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Appendix S1 Estimation of the parameters

This section provides the detailed calculations used for the EM algorithm in Subsection 3.2.

The logarithm of the complete data likelihood is

log(Lcompl) =
n∑
i=1

[
log(Constanti) + log{Γ(

ni
2

+ α)} − log{Γ(α)} − 1

2
logτ 2−

αlog(γ)− (θi −ZT
i β)2

2τ 2
−
(ni

2
+ α

)
log(ψi)

]
,

and in the E-step of the tth iteration we calculate

Q(B|B(t−1)) ≡ E(t−1){log(Lcompl)} =
n∑
i=1

[
log(Constanti) + log{Γ(

ni
2

+ α)} − log{Γ(α)}

−1

2
logτ 2 − αlog(γ)− E(t−1)

{(θi −ZT
i β)2

2τ 2

}
−
(ni

2
+ α

)
E(t−1){log(ψi)}

]
,

where the expectation is with respect to the conditional density of θi given in equation (5)

with the parameters from (t− 1)th iteration.
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In the M-step of the tth iteration we determine β, τ 2, α and γ by maximizing Q, and call

them as β̂
(t)

, τ̂ 2
(t)

, α̂(t), and γ̂(t). By setting

∂Q(B|B(t−1))

∂β
= 0,

∂Q(B|B(t−1))

∂τ 2
= 0,

we obtain the expressions for β̂
(t)

and τ̂ 2 given in Subsection 3.2. In particular,

∂Q(B|B(t−1))

∂β
=

n∑
i=1

[
− ∂

∂β
E(t−1)

{(θi −ZT
i β)2

2τ 2

}
−
(ni

2
+ α

) ∂

∂β
E(t−1){log(ψi)}

]
=

n∑
i=1

E(t−1)
{Zi(θi −ZT

i β)

τ 2

}
.

Similarly, α and γ are estimated by solving Sα = 0 and Sγ = 0 where

Sα =
∂Q(B|B(t−1))

∂α
=

n∑
i=1

[
log′{Γ(

ni
2

+ α)} − log′{Γ(α)} − log(γ)− E(t−1){log(ψi)}
]

(1)

Sγ =
∂Q(B|B(t−1))

∂γ
= −nα

γ
+

1

γ2

n∑
i=1

(
ni
2

+ α)E(t−1)
(

1

ψi

)
. (2)

In order to solve Sα = 0 and Sγ = 0, we require the following components

Sαα =
∑n

i=1

[
log′′{Γ(ni

2
+ α)} − log′′{Γ(α)}

]
Sαγ =

∑n
i=1

{
− 1
γ

+ 1
γ2
E(t−1)

(
1
ψi

)}
Sγα = Sαγ

Sγγ =
∑n

i=1

{
α
γ2
− (ni + 2α) 1

γ3
E(t−1)

(
1
ψi

)
+ (ni

2
+ α) 1

γ4
E(t−1)

(
1
ψ2
i

)}
,

(3)

and then α and γ are estimated by the Newton-Raphson method:[
α
γ

]l
=

[
α
γ

](l−1)
−
[
Sαα Sαγ
Sγα Sγγ

]−1 [
Sα
Sγ

]
.

Appendix S2 Computation of B̂ −B

In this section of appendix, the detail expression of equation (12) is given. For the first order

derivative terms, U
(i)
r is defined as

U (i)
r =

∂logLMi
∂Br
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where the marginal log-likelihood is given in the section 3.2. In particular, the partial

derivative with respect to α is

U (i)
α =

∂logLMi
∂α

= E

(
∂logLi,compl

∂α

)
= log′{Γ(

ni
2

+ α)} − log′{Γ(α)} − log(γ)− E{log(ψi)}

where expectation is with respect to the conditional distribution of θi, and log(Li,compl) is

given in appendix A. The other terms are

U (i)
γ = −α

γ
+

1

γ2
(
ni
2

+ α)E

(
1

ψi

)
,

U
(i)

β
= E

{
Zi(θi −ZT

i β)

τ 2

}
,

U
(i)

τ2 = − 1

2τ 2
+ E

{
(θi −ZT

i β)2

2(τ 2)2

}
.

The second order derivative with respect to α is

V (i)
αα =

∂U
(i)
α

∂α
=

∂

∂α
E(∂logLi,compl/∂α)

= E

(
∂2log{Li,compl}

∂α2

)
+ E

{(
∂log{Li,compl}

∂α

)2
}
− E2

{(
∂log{Li,compl}

∂α

)}
= E

(
∂2log{Li,compl}

∂α2

)
+ var

{(
∂log{Li,compl}

∂α

)}
= log′′{Γ(

ni
2

+ α)} − log′′{Γ(α)}+ var {log(ψi)}

The other second order derivative terms are

V (i)
γγ =

α

γ2
− (ni + 2α)

1

γ3
E

(
1

ψi

)
+ (

ni
2

+ α)
1

γ4
E

(
1

ψ2
i

)
+ (

ni
2

+ α)2
1

γ4
var

(
1

ψi

)
,

V
(i)

ββ
= −ZiZ

T
i

τ 2
+

1

(τ 2)2
var{Zi(θi −ZT

i β)},

V
(i)

τ2τ2 =
1

2(τ 2)2
− 1

(τ 2)3
E(θi −ZT

i β)2 +
1

4(τ 2)4
var{(θi −ZT

i β)2}.

The other cross terms of the second order derivative are

V (i)
αγ = −1

γ
+

1

γ2
E

(
1

ψi

)
− (

ni
2

+ α)
1

γ2
cov

{
1

ψi
, log(ψi)

}
,
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V
(i)

αβ
= − 1

τ 2
cov{log(ψi),Zi(θi −ZT

i β)},

V
(i)

ατ2 = − 1

2(τ 2)2
cov{log(ψi), (θi −ZT

i β)2},

V
(i)

γβ
= (

ni
2

+ α)
1

γ2τ 2
cov{ 1

ψi
,Zi(θi −ZT

i β)},

V
(i)

γτ2 = (
ni
2

+ α)
1

2γ2τ 4
cov{ 1

ψi
, (θi −ZT

i β)2},

V
(i)

βτ2
= − 1

τ 4
E{Zi(θi −ZT

i β)}+
1

2τ 6
cov{Zi(θi −ZT

i β), (θi −ZT
i β)2}.

The third derivative terms are:

W (i)
ααα = logΓ′′′(

ni
2

+ α)− logΓ′′′(α)− cov{log(ψi), log2(ψi)}+ 2Elog(ψi)var{log(ψi)},

W (i)
γγγ = −2α

γ3
+ (

ni
2

+ α)

(
6

γ4
E

1

ψi
− 6

γ5
E

1

ψ2
i

+
2

γ6
E

1

ψ3
i

)
− (

ni
2

+ α)2
{

6

γ5
var(

1

ψi
)+

1

γ6
cov(

1

ψi
,

1

ψ2
i

)

}
− (

ni
2

+ α)3
1

γ6

{
cov(

1

ψi
,

1

ψ2
i

)− 2E
1

ψi
var(

1

ψi
)

}
,

W
(i)

βββ
=

1

(τ 2)3
[
cov{Zi(θi −ZT

i β), (θi −ZT
i β)2} − 2E(Zi(θi −ZT

i β))var(Zi(θi −ZT
i β))

]
,

W
(i)

τ2τ2τ2 = − 1

(τ 2)3
+

3

(τ 2)4
E(θi −ZT

i β)2 − 3

2(τ 2)5
var{(θi −ZT

i β)2}+
1

8(τ 2)6
·

×
[
cov{(θi −ZT

i β)4, (θi −ZT
i β)2} − 2E(θi −ZT

i β)2var{(θi −ZT
i β)2}

]
.

The other cross terms of the third order derivative are

W (i)
ααγ = (

ni
2

+ α)
1

γ2

[
cov{log2(ψi),

1

ψi
} − 2Elog(ψi)cov{log(ψi),

1

ψi
}
]
−

2

γ2
cov{log(ψi),

1

ψi
},

W
(i)

ααβ
=

1

τ 2
[
cov{log2(ψi),Zi(θi −ZT

i β)} − 2Elog(ψi)cov{log(ψi),Zi(θi −ZT
i β)}

]
,

W
(i)

αατ2 =
1

2(τ 2)2
[
cov{log2(ψi), (θi −ZT

i β)2} − 2Elog(ψi)cov{log(ψi), (θi −ZT
i β)2}

]
,

W (i)
αγγ =

1

γ2
− 2

γ3
E

1

ψi
− 1

γ4
E

1

ψ2
i

+ (
ni
2

+ α)
1

γ4

[
2var(

1

ψi
)− cov{log(ψi),

1

ψ2
i

}
]
−

(
ni
2

+ α)2
1

γ4

[
cov{log(ψi) ·

1

ψi
,

1

ψi
} − cov{log(ψi),

1

ψi
}E 1

ψi
−

Elog(ψi)var(
1

ψi
)

]
,

W
(i)

αγβ
=

1

γ2τ 2
cov(

1

ψi
,Zi(θi −ZT

i β))− (
ni
2

+ α)
1

γ2τ 2

[
cov{log(ψi) ·

1

ψi
,Zi(θi −ZT

i β)}−
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cov{log(ψi),Zi(θi −ZT
i β)}E 1

ψi
− Elog(ψi)cov(

1

ψi
,Zi(θi −ZT

i β))

]
,

W
(i)

αγτ2 =
1

2γ2(τ 2)2
cov{ 1

ψi
, (θi −ZT

i β)2} − (
ni
2

+ α)
1

2γ2(τ 2)2

[
cov{log(ψi) ·

1

ψi
, (θi −ZT

i β)2}−

cov{log(ψi), (θi −ZT
i β)2}E 1

ψi
− Elog(ψi)cov{ 1

ψi
, (θi −ZT

i β)2}
]
,

W
(i)

αββ
= − 1

(τ 2)2
[
cov{log(ψi), (Zi(θi −ZT

i β))2} − 2E(Zi(θi −ZT
i β))cov{log(ψi),Zi(θi −ZT

i β)}
]
,

W
(i)

αβτ2
=

1

(τ 2)2
cov{log(ψi),Zi(θi −ZT

i β)} − 1

2(τ 2)3
[
cov{log(ψi) ·Zi(θi −ZT

i β), (θi −ZT
i β)2}−

cov{log(ψi), (θi −ZT
i β)2}EZi((θi −ZT

i β)− Elog(ψi)cov{Zi(θi −ZT
i β), (θi −ZT

i β)2}
]
,

W
(i)

ατ2τ2 =
1

4(τ 2)3
cov{log(ψi), (θi −ZT

i β)2} − 1

4(τ 2)4
[
cov{log(ψi) · (θi −ZT

i β)2, (θi −ZT
i β)2}−

cov{log(ψi), (θi −ZT
i β)2}E(θi −ZT

i β)2 − Elog(ψi)var{(θi −ZT
i β)2}

]
,

W
(i)

γγβ
= −(

ni
2

+ α)
2

γ3τ 2
cov(Zi(θi −ZT

i β),
1

ψi
) + (

ni
2

+ α)
1

γ4τ 2
cov(Zi(θi −ZT

i β),
1

ψ2
i

) +

(
ni
2

+ α)2
1

γ4τ 2

{
cov(Zi(θi −ZT

i β),
1

ψ2
i

)− 2E
1

ψi
cov(Zi(θi −ZT

i β),
1

ψi
)

}
,

W
(i)

γγτ2 = −(
ni
2

+ α)
1

γ3(τ 2)2
cov{(θi −ZT

i β)2,
1

ψi
}+ (

ni
2

+ α)
1

2γ4(τ 2)2
cov{(θi −ZT

i β)2,
1

ψ2
i

}+

(
ni
2

+ α)2
1

2γ4(τ 2)2

[
cov{(θi −ZT

i β)2,
1

ψ2
i

} − 2E
1

ψi
cov{(θi −ZT

i β)2,
1

ψi
}
]
,

W
(i)

γββ
= (

ni
2

+ α)
1

γ2(τ 2)2

[
cov{ 1

ψi
·Zi(θi −ZT

i β),Zi(θi −ZT
i β)} − cov(

1

ψi
,Zi(θi −ZT

i β))·

EZi(θi −ZT
i β)− E 1

ψi
var(Zi(θi −ZT

i β))

]
W

(i)

γβτ2
= −(

ni
2

+ α)
1

γ2(τ 2)2
cov(

1

ψi
,Zi(θi −ZT

i β)) + (
ni
2

+ α)
1

2γ2(τ 2)3
·[

cov{ 1

ψi
·Zi(θi −ZT

i β), (θi −ZT
i β)2} − cov{ 1

ψi
, (θi −ZT

i β)2}EZi(θi −ZT
i β)

−E 1

ψi
cov{Zi(θi −ZT

i β), (θi −ZT
i β)2}

]
W

(i)

γτ2τ2 = −(
ni
2

+ α)
1

γ2(τ 2)3
cov{ 1

ψi
, (θi −ZT

i β)2}+ (
ni
2

+ α)
1

4γ2(τ 2)4
·[

cov{ 1

ψi
· (θi −ZT

i β)2, (θi −ZT
i β)2} − cov{ 1

ψi
, (θi −ZT

i β)2}E(θi −ZT
i β)2

−E 1

ψi
var{(θi −ZT

i β)2}
]

W
(i)

ββτ2
=

ZiZ
T
i

(τ 2)2
− 2

(τ 2)3
var(Zi(θi −ZT

i β)) +
1

2(τ 2)4
[
var{(θi −ZT

i β)2}
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−2EZi(θi −ZT
i β)cov{(θi −ZT

i β)2,Zi(θi −ZT
i β)}

]
W

(i)

βτ2τ2
=

2

(τ 2)3
EZi(θi −ZT

i β)− 2

(τ 2)4
cov{(θi −ZT

i β)2,Zi(θi −ZT
i β)}+

1

4(τ 2)5
·[

cov{Zi(θi −ZT
i β)3, (θi −ZT

i β)2} − var{(θi −ZT
i β)2}E(Zi(θi −ZT

i β))
]

All the other terms are equal to the above values according to symmetry.

Appendix S3 Second order correction of νi

In the equation (11), the second order derivatives of νi are included. The detail calculations

are given as follow:

∂2νi
∂α2

= − ∂

∂α
cov(θ2i , logψi) + 2

∂

∂α
Eθi · cov(θi, logψi) + 2Eθi

∂

∂α
cov(θi, logψi)

∂

∂α
cov(θ2i , logψi) = −cov(θ2i logψi, logψi) + cov(θ2i , logψi)Elogψi + Eθ2i cov(logψi, logψi)

∂

∂α
Eθi = −cov(θi, logψi)

∂

∂α
cov(θi, logψi) = −cov(θilogψi, logψi) + cov(θi, logψi)Elogψi + Eθicov(logψi, logψi)

∂2νi
∂α∂γ

= − ∂

∂γ
cov(θ2i , logψi) + 2

∂

∂γ
Eθi · cov(θi, logψi) + 2Eθi

∂

∂γ
cov(θi, logψi)

∂

∂γ
cov(θ2i , logψi) = (ni/2 + α)

1

γ2

{
cov(θ2i logψi,

1

ψi
)− cov(θ2i ,

1

ψi
)Elogψi − Eθ2i cov(logψi,

1

ψi
)

}
−

1

γ2
cov(θ2i ,

1

ψi
)

∂

∂γ
Eθi = (ni/2 + α)

1

γ2
cov(θi,

1

ψi
)

∂

∂γ
cov(θi, logψi) = (ni/2 + α)

1

γ2

{
cov(θilogψi,

1

ψi
)− cov(θi,

1

ψi
)Elogψi − Eθicov(logψi,

1

ψi
)

}
−

1

γ2
cov(θi,

1

ψi
)

∂2νi
∂α∂β

= − ∂

∂β
cov(θ2i , logψi) + 2

∂

∂β
Eθi · cov(θi, logψi) + 2Eθi

∂

∂β
cov(θi, logψi)

∂

∂β
cov(θ2i , logψi) =

1

τ 2
{

cov(θ2i logψi,Zi(θi −ZT
i β))− cov(θ2i ,Zi(θi −ZT

i β))Elogψi

−Eθ2i cov(logψi,Zi(θi −ZT
i β))

}
6



∂

∂β
Eθi =

Zi

τ 2
var(θi)

∂

∂β
cov(θi, logψi) =

1

τ 2
{

cov(θilogψi,Zi(θi −ZT
i β))− cov(θi,Zi(θi −ZT

i β))Elogψi

−Eθicov(logψi,Zi(θi −ZT
i β))

}
∂2νi
∂α∂τ 2

= − ∂

∂τ 2
cov(θ2i , logψi) + 2

∂

∂τ 2
Eθi · cov(θi, logψi) + 2Eθi

∂

∂τ 2
cov(θi, logψi)

∂

∂τ 2
cov(θ2i , logψi) =

1

2(τ 2)2
[
cov{θ2i logψi, (θi −ZT

i β)2} − cov{θ2i , (θi −ZT
i β)2}Elogψi−

Eθ2i cov{logψi, (θi −ZT
i β)2}

]
∂

∂τ 2
Eθi =

1

2(τ 2)2
cov{θi, (θi −ZT

i β)2}

∂

∂τ 2
cov(θi, logψi) =

1

2(τ 2)2
[
cov{θilogψi, (θi −ZT

i β)2} − cov{θi, (θi −ZT
i β)2}Elogψi−

Eθicov{logψi, (θi −ZT
i β)2}

]
∂2νi
∂γ2

= −(
ni
2

+ α)
2

γ3

{
cov(θ2i ,

1

ψi
)− 2Eθicov(θi,

1

ψi
)

}
+ (

ni
2

+ α)
1

γ2

{
∂

∂γ
cov(θ2i ,

1

ψi
)−

2
∂

∂γ
Eθi · cov(θi,

1

ψi
)− 2Eθi

∂

∂γ
cov(θi,

1

ψi
)

}
∂

∂γ
cov(θ2i ,

1

ψi
) = (

ni
2

+ α)
1

γ2

{
cov(θ2i

1

ψi
,

1

ψi
)− cov(θ2i ,

1

ψi
)E

1

ψi
− Eθ2i var(

1

ψi
)

}
+

1

γ2
cov(θ2i ,

1

ψ2
i

)

∂

∂γ
Eθi = (ni/2 + α)

1

γ2
cov(θi,

1

ψi
)

∂

∂γ
cov(θi,

1

ψi
) = (

ni
2

+ α)
1

γ2

{
cov(θi

1

ψi
,

1

ψi
)− cov(θi,

1

ψi
)E

1

ψi
− Eθivar(

1

ψi
)

}
+

1

γ2
cov(θi,

1

ψ2
i

)

∂2νi
∂γ∂β

= (
ni
2

+ α)
1

γ2

{
∂

∂β
cov(θ2i ,

1

ψi
)− 2

∂

∂β
Eθi · cov(θi,

1

ψi
)− 2Eθi

∂

∂β
cov(θi,

1

ψi
)

}
∂

∂β
cov(θ2i ,

1

ψi
) =

1

τ 2

{
cov(θ2i

1

ψi
,Zi(θi −ZT

i β))− cov(θ2i ,Zi(θi −ZT
i β))E

1

ψi

−Eθ2i cov(
1

ψi
,Zi(θi −ZT

i β))

}
∂

∂β
Eθi =

Zi

τ 2
var(θi)

∂

∂β
cov(θi,

1

ψi
) =

1

τ 2

{
cov(θi

1

ψi
,Zi(θi −ZT

i β))− cov(θi,Zi(θi −ZT
i β))E

1

ψi

−Eθicov(
1

ψi
,Zi(θi −ZT

i β))

}
7



∂2νi
∂γ∂τ 2

= (
ni
2

+ α)
1

γ2

{
∂

∂τ 2
cov(θ2i ,

1

ψi
)− 2

∂

∂τ 2
Eθi × cov(θi,

1

ψi
)− 2Eθi

∂

∂τ 2
cov(θi,

1

ψi
)

}
∂

∂τ 2
cov(θ2i ,

1

ψi
) =

1

2(τ 2)2

[
cov{θ2i

1

ψi
, (θi −ZT

i β)2} − cov{θ2i , (θi −ZT
i β)2}E 1

ψi

−Eθ2i cov{ 1

ψi
, (θi −ZT

i β)2}
]

∂

∂τ 2
Eθi =

1

2(τ 2)2
cov{θi, (θi −ZT

i β)2}

∂

∂τ 2
cov(θi,

1

ψi
) =

1

2(τ 2)2

[
cov{θi

1

ψi
, (θi −ZT

i β)2} − cov{θi, (θi −ZT
i β)2}E 1

ψi

−Eθicov{ 1

ψi
, (θi −ZT

i β)2}
]

∂2νi

∂β2 =
1

τ 2

{
∂

∂β
cov(θ2i ,Zi(θi −ZT

i β))− 2
∂

∂β
Eθi · cov(θi,Zi(θi −ZT

i β))

−2Eθi ·
∂

∂β
cov(θi,Zi(θi −ZT

i β))

}
∂

∂β
cov(θ2i , θi −ZT

i β) =
1

τ 2
[
cov{θ2iZi(θi −ZT

i β),Zi(θi −ZT
i β)} − cov(θ2i ,Zi(θi −ZT

i β))

× EZi(θi −ZT
i β)− Eθ2i var(Zi(θi −ZT

i β))
]

∂

∂β
Eθi = cov(θi,Zi(θi −ZT

i β))

∂

∂β
cov(θi,Zi(θi −ZT

i β)) =
1

τ 2
[
cov{θiZi(θi −ZT

i β),Zi(θi −ZT
i β)} − cov(θi,Zi(θi −ZT

i β))

× EZi(θi −ZT
i β)− Eθivar(Zi(θi −ZT

i β))
]

∂2νi
∂β∂τ 2

= − 1

(τ 2)2
{

cov(θ2i ,Zi(θi −ZT
i β))− 2Eθi × cov(θi,Zi(θi −ZT

i β))
}

+
1

τ 2

{
∂

∂τ 2
cov(θ2i ,Zi(θi −ZT

i β))− 2
∂

∂τ 2
Eθi × cov(θi,Zi(θi −ZT

i β))

−2Eθi ·
∂

∂τ 2
cov(θi,Zi(θi −ZT

i β))

}
∂

∂τ 2
cov(θ2i ,Zi(θi −ZT

i β)) =
1

2(τ 2)2
[
cov{θ2iZi(θi −ZT

i β), (θi −ZT
i β)2} − cov{θ2i , (θi −ZT

i β)2}

× EZi(θi −ZT
i β)− Eθ2i cov{Zi(θi −ZT

i β), (θi −ZT
i β)2}

]
∂

∂τ 2
Eθi =

1

2(τ 2)2
cov{θi, (θi −ZT

i β)2}

∂

∂τ 2
cov(θi,Zi(θi −ZT

i β)) =
1

2(τ 2)2
[
cov{θiZi(θi −ZT

i β), (θi −ZT
i β)2} − cov{θi, (θi −ZT

i β)2}

× EZi(θi −ZT
i β)− Eθicov{Zi(θi −ZT

i β), (θi −ZT
i β)2}

]
8



∂2νi

∂τ 22
= − 1

(τ 2)3
[
cov{θ2i , (θi − β)2} − 2Eθicov{θi, (θi − β)2}

]
+

1

2(τ 2)2

×
[
∂

∂τ 2
cov{θ2i , (θi − β)2} − 2

∂

∂τ 2
Eθi × cov{θi, (θi − β)2}−

2Eθi ×
∂

∂τ 2
cov{θi, (θi − β)2}

]
,

∂

∂τ 2
cov{θ2i , (θi − β)2} =

1

2(τ 2)2
[
cov{θ2i (θi −ZT

i β)2, (θi −ZT
i β)2} − cov{θ2i , (θi −ZT

i β)2}

× E(θi −ZT
i β)2 − Eθ2i var{(θi −ZT

i β)2}
]
,

∂

∂τ 2
Eθi =

1

2(τ 2)2
cov{θi, (θi −ZT

i β)2}

∂

∂τ 2
cov{θi, (θi −ZT

i β)2} =
1

2(τ 2)2
[
cov{θi(θi −ZT

i β)2, (θi −ZT
i β)2} − cov{θi, (θi −ZT

i β)2}

× E(θi −ZT
i β)2 − Eθivar{(θi −ZT

i β)2}
]
.

The other terms are obtained using symmetry property.

Appendix S4 Information Matrix for B

The Fisher information matrix is Isr = −E [∂2log-likelihood(Xi, S
2
i )/∂Bs∂Br] , and the

observed information matrix is −n−1
∑n

i=1 ∂
2log-likelihood(Xi, S

2
i )/∂Bs∂Br. The terms of

this matrix are obtained from appendix B.
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