
∗−1
i (Σ∗i − Σi)Σ

−1
i }

≤ tr{(Σ∗i
−1)2}tr[{(Σ∗i − Σi)Σ

−2
i (Σ∗i − Σi)}2]

≤ tr2{(Σ∗i − Σi)Σ
−2
i (Σ∗i − Σi)}

≤ tr{(Σ∗i
−1)2}λ−4

min(Σi)tr
2{(Σ∗i − Σi)

2}

≤ tr{(Σ∗i
−1)2}c−4

0 C2
δ∆2,

where the last inequality follows from Lemma 1 and the assumption in this Lemma. In addition,

tr{(Σ−1
i (Σ∗i − Σi)Σ

−1
i )2} ≤ λ−4

min(Σi)tr{(Σ∗i − Σi)
2}. Hence, from (S3),

tr{(Σ∗i
−1)2} ≤ (1− 2c−4

0 C2
δ∆2)−1(2tr{(Σ−1

i )2}+ 2Cδ∆/c
4
0).

This completes the proof of Lemma 2.

Lemma 3 Let

d2
i = max

j,k

{
tr(PViPVi), tr

(
P
∂Vi
∂δj

P
∂Vi
∂δj

)
, tr
(
P

∂2Vi
∂δj∂δk

P
∂2Vi
∂δj∂δk

)}
and d∗ = mini di. Then there exists δ̂ such that for any 0 < q0 < 1 and large n,

δ̂ − δ = −A−1a+ op(d
−2q0
∗ ),

where a = ∂`(δ)/∂δ and A = E{∂2`(δ)/∂δ2}, on the set B with P (B) converging to 1.

Proof: We will apply Theorem 2.1 of Das et al. (2004). Let us first verify the following

conditions.
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The gth moment of the following quantities are bounded for some di and d∗ = mini di,

1

di

∣∣∣∣∂`(δ)∂δ

∣∣∣
δ0

∣∣∣∣ , 1√
didj

∣∣∣∣∂2`(δ)

∂δiδj

∣∣∣
δ0
− E(

∂2`(δ)

∂δiδj

∣∣∣
δ0

)

∣∣∣∣ , d∗
didjdk

Mijk,

where Mijk = supδ∈Sδ(δ0) |∂3`(δ)/(∂δi∂δj∂δk)| with Sγ(δ0) = {δ : |δi − δ0i| ≤ γd∗/di 1 ≤ i ≤ s}.
Using the likelihood given in (S2), we obtain the first derivative of `(δ) with respect to δ

∂`(δ)

∂δi
=

1

2
{εTPViPε− tr(PVi)}, (S4)

where ε = Y − ZF bF and Vi = diag(Vi1, · · · ,Vin). Let ε = Σ1/2u and u ∼ N(0, Imn). Then for

any g ≥ 2,

E
∣∣∣∂`(δ)
∂δi

∣∣∣g = 2−gE
∣∣∣uTΣ1/2PViPΣ1/2u− E(uTΣ1/2PViPΣ1/2u)

∣∣∣g
≤ c‖Σ1/2PViPΣ1/2‖g2 = ctr(ViPViP )g/2.

Thus, if we take di = tr(ViPViP )1/2, the gth moment of (1/di) |∂`(δ0)/∂δ| is bounded. Because

∂P/∂δj = −T (T TΣT )−1T T (∂Σ/∂δj)T (T TΣT )−1T T = −P (∂Σ/∂δj)P = −PVjP, we have

∂2`(δ)

∂δi∂δj
=

1

2

{
− εTQijε+ tr(PVjPVi)− tr(P

∂Vi
∂δj

)
}
, (S5)

where Qij = P{VjPVi + ViPVj − (∂Vi/∂δj)}P := PKijP. Then we have

E
∣∣∣∂2`(δ)

∂δi∂δj
− E(

∂2`(δ)

∂δi∂δj
)
∣∣∣g = 2−gE

∣∣∣uTΣ1/2QijΣ
1/2u− E(uTΣ1/2QijΣ

1/2u)
∣∣∣g

≤ c‖Σ1/2QijΣ
1/2‖g2 = ctr(KijPKijP )g/2,

where

tr(KijPKijP ) = tr((VjPVi + ViPVj −
∂Vi
∂δj

)P (VjPVi + ViPVj −
∂Vi
∂δj

)P )

= 2tr(VjPViPVjPViP ) + 2tr(ViPViPVjPVjP )

− 2tr(VjPViP
∂Vi
∂δj

P )− 2tr(ViPVjP
∂Vi
∂δj

P ) + tr(
∂Vi
∂δj

P
∂Vi
∂δj

P )

and applying Lemma 5.2 of Das et al. (2004), we have

|tr(VjPViP
∂Vi
∂δj

P )| ≤ tr(ViPViPVjPVjP )1/2tr(
∂Vi
∂δj

P
∂Vi
∂δj

P )1/2;

|tr(ViPVjP
∂Vi
∂δj

P )| ≤ tr(ViPViPVjPVjP )1/2tr(
∂Vi
∂δj

P
∂Vi
∂δj

P )1/2;

|tr(VjPViPVjPViP )| ≤ tr(ViPViPVjPVjP ).
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Therefore,

tr(KijPKijP ) ≤
{

2tr(ViPViPVjPVjP )1/2 + tr(
∂Vi
∂δj

P
∂Vi
∂δj

P )1/2
}2
.

Notice that tr(A2) ≤ tr2(A) for any non-negative matrix A. Since P 1/2ViPViP 1/2 is a non-

negative definite matrix, we have

tr(ViPViPVjPVjP ) ≤ tr(ViPViPViPViP )1/2tr(VjPVjPVjPVjP )1/2

≤ tr(P 1/2ViPViP 1/2)tr(P 1/2VjPVjP 1/2) = tr(ViPViP )tr(VjPVjP ).

Hence if we take di = maxj[tr(ViPViP )1/2, tr{∂Vi/∂δj)P (∂Vi/∂δj)P}1/2] the gth moment of

1√
didj

∣∣∣∣∂2`(δ)

∂δiδj

∣∣∣
δ0
− E(

∂2`(δ)

∂δiδj

∣∣∣
δ0

)

∣∣∣∣
is bounded for any g ≥ 2.

Next, we compute the third derivatives,

∂3`(δ)

∂δi∂δj∂δk

= −2−1εT
{
− PVkP (VjPVi + ViPVj −

∂Vi
∂δj

)P

+ P (
∂Vj
∂δk

PVi − VjPVkPVi − VjP
∂Vi
∂δk

+
∂Vi
∂δk

PVj − ViPVkPVj + ViP
∂Vj
∂δk
− ∂2Vi
∂δj∂δk

)P

− P (VjPVi + ViPVj +
∂Vi
∂δj

)PVkP
}
ε− E(εTRijkε)

= −εT (PVkPVjPViP + PVkPViPVjP + PViPVkPVjP )ε+ 2−1εTP
∂2Vi
∂δj∂δk

Pε

− εT (PVkP
∂Vi
∂δj

P + PViP
∂Vj
∂δk

P + PVjP
∂Vi
∂δk

P )ε+ E{εTP (Rijk +R∗ijk − 2−1 ∂2Vi
∂δj∂δk

)Pε},

where Rijk = VkPVjPVi +VkPViPVj +ViPVkPVj and R∗ijk = VkP (∂Vi/∂δj) +ViP (∂Vj/∂δk) +

VjP (∂Vi/∂δk). Consider the first term in the third derivatives. Denote Σ̃ for Σ evaluated at δ̃

and similarly for Ṽj. Then it can be shown that

(T T Σ̃T )−1 = (T TΣT )−1 + (T T Σ̃T )−1T T (Σ− Σ̃)T (T TΣT )−1

and T T ṼjT = T TVjT + T T (Ṽj − Vj)T . For convenience, denote H = (T TΣT )−1 and Gi =

T TViT . Further ∆1 = H̃T T (Σ− Σ̃)T H, ∆2j = T T (Ṽj − Vj)T . It can be seen that

H̃ = H +

2(p+1)∑
i=1

(δi − δ̃i)HGiH̃ + ψ̃0HT
T (∆Am(ρ0)⊗ In)T H̃ +

p∑
i=1

ψ̃iHT TD{∆Am(ρi)}T H̃,
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where D(∆Am) = diag{diag(X1i)∆Amdiag(X1i), · · · , diag(Xni)∆Amdiag(Xni)}, ∆Am(ρi) =

Am(ρi) − Am(ρ̃i).For 1 ≤ j ≤ (p + 1), Ṽj = Vj; if j = p + 2, Vj − Ṽj = ∆Am(ρ0) ⊗ In; if

p + 3 ≤ j ≤ 2(p + 2), Vj − Ṽj = D{∆Am(ρk)}; if 2(p + 1) + 1 ≤ j ≤ 2(p + 1) + q, Vj − Ṽj =

∆(∂Am(ρ0)/∂ρ0,jT )⊗ In with j′ = j−2(p+ 1) and if 2(p+ 1) + (k−1)q+ 1 ≤ j ≤ 2(p+ 1) +kq,

Vj − Ṽj = D{∆(∂Am(ρk)/∂ρk,j′)} with 2 ≤ k ≤ (p+ 1) and j′ = j − 2(p+ 1) + (k − 1)q. Since

H,Am(ρi) and ATm(ρi) are positive definite, if γ in Sγ is small enough such that, (1/2)H ≤
H̃ ≤ 2H, (1/2)Am(ρk) ≤ Am(ρ̃k) ≤ 2Am(ρk) and (1/2)ATm(ρk) ≤ ATm(ρ̃k) ≤ 2ATm(ρk). Then if

i ≤ p+ 1

‖H̃1/2G̃iH̃T T ε‖ = ‖H̃1/2GiH̃T T ε‖ ≤
√

2‖H1/2GiH̃T T ε‖

≤
√

2‖H1/2GiHT T ε‖+

2(p+1)∑
j=1

|δj − δ̃j|‖H1/2GiHGjH̃T T ε‖

+|ψ̃0|‖H1/2GiHT T (∆Am(ρ0)⊗ In)T H̃T T ε‖

+

p∑
i=1

|ψ̃j|‖H1/2GiHT TD(∆Am(ρj))T H̃T T ε‖.

It can be shown that there exists some constant C(γ) such that

‖H1/2GiHT T (∆Am(ρ0)⊗ In)T H̃T T ε‖

≤ C(γ)‖H1/2GiHG̃2p+3H̃T T ε‖ ≤ C(γ)‖H1/2GiH
1/2‖‖H1/2G̃2p+3H̃T T ε‖,

and

‖H1/2GiHT TD(∆Am(ρj))T H̃T T ε‖ ≤ C(γ)‖H1/2GiH
1/2‖‖H1/2G̃kH̃T T ε‖ for k = j+2(p+1)+1.

Therefore, for i ≤ p+ 1,

‖H̃1/2G̃iH̃T T ε‖ ≤
√

2‖H1/2GiHT T ε‖+
√

2

2(p+1)∑
j=1

|δj − δ̃j|‖H1/2GiH
1/2‖‖H1/2GjH̃T T ε‖

+
√

2

3(p+1)∑
k=2(p+1)+1

C(γ)|ψ̃k−2p−3|‖H1/2GiH
1/2‖‖H1/2G̃kH̃T T ε‖

≤
√

2‖H1/2GiHT T ε‖+ 2γd∗‖H1/2GiH
1/2‖

2(p+1)∑
j=1

d−1
j ‖H̃1/2G̃jH̃T T ε‖

+2C(γ)‖H1/2GiH
1/2‖

3(p+1)∑
k=2(p+1)+1

|ψ̃k−2p−3|‖H̃1/2G̃kH̃T T ε‖,
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where ‖H1/2GiH
1/2‖ = tr(PViPVi)1/2. For (q + 2)(p+ 1) ≥ i > p+ 1,

‖H̃1/2G̃iH̃T T ε‖ ≤
√

2{1 + C∗(γ)}‖H1/2GiHT T ε‖

+2γ{1 + C∗(γ)}d∗‖H1/2GiH
1/2‖

2(p+1)∑
j=1

d−1
j ‖H̃1/2G̃jH̃T T ε‖

+2{1 + C∗(γ)}C(γ)‖H1/2GiH
1/2‖

3(p+1)∑
k=2(p+1)+1

|ψ̃k−2p−3|‖H̃1/2G̃kH̃T T ε‖.

In summary, define

kj =

{
2γ{1 + C∗(γ)}d−1

j d∗‖H1/2GiH
1/2‖ for j ≤ p+ 1

2C{1 + C∗(γ)}C(γ)‖H1/2GiH
1/2‖ for p+ 1 ≤ j ≤ s,

then

‖H̃1/2G̃iH̃T T ε‖ ≤
√

2(1 + C∗(γ))‖H1/2GiHT T ε‖+
s∑
j=1

kj‖H̃1/2G̃jH̃T T ε‖. (S6)

It follows that

sup
δ̃∈Sγ
‖H̃1/2G̃iH̃T T ε‖ ≤

√
2{1 + C∗(γ)}‖H1/2GiHT T ε‖+

s∑
j=1

kj sup
δ̃∈Sγ
‖H̃1/2G̃jH̃T T ε‖. (S7)

If we take γ smaller enough such that
∑s

j=1 kj < 1, then

sup
δ̃∈Sγ
‖H̃1/2G̃iH̃T T ε‖ ≤

√
2{1 + C∗(γ)}‖H1/2GiHT T ε‖

+
√

2{1 + C∗(γ)}(1−
s∑
j=1

kj)
−1

s∑
j=1

kj‖H1/2GjHT T ε‖. (S8)

For any g > 4 and some constant C,

E‖H1/2GjHT T ε‖g = E|εTT HGjHGjHT T ε|g/2 = E|εTPVjPVjPε|g/2 ≤ Ctrg/2(PVjPVj).

Hence the first term in ∂3`(δ)/(∂δi∂δj∂δk) can be bounded by

|εT P̃ ṼkP̃ ṼjP̃ ṼiP̃ ε| = εTT H̃G̃kH̃G̃jH̃G̃iH̃T T ε

≤ λmax(H̃1/2G̃jH̃
1/2)‖H̃1/2G̃iH̃T T ε‖‖H̃1/2G̃kH̃T T ε‖

≤ C1(γ)λmax(H1/2GjH
1/2)‖H̃1/2G̃iH̃T T ε‖‖H̃1/2G̃kH̃T T ε‖.

Combining (S8) and the above two inequality, it can be seen that

E
( d∗
didjdk

sup
δ̃∈Sγ
|εT P̃ ṼkP̃ ṼjP̃ ṼiP̃ ε|

)g
≤ Cg

1 (γ)λgmax(H1/2GjH
1/2)E(

1

didk
sup
δ̃∈Sγ
‖H̃1/2G̃iH̃T T ε‖ sup

δ̃∈Sγ
‖H̃1/2G̃kH̃T T ε‖)g

≤ Cg
1 (γ)λgmax(H1/2GjH

1/2).
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We choose γ small enough such that C1(γ)λmax(H1/2GjH
1/2) < ∞. The other terms in

∂3`(δ)/(∂δi∂δj∂δk) can be bounded similarly. For example,

|εT P̃ ṼkP̃
∂Ṽi
∂δj

P̃ ε| ≤ ‖H̃1/2G̃kH̃T T ε‖‖H̃1/2∂G̃k

∂δj
H̃T T ε‖,

where the bound for the right hand side can be obtained similarly as of (S8). Therefore,

condition (iv) in Theorem 2.1 of Das et al. (2004) holds. Notice that from (S5),

(A)ij = E(
∂2`(δ)

∂δi∂δj
) = −2−1

{
tr(QijΣ)− tr(PVjPVi)− tr(P

∂Vi
∂δj

)
}

= −2−1tr(PViPVj).

Then the (i, j)th component of D−1
1 AD−1

1 , where D1 = Diag(d1, · · · , dn), is tr(PViPVj)/(didj).
Condition (iii) in Das et al. (2004) is equivalent to require that the smallest eigenvalue of

−(D−1AD−1) must be bounded away from 0 and ∞. Suppose the smallest eigenvalue of

−(D−1AD−1) is λ∗min. Since

λ∗min = inf
x6=0

xT (−D−1)(−A)(−D−1)x

xTx
≤ λmax(−A) inf

x 6=0

xTD−2x

xTx
≤ λmax(−A)(min

i
(di))

−2 <∞,

we require that

λmax(−A) = O(min
i
d2
i ). (S9)

Under condition (S9), condition (iii) of Das et al. (2004) holds. Therefore, conditions (i)-(iv)

in Theorem 2.1 of Das et al. (2004) hold and g can be any integer greater than 4. This finishes

the proof of Lemma 3.

Lemma 4 Define t(δ) = l̃T b̂F + m̃T ν̂ as the BLUP estimator of Y i0(tm; δ) for some specific i0

and δ̂ be the REML estimator of δ. If conditions (a)-(d) hold, then

E{t(δ̂)− t(δ)}2 = E
{∂t(δ)

∂δ
(δ̂ − δ)

}2

+ o(n−1).

Proof: For convenience, let us define ũ := (ũT1 , · · · , ũTn )T = Y − ZF b̂F , u = Y − ZF bF and

ζT (δ) := m̃TGW TΣ−1 = (ζT1 (δ), · · · , ζTn (δ)) where

ζTk (δ) =


ZT
Ri0

(tm)cov(bR)ZT
Rk

Σ−1
k if k 6= i0

ZT
Ri0

(tm)cov(bR)ZT
Ri0

Σ−1
i0

+Σ
(m)
u0 Σ−1

i0
+
∑p

q=1Xi0k(tm)[ΣuqDiag(Xqi0)]
(m)Σ−1

i0
if k = i0.

where i0 is the area we are interested in predicting (in the main text, we used i instead of i0.

In this supplemental, we used i0), Σ
(m)
u0 is the mth row of Σu0 and [ΣuqDiag(Xqi0)]

(m) is the

8



mth row of ΣuqDiag(Xqi0). Let C1 and C2 be constants which may take different values in each

appearance. By the Taylor expansion of t(δ̂) around δ, we have

t(δ̂)− t(δ) =
∂t(δ)

∂δ
(δ̂ − δ) +

1

2
(δ̂ − δ)T ∂

2t(δ∗)

∂δ∗2
(δ̂ − δ)

where ‖δ∗ − δ‖ ≤ ‖δ̂ − δ‖. Then

E{t(δ̂)− t(δ)}2 = E{∂t(δ)
∂δ

(δ̂ − δ)}2 + E
{∂t(δ)

∂δ
(δ̂ − δ)(δ̂ − δ)T ∂

2t(δ∗)

∂δ∗2
(δ̂ − δ)

}
+(1/4)E

{
(δ̂ − δ)T ∂

2t(δ∗)

∂δ∗2
(δ̂ − δ)

}2

:= E
{∂t(δ)

∂δ
(δ̂ − δ)

}2

+R1 +R2.

First, we would like to show R2 = o(n−1). Notice that

E
{

(δ̂ − δ)T ∂
2t(δ∗)

∂δ∗2
(δ̂ − δ)

}2

= E
[
tr2
{∂2t(δ∗)

∂δ∗2
(δ̂ − δ)(δ̂ − δ)T

}]
≤ E

(
tr
{

(
∂2t(δ∗)

∂δ∗2
)2
}

tr
[
{(δ̂ − δ)(δ̂ − δ)T}2

])
= E

(
tr
{

(
∂2t(δ∗)

∂δ∗2
)2
}{

(δ̂ − δ)T (δ̂ − δ)
}2)

=
s∑
i=1

s∑
j=1

E
[
(
∂2t(δ∗)

∂δ∗i ∂δ
∗
j

)2
{

(δ̂ − δ)T (δ̂ − δ)
}2]

.

Because s is a fixed number, we only need to show that

E
[
(
∂2t(δ∗)

∂δ∗i ∂δ
∗
j

)2
{

(δ̂ − δ)T (δ̂ − δ)
}2]

= o(n−1). (S10)

The first derivative of t(δ) is

∂t(δ)

∂δi
= l̃T

∂b̂F
∂δi

+
∂bT (δ)

∂δi
ũ− bT (δ)ZF

∂b̂F
∂δi

,

where ∂b̂F/∂δi = (ZT
FΣ−1ZF )−1ZT

FΣ−1(∂Σ/∂δi)Σ
−1ũ and the second derivatives of t(δ) is

∂2t(δ)

∂δi∂δj
= l̃T

∂2b̂F
∂δi∂δj

+
∂2ζT (δ)

∂δi∂δj
ũ− ∂ζT (δ)

∂δi
ZF

∂b̂F
∂δj
− ∂ζT (δ)

∂δj
ZF

∂b̂F
∂δi
− ζT (δ)ZF

∂2b̂F
∂δi∂δj

:= J1(δ) + J2(δ) + J3(δ) + J4(δ) + J5(δ),

9



where

∂2b̂F
∂δi∂δj

= −(ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂Σ

∂δj
Σ−1ZF (ZT

FΣ−1ZF )−1ZT
FΣ−1∂Σ

∂δi
Σ−1ZF ũ

−(ZT
FΣ−1ZF )−1ZT

FΣ−1∂Σ

∂δi
Σ−1ZF (ZT

FΣ−1ZF )−1ZT
FΣ−1 ∂Σ

∂δj
Σ−1ZF ũ

+(ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂Σ

∂δj
Σ−1∂Σ

∂δi
Σ−1ũ

+(ZT
FΣ−1ZF )−1ZT

FΣ−1∂Σ

∂δi
Σ−1 ∂Σ

∂δj
Σ−1ũ

−(ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂2Σ

∂δi∂δj
Σ−1ũ

:= I1(δ) + I2(δ) + I3(δ) + I4(δ) + I5(δ).

Let us look at J1(δ). We can write J1(δ) = l̃T{I1(δ) + I2(δ) + I3(δ) + I4(δ) + I5(δ)}. Since

l̃T I1(δ
∗) and l̃T I2(δ

∗) are similar, we only show that |l̃T I1(δ∗)| is bounded by |l̃T I1(δ∗)| ≤
C1n

−1/2|uTΣ−1u|1/2(1 + C2‖δ∗ − δ‖), where C1 and C2 are some constants. By the Cauchy-

Schwarz inequality and Σ−1/2ZT
F (ZT

FΣ−1ZF )−1ZFΣ−1/2 being an idempotent matrix, we have

|l̃T I1(δ)| = |l̃T (ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂Σ

∂δj
Σ−1ZF (ZT

FΣ−1ZF )−1ZT
FΣ−1∂Σ

∂δi
Σ−1ZF ũ|

≤ |l̃T (ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂Σ

∂δj
Σ−1 ∂Σ

∂δj
Σ−1ZF (ZT

FΣ−1ZF )−1l̃|1/2|ũTΣ−1∂Σ

∂δi
Σ−1∂Σ

∂δi
Σ−1ũ|1/2.

Denote dTi = l̃T (ZT
FΣ−1ZF )−1ZT

Fi
Σ
−1/2
i and

P1(δ) = |l̃T (ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂Σ

∂δj
Σ−1 ∂Σ

∂δj
Σ−1ZF (ZT

FΣ−1ZF )−1l̃|.

Then we can write

P1(δ) =
n∑
k=1

dTkΣ−1
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δj
Σ−1
k dk

≤
n∑
k=1

[tr(dkd
T
k dkd

T
k )]1/2[tr(Σ

−1/2
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δj
Σ
−1/2
k )]1/2

=
n∑
k=1

(dTk dk)[tr(Σ
−1/2
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δj
Σ
−1/2
k )]1/2

≤
n∑
k=1

(dTk dk)tr
2(Σ

−1/2
k

∂Σk

∂δj
Σ
−1/2
k )

=
n∑
k=1

(dTk dk)tr
2(Σ−1

k

∂Σk

∂δj
).
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Similar to the proof of Lemma 2, we have tr2{Σ∗−1

k (∂Σ∗k/∂δ
∗
j )} ≤ C1tr

2{Σ−1
k (∂Σk/∂δj)}(1 +

C2‖δ∗ − δ‖) and assuming that max1≤k≤n tr2{Σ−1
k (∂Σk/∂δj)} <∞, we have

P1(δ
∗) ≤ C1 max

1≤k≤n
tr2(Σ−1

k

∂Σk

∂δj
)(1 + C2‖δ∗ − δ‖)

n∑
k=1

d∗k
Td∗k

= C1 max
1≤k≤n

tr2(Σ−1
k

∂Σk

∂δj
)(1 + C2‖δ∗ − δ‖)

n∑
k=1

l̃T (ZT
FΣ∗−1ZF )−1ZT

Fk
Σ∗k
−1ZFk(Z

T
FΣ∗−1ZF )−1l̃

= C1 max
1≤k≤n

tr2(Σ−1
k

∂Σk

∂δj
)(1 + C2‖δ∗ − δ‖)l̃T (ZT

FΣ∗−1ZF )−1l̃.

It can be shown that |l̃T (ZT
FΣ∗−1ZF )−1l̃| = C1l̃

T (ZT
FΣ∗−1ZF )−1l̃(1 + C2‖δ∗ − δ‖). Since

ZT
FΣ−1ZF = O(n−1) and max1≤k≤n tr2{Σ−1

k (∂Σk/∂δj} <∞, |P1(δ
∗)| ≤ C1n

−1(1 + C2‖δ∗ − δ‖).
Next,

|ũTΣ−1∂Σ

∂δi
Σ−1∂Σ

∂δi
Σ−1ũ| =

n∑
k=1

[tr(Σ
−1/2
k ũkũ

T
kΣ−1

k ũkũ
T
kΣ
−1/2
k )]1/2[tr(Σ−1

k

∂Σk

∂δi
Σ−1
k

∂Σk

∂δi
)2]1/2

≤
n∑
k=1

ũTkΣ−1
k ũktr(Σ

−1
k

∂Σk

∂δi
Σ−1
k

∂Σk

∂δi
)

≤
n∑
k=1

ũTkΣ−1
k ũktr

2(Σ−1
k

∂Σk

∂δi
).

Hence

|ũTΣ∗−1∂Σ∗

∂δ∗i
Σ∗−1∂Σ∗

∂δ∗i
Σ∗−1ũ| ≤ C1 max

1≤k≤n
tr2(Σ−1

k

∂Σk

∂δi
)(1 + C2‖δ∗ − δ‖)|ũTΣ∗−1ũ|

≤ C1|uTΣ−1u|(1 + C2‖δ∗ − δ‖). (S11)

Note that we used the fact that |ũTΣ−1ũ| ≤ |uTΣ−1u|. It follows that |l̃T I1| ≤ C1n
−1/2|uTΣ−1u|1/2(1+

C2‖δ∗ − δ‖). Similarly, |l̃T I2| ≤ C1n
−1/2|uTΣ−1u|1/2(1 + C2‖δ∗ − δ‖). The third term in J1 is

|l̃T I3| = |l̃T (ZT
FΣ−1ZF )−1ZT

FΣ−1 ∂Σ

∂δj
Σ−1∂Σ

∂δi
Σ−1ũ|

≤ |l̃T (ZT
FΣ−1ZF )−1l̃|1/2|ũTΣ−1∂Σ

∂δi
Σ−1 ∂Σ

∂δj
Σ−1 ∂Σ

∂δj
Σ−1∂Σ

∂δi
Σ−1ũ|1/2.

Applying the inequality tr(A2) ≤ tr2(A) for any nonnegative matrix A, we have

|ũTΣ−1∂Σ

∂δi
Σ−1 ∂Σ

∂δj
Σ−1 ∂Σ

∂δj
Σ−1∂Σ

∂δi
Σ−1ũ| =

n∑
k=1

ũTkΣ−1
k

∂Σk

∂δi
Σ−1
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δi
Σ−1
k ũk

≤
n∑
k=1

[tr(Σ
−1/2
k ũkũ

T
kΣ−1

k ũkũ
T
kΣ
−1/2
k )]1/2[tr(

∂Σk

∂δi
Σ−1
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δi
Σ−1
k )2]1/2

≤
n∑
k=1

ũTkΣ−1
k ũktr

2(Σ−1
k )2tr(

∂Σk

∂δj
)2tr(

∂Σk

∂δi
)2.
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Hence,

|ũTΣ∗−1∂Σ∗

∂δ∗i
Σ∗−1∂Σ∗

∂δ∗j
Σ∗−1∂Σ∗

∂δ∗j
Σ∗−1∂Σ∗

∂δ∗i
Σ∗−1ũ| ≤

n∑
k=1

ũTkΣ∗−1
k ũktr

2(Σ∗−1
k )2tr(

∂Σ∗k
∂δ∗j

)2tr(
∂Σ∗k
∂δ∗i

)2

≤ C1 max
k

tr2(Σ−1
k )2 max

k
tr(
∂Σk

∂δj
)2 max

k
tr(
∂Σk

∂δi
)2(1 + C2‖δ∗ − δ‖)

n∑
k=1

ũTkΣ∗−1
k ũk

≤ C1 max
k

tr2(Σ−1
k )2 max

k
tr(
∂Σk

∂δj
)2 max

k
tr(
∂Σk

∂δi
)2(1 + C2‖δ∗ − δ‖)

n∑
k=1

uTkΣ−1
k uk,

and it is easy to see that |l̃T (ZT
FΣ∗−1ZF )−1l̃| ≤ C1|l̃T (ZT

FΣ−1ZF )−1l̃|(1 + C2‖δ∗ − δ‖). There-

fore, |l̃T I3(δ∗)| ≤ C1n
−1/2|uTΣ−1u|1/2(1 + C2‖δ∗ − δ‖). Similarly, we can bound |l̃T I3(δ∗)| and

|l̃T I5(δ∗)|. So, in summary, |J1(δ
∗)| ≤ C1n

−1/2|uTΣ−1u|1/2(1 + C2‖δ∗ − δ‖).
Next, for J3, we have

|J3| = |∂ζ
T (δ)

∂δi
ZF

∂b̂F
∂δj
| = |∂ζ

T (δ)

∂δi
ZF (ZT

FΣ−1ZF )−1ZT
FΣ−1∂Σ

∂δi
Σ−1ũ|

≤ |∂ζ
T (δ)

∂δi
ZF (ZT

FΣ−1ZF )−1ZT
F

∂ζ(δ)

∂δi
|1/2|ũTΣ−1∂Σ

∂δi
Σ−1∂Σ

∂δi
Σ−1ũ|1/2.

Noting that for k 6= i0

∂ζTk (δ)

∂δj
= ZT

Ri0
(tm)cov(bR)ZT

Rk
Σ−1
k

∂Σk

∂δj
Σ−1
k + ZT

Ri0
(tm)

∂cov(bR)

∂δj
ZT
Rk

Σ−1
k = O(n−1/2),

where ∂cov(bR)/∂δj = 0 if δj 6= σ2
bk

and ∂cov(bR)/∂δj = Diag(0, · · · ,Diag(λ−1
L1

), . . . , 0) if δj =

σ2
bk

, and ∂ζTi0(δ)/∂δj = O(1) for all δj. Hence, {∂ζT (δ)/∂δi}ZF is of order O(1) for each

component. It follows that {∂ζT (δ)/∂δi}ZF (ZT
FΣ−1ZF )−1ZT

F {∂ζ(δ)/∂δi} = O(n−1). We have

already shown in (S11) that

|ũTΣ∗−1∂Σ∗

∂δ∗i
Σ∗−1∂Σ∗

∂δ∗i
Σ∗−1ũ| ≤ C1|uTΣ−1u|(1 + C2‖δ∗ − δ‖).

Therefore, |J3(δ
∗)| ≤ C1n

−1/2|uTΣ−1u|1/2(1 + C2‖δ∗ − δ‖). Similarly, we can show the same

bound for |J4(δ
∗)|.

Now let us check J5, the proof is almost the same as J1, where we replace l̃ by ζT (δ)ZF . Notice

that each component of ζT (δ)ZF is O(1). Then |ζT (δ)ZF (ZT
FΣ−1ZF )−1ZT

F ζ(δ)| = O(n−1).

Hence, as we have shown for J1, it can also be shown that |J5(δ
∗)| ≤ C1n

−1/2|uTΣ−1u|1/2(1 +

C2‖δ∗ − δ‖). It remains to show J2 = Op(1). Notice that for k 6= i0,

∂ζTk (δ)

∂δi∂δj
= ZT

Ri0
(tm)

∂cov(bR)

∂δi
ZT
R1

Σ−1
k

∂Σ1

∂δj
Σ−1
k + ZT

Ri0
(tm)

∂cov(bR)

∂δj
ZT
R1

Σ−1
k

∂Σ1

∂δi
Σ−1
k

+ ZT
Ri0

(tm)cov(bR)ZT
Rk

Σ−1
k

∂Σk

∂δj
Σ−1
k

∂Σk

∂δi
Σ−1
k + ZT

Ri0
(tm)cov(bR)ZT

R1
Σ−1
k

∂Σk

∂δi
Σ−1
k

∂Σk

∂δj
Σ−1
k

+ ZT
Ri0

(tm)cov(bR)ZT
Rk

Σ−1
k

∂2Σk

∂δi∂δj
Σ−kk = O(n−1/2),
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and {∂ζTi0(δ)/∂δi∂δj} = O(1). It follows that

|J2| = |
∂ζT (δ)

∂δi∂δj
ũ| = |

n∑
k=1

∂ζTk (δ)

∂δi∂δj
ũ| ≤

n∑
k=1

|∂ζ
T
k (δ)

∂δi∂δj
ũk| ≤

n∑
i=1

(
∂ζTk (δ)

∂δi∂δj
Σk
∂ζTk (δ)

∂δi∂δj
)1/2(ũTkΣ−1

k ũk)
1/2,

where ũk = (ũk1, · · · , ũkm)T . It is easy to see that ũTkΣ−1
k ũk = Op(1). Hence |J2(δ

∗)| ≤
C1n

−1/2|uTΣ−1u|1/2(1 + C2‖δ∗ − δ‖). In summary, from J1(δ
∗)− J5(δ

∗),∣∣∣∂2t(δ∗)

∂δ∗i ∂δ
∗
j

∣∣∣ ≤ C1n
−1/2(uTΣ−1u)1/2(1 + C2‖δ̂ − δ‖),

where C is some constant. Applying the Cauchy-Schwarz inequality,

R2 = E((
∂2t(δ∗)

∂δ∗i ∂δ
∗
j

)2
[
(δ̂ − δ)T (δ̂ − δ)

]2
) ≤ 2Cn−1{E(uTΣ−1u‖δ̂ − δ‖4) + E(uTΣ−1u‖δ̂ − δ‖6)}

≤ 2Cn−1
[
{E(uTΣ−1u)2}1/2{E(‖δ̂ − δ‖8)}1/2

+{E(uTΣ−1u)2}1/2{E(‖δ̂ − δ‖12)}1/2
]
.

Because E(uTΣ−1u)2 = O(n2) and E(‖δ̂ − δ‖8) = O(n−4), we have R2 = o(n−1). To show the

order of R1, we would like to know the order of

E{∂t(δ)
∂δ

(δ̂ − δ)}2 ≤ C
s∑
i=1

{E(
∂t(δ)

∂δi
)4}1/2{E(δ̂i − δi)4)}1/2.

Now we can rewrite ∂t(δ)/∂δj in the following form

∂t(δ)

∂δj
=

(
fj(δ)− ζ(δ)ZF (ZT

FΣ−1ZF )−1ZT
F

∂Σ

∂δj
D +

∂b(δ)

∂δj
D

)
ε := hj(δ)

T ε, (S12)

where fj(δ) = l̃T (ZT
FΣ−1ZF )−1ZT

F (∂Σ/∂δj)D, D = I−ZF (ZT
FΣ−1ZF )−1ZT

FΣ−1.Define h
(2)
j (δ)T =

ζT (δ)ZF (ZT
FΣ−1ZF )−1ZT

F (∂Σ/∂δj)D and h
(3)
j (δ) = {∂ζT (δ)/∂δj}D. Since ε ∼ N(0,Σ),

E(
∂t(δ)

∂δj
)4 = 3(hj(δ)

TΣhj(δ))
2 ≤ 6{(fTj (δ)Σfj(δ))

2 + (h
(2)
j (δ)TΣh

(2)
j (δ))2 + (h

(3)
j (δ)TΣh

(3)
j (δ))2}.

Define B = ZF (ZT
FΣ−1ZF )−1ZT

F . Notice that Σ−1/2BΣ−1/2 is an idempotent matrix. Then

the first term on the right hand side of (S12) is

fTj (δ)Σfj(δ) = l̃T (ZT
FΣ−1ZF )−1ZT

F

∂Σ

∂δj
DΣD

∂Σ

∂δj
ZF (ZT

FΣ−1ZF )−1l̃

= l̃T (ZT
FΣ−1ZF )−1ZT

F

∂Σ

∂δj
(Σ−B)

∂Σ

∂δj
ZF (ZT

FΣ−1ZF )−1l̃

≤ l̃T (ZT
FΣ−1ZF )−1ZT

F

∂Σ

∂δj
Σ
∂Σ

∂δj
ZF (ZT

FΣ−1ZF )−1l̃

=
n∑
i=1

l̃T (ZT
FΣ−1ZF )−1ZT

Fi

∂Σi

∂δj
Σi
∂Σi

∂δj
ZFi(Z

T
FΣ−1ZF )−1l̃

≤ λmax(
∂Σi

∂δj
Σi
∂Σi

∂δj
)

n∑
i=1

l̃T (ZT
FΣ−1ZF )−1ZT

Fi
ZFi(Z

T
FΣ−1ZF )−1l̃,
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which is of order O(n−1). Similarly, the second term of the right hand side of (S12) is

h
(2)
j (δ)TΣh

(2)
j (δ) = ζ(δ)B

∂Σ

∂δj
(Σ−B)

∂Σ

∂δj
BζT (δ)

≤ ζT (δ)B
∂Σ

∂δj
Σ
∂Σ

∂δj
Bζ(δ) ≤ ζT (δ)Σ

∂Σ

∂δj
Σ
∂Σ

∂δj
Σζ(δ)T

≤
n∑
i=1

ζTi (δ)Σi
∂Σi

∂δj
Σi
∂Σi

∂δj
Σiζi(δ).

If λ−1
L1

= O(n−1/2) and λmax

{
(∂Σi/∂δj)Σi(∂Σi/∂δj)Σi

}
<∞. Then h

(2)
j (δ)TΣh

(2)
j (δ) = O(1).

Then the third term on the right hand side of (S12) is

h
(3)
j (δ)TΣh

(3)
j (δ) =

∂ζT (δ)

∂δj
DΣDT ∂ζ(δ)

∂δj
=
∂ζ(δ)

∂δj
{Σ− ZF (ZT

FΣ−1ZF )−1ZT
F }
∂ζ(δ)T

∂δj

=
∂ζ(δ)

∂δj
Σ1/2{I − Σ−1/2ZF (ZT

FΣ−1ZF )−1ZT
FΣ−1/2}Σ1/2∂ζ(δ)T

∂δj
≤ ∂ζ(δ)

∂δj
Σ
∂ζ(δ)T

∂δj

=
n∑
i=1

∂ζi(δ)

∂δj
Σi
∂ζi(δ)

T

∂δj
≤ λmax(Σi)

n∑
i=1

∂ζi(δ)

∂δj

∂ζi(δ)
T

∂δj
.

If λmax(Σi) <∞ and λ−1
L1

= O(n−1/2), then ∂ζi(δ)/∂δj = O(n−1/2) and hence h
(3)
j (δ)TΣh

(3)
j (δ) =

O(1). Hence, E {(∂t(δ)/∂δi)4} = O(1). It follows that E{(∂t(δ)/∂δ)(δ̂ − δ)}2 = O(n−1). Again

by the Cauchy-Schwarz inequality, it is easy to see that R1 = o(n−1). Therefore, we have

E{t(δ̂)− t(δ)}2 = E{∂t(δ)
∂δ

(δ̂ − δ)}2 + o(n−1).

This completes the proof of Lemma 4.
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Some additional details in the proof of Theorem 2:

For K1, because m̃TGm̃ = ZT
Ri0

(tm)cov(bR)ZRi0 + eTim,0(In ⊗ Σu0)eim,0 +
∑

k=1 e
T
ik,xk

(In ⊗
Σuk)eik,xk , m̃

T (∂2G/∂δi∂δj)m̃ is a summation of fixed number functions of variance components

δ. Therefore, it can be shown that |K∗1 −K1| ≤ C‖δ∗ − δ‖. For K2, notice that

∂2γT (δ)

∂δi∂δj
Σ−1γ(δ) =

{
0 both δi and δj are σ2

bk
s;

∂2γTi0
(δ)

∂δi∂δj
Σ−1
k γi0(δ) if one of δi and δj is not σ2

bk
s,

where γi0(δ) is the i0th m-dimensional subvector of γT (δ) = (γT1 (δ), · · · , γTm(δ)). Therefore,

|K∗2 −K2| ≤ |tr{γi0(δ∗)
∂2γTi0(δ

∗)

∂δi∂δj
Σ∗k
−1} − tr{γi0(δ)

∂2γTi0(δ)

∂δi∂δj
Σk
−1}|

≤ |tr{(γi0(δ∗)
∂2γTi0(δ

∗)

∂δi∂δj
− γi0(δ)

∂2γTi0(δ)

∂δi∂δj
}Σ−1

k )|

+ |tr{γi0(δ)
∂2γTi0(δ)

∂δi∂δj
(Σ∗k

−1 − Σ−1
k )}|

+ |tr{(γi0(δ∗)
∂2γTi0(δ

∗)

∂δi∂δj
− γi0(δ)

∂2γTi0(δ)

∂δi∂δj
)(Σ∗k

−1 − Σ−1
k )}| := K

(1)
2 +K

(2)
2 +K

(3)
2 .

From Lemma 2 we know tr(Σ∗k
−1−Σ−1

k ) ≤ C‖δ̂−δ‖, hence to show that |K∗2 −K2| ≤ C‖δ̂−δ‖,
it is enough to show that |(∂2γ

(l)
i0

(δ∗)/∂δi∂δj)γ
(k)
i0

(δ∗) − (∂2γ
(l)
i0

(δ)/∂δi∂δj)γ
(k)
i0

(δ)| ≤ C‖δ̂ − δ‖
where subscript (l) denotes the lth component. Notice that

|
∂2γ

(l)
i0

(δ∗)

∂δi∂δj
γ

(k)
i0

(δ∗)−
∂2γ

(l)
i0

(δ)

∂δi∂δj
γ

(k)
i0

(δ)| ≤ C|
∂2γ

(l)
i0

(δ∗)

∂δi∂δj
−
∂2γ

(l)
i0

(δ)

∂δi∂δj
|+ C|γ(k)

i0
(δ∗)− γ(k)

i0
(δ)|

+ C|
∂2γ

(l)
i0

(δ∗)

∂δi∂δj
−
∂2γ

(l)
i0

(δ)

∂δi∂δj
||γ(k)

i0
(δ∗)− γ(k)

i0
(δ)|.

Clearly, |γ(k)
i0

(δ∗)− γ(k)
i0

(δ)| ≤ C‖δ̂ − δ‖ from the expression of γ
(k)
i0

(δ) and it also easy to show

that |∂2γ
(l)
i0

(δ∗)/∂δi∂δj − ∂2γ
(l)
i0

(δ)/∂δi∂δj| ≤ C‖δ̂ − δ‖. It follows that |K∗2 −K2| ≤ C‖δ̂ − δ‖.
The derivation of K3 to K7 are similar, here we only give the details for K4. We first write

|K∗4 −K4| ≤ C

n∑
k=1

|∂γ
T
k (δ∗)

∂δi
Σ∗k
−1∂Σ∗k
∂δj

Σ∗−1
k γk(δ

∗)− ∂γTk (δ)

∂δi
Σ−1
k

∂Σk

∂δj
Σ−1
k γk(δ)|

≤ C

n∑
k=1

(K
(k)
41 +K

(k)
42 +K

(k)
41 K

(k)
42 ),

where K
(k)
41 = |tr[{γk(δ∗)(∂γTk (δ∗)/∂δi) − γk(δ)(∂γ

T
k (δ)/∂δi)}Σ−1

k (∂Σk/∂δj)Σ
−1
k ]| and K

(k)
42 =

|tr[{Σ∗−1
k (∂Σ∗k/∂δ

∗
j )Σ

∗−1
k − Σ−1

k (∂Σk/∂δj)Σ
−1
k }γk(δ)(∂γTk (δ)/∂δi)]|. It can be seen that

K
(k)
41 = |tr{(γk(δ∗)− γk(δ))

∂γTk (δ)

∂δi
Σ−1
k

∂Σk

∂δj
Σ−1
k }|+ |tr{γk(δ)(

∂γTk (δ∗)

∂δi
− ∂γTk (δ)

∂δi
)Σ−1

k

∂Σk

∂δj
Σ−1
k }|

+|tr{(γk(δ∗)− γk(δ))(
∂γTk (δ∗)

∂δi
− ∂γTk (δ)

∂δi
)Σ−1

k

∂Σk

∂δj
Σ−1
k }|.
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For k 6= i0, |γ(l)
k (δ∗) − γ

(l)
k (δ)| ≤ C‖λL1‖−1

∑p
k=0 |σ̂2

bk
− σ2

bk
| and each element of ∂γTk (δ)/∂δi

is of the same order of ‖λL1‖−1. Hence, |tr{(γk(δ∗)− γk(δ))(∂γTk (δ)/∂δi)Σ
−1
k (∂Σk/∂δj)Σ

−1
k }| ≤

C‖λL1‖−2‖δ̂−δ‖. Similarly, we can show the other terms are also bounded by C‖λL1‖−2‖δ̂−δ‖.
It follows that K

(k)
41 ≤ C‖λL1‖−2‖δ̂ − δ‖ if k 6= i0. By noting that tr(Σ∗−1

k −Σ−1
k )2 ≤ C‖δ̂ − δ‖,

tr{(∂Σ∗k/∂δ
∗
j )− (∂Σk/∂δj)}2 ≤ C‖δ̂− δ‖, γk(δ) and ∂γTk (δ)/∂δi are both O(‖λL1‖−1) for k 6= i0,

it can be shown that K
(k)
42 ≤ C‖λL1‖−2‖δ̂ − δ‖ for k 6= i0. For k = i0, K

(i0)
41 ≤ C‖δ̂ − δ‖ and

K
(i0)
42 ≤ C‖δ̂ − δ‖. In summary, using the assumption ‖λL1‖ = O(n−1/2), we have

|K∗4 −K4| ≤ C(
∑
k 6=i0

‖λL1‖−2 + 1)‖δ̂ − δ‖ ≤ C‖δ̂ − δ‖.

Here we show that ∂g4(δ)/∂δi = o(n−1/2). Observe that

∂gjl4 (δ)

∂δk
=

∂ηTj
∂δk

ΣPVjPVlPΣηl + ηTj
∂Σ

∂δk
PVjPVlPΣηl + ηTj ΣPVkPPVjPVlPΣηl

+ηTj ΣP
∂Vj
∂δk

PVlPΣηl + ηTj ΣPVjPVkPVlPΣηl + ηTj ΣPVjP
∂Vl
∂δk

PΣηl

+ηTj ΣPVjPVlPVkPΣηl + ηTj ΣPVjPVlP
∂Σ

∂δk
ηl + ηjΣPVjPVlPΣ

∂ηTl
∂δk

.

By the Cauchy-Schwarz inequality,

|ηTj ΣP
∂Vj
∂δk

PVlPΣηl| ≤ (ηTj ΣP
∂Vj
∂δk

P
∂Vj
∂δk

PΣηj)
1/2(ηTl ΣPVlPVlPΣηl)

1/2

By the definition of η and h(δ)TΣh(δ) = o(n−3/2), we can see that |ηTj ΣP (∂Vj/∂δk)PVlPΣηl| =
o(n−1/2). The order of the other terms of ∂g4(δ)/∂δi can be derived similarly.
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