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Derivation of derivatives of the estimating function
Define
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the corresponding population expectations. Now we can write
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where V,or and C,or denote variances and covariances with respect to the conditional
7 7

distribution QZ;:" Thus, the components of the matrix Z = lim,_,(1/n)0T,,/0n can

now be obtained by replacing S by s throughout the above equations and then taking
the expectations of the corresponding i.i.d. sums.

Proof of the asymptotic unbiasedness of the estimating equation under general missing
at random assumption

In this section, we prove asymptotic unbiasedness of the estimating equations Sy = 0
and S¢ = 0 under the general missing at random mechanism specified by equation (6).



First, it is easy to see that the asymptotic limit of (1/ n)Sér) can be written in general
form as
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where
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sOV,Y) = Epr o I(V' = V)hye (V'|X'), and Ologhyo, (V|X)/00 = Eyer (B,|V, X)@X.
Now, we can write

C" = EAI(R = r)dloghy.. (V|X) /00
= EXEAMyoT|XA7r(T)(V, X)0Ologhyo-(V|X)/00 (assuming missing-at-random)
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Further, we write
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where the last equality follows because
pr(A =1,V,Y%) = By hye (0| X )E {I(v’ > V)|X’}
= By xhya(VIX)IV >V)=sOWV,y).

Moreover, under missing at random assumption (6), we can write
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Thus, we can write
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Now, we note that, if 7" (T, X) = 7(")(T), then we have
c0) — p) / 7O @)D (0, 4 dvdu(y™),

implying asymptotic unbiasedness of Sér) for each specific r.
When 7" (T, X) depends on X, in general C™) £ D™ however, >, C™ =" D).
To see this, note that by rearrangement of integrals and expectation, we can write
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Now summing over 7 and using the constraint Y. 7 (v,z) = 1 we can write
c=% = / By x [I(V > v) {0hu(0]X)/00}] do,
which again after rearrangement of integrals can be written as
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Now define
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and note that we can write
D — / Evx [I(V > )" (v, X)n(0]X)] do.
Thus, we have
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and thus the equality C' = D is proven. The proof of the asymptotic unbiasedness of S¢
can be obtained following the similar steps with the observation that
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Table 1: Results of the simulation study, where the disease has 64 subtypes based on 3 disease
traits each with 4 levels. The true value of 89 = 0.35, 9§1) = 0.15, Hél) =0, and 9§1) =0.5. The
working model for the baseline hazards is misspecified. Fach of the disease traits is missing-
completely-at-random with probability 0.20 or 0.30. Estvar and 95%CP stand for means of

estimated variances and 95% coverage probability, respectively, over the different simulations.

Method 9@ o gD g g0 g gl gl
n=>5,000 n=10,000

Full-cohort  Bias(x10%) -0.76 -0.56 0.90 0.03 0.34 -0.29 -0.12 -0.02

Var(x10%) 2.24 0.72 0.67 0.83 1.13 033 039 041

Etvar(x10?) 2.26  0.72 0.66 082 124 037 038 0.43

05% CP 942 948 948 944 960 960 954 95.0

20% missing 20% missing
Complete-  Bias(x10?) 1.83 0.58 0.35 1.96 3.16 0.11 -0.15 1.82
case Var(x10%) 428 146 1.35 156 3.33 0.90 1.07 0.92

Etvar(x10%) 4.68 149 1.36 1.69 3.72 1.08 121 1.28
95% CP 95.6 954 96.2 948 92.8 96.0 95.0 94.6
Estimating- Bias(x10%) 0.86 -0.91 0.66 -0.51 1.69 -0.59 -0.70 -0.36
equation Var(x10%) 2.62 0.85 0.86 0.98 1.37 043 052 051
Etvar(x10%) 2.64 0.88 0.81 0.99 147 046 0.47 0.52
95% CP 946 954 944 944 956 95.0 93.6 948

30% missing 30% missing
Complete- Bias(x10?) 0.63 1.49 0.68 2.78 3.95 0.93 -0.37 3.17
case Var(x10%) 7.21 242 224 248 325 130 126 1.34

Etvar(x10?) 7.26  2.32 211 2.63 343 1.18 1.12 1.30
95% CP 942 956 938 952 956 944 952 946
Estimating- Bias(x10?) 1.25 -1.14 0.75 -0.62 044 -0.16 -0.17 0.02
equation Var(x10?) 296 097 099 112 130 049 050 0.57
Etvar(x102) 2.92  1.00 091 1.11 145 051 049 0.56
95% CP 94.6 962 937 93.8 958 950 946 95.0
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Figure 1: Plot of the log{ A, 4.)(t)/A@,1)(t)}. The solid line (—), dashed line (——), and
dotted line (---) correspond to (y1,y2) = (1,2), (2,1) and (2,2), respectively.



