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Nonparametric varying-coefficient models are commonly used for analyzing data measured repeatedly over time, including longitudinal
and functional response data. Although many procedures have been developed for estimating varying coefficients, the problem of variable
selection for such models has not been addressed to date. In this article we present a regularized estimation procedure for variable selection
that combines basis function approximations and the smoothly clipped absolute deviation penalty. The proposed procedure simultaneously
selects significant variables with time-varying effects and estimates the nonzero smooth coefficient functions. Under suitable conditions, we
establish the theoretical properties of our procedure, including consistency in variable selection and the oracle property in estimation. Here
the oracle property means that the asymptotic distribution of an estimated coefficient function is the same as that when it is known a priori
which variables are in the model. The method is illustrated with simulations and two real data examples, one for identifying risk factors
in the study of AIDS and one using microarray time-course gene expression data to identify the transcription factors related to the yeast
cell-cycle process.
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1. INTRODUCTION

Varying-coefficient (VC) models (Hastie and Tibshirani
1993) are commonly used for studying the time-dependent
effects of covariates on responses measured repeatedly. Such
models can be used for longitudinal data where subjects are
often measured repeatedly over a given period, so that the mea-
surements within each subject are possibly correlated with one
another (Diggle, Liang, and Zeger 1994; Rice 2004). Another
setting is that of functional response models (Rice 2004), where
the ith response is a smooth real function yi(t), i = 1, . . . , n, t ∈
T = [0, T ], although in practice only yi(tij ), j = 1, . . . , Ji

are observed. For both settings, the response Y(t) is a ran-
dom process, and the predictor X(t) = (X(1)(t), . . . ,X(p)(t))T

is a p-dimensional random process. In applications, obser-
vations for n randomly selected subjects are obtained as
(yi(tij ),xi (tij )) for the ith subject at discrete time point tij ,
i = 1, . . . , n and j = 1, . . . , Ji . The linear VC model can be
written as

yi(tij ) = xi (tij )
T β(tij ) + εi(tij ), (1)

where β(t) = (β1(t), . . . , βp(t))T is a p-dimensional vector of
smooth functions of t and εi(t), i = 1, . . . , n, are iid random
processes, independent of xi (t). This model has the simplicity
of linear models but also has the flexibility of allowing time-
varying covariate effects. Since its introduction in the longi-
tudinal data setting by Hoover, Rice, Wu, and Yang (1998),
many methods for estimation and inference of model (1) have
been developed (see, e.g., Wu and Chiang 2000 and Fan and
Zhang 2000 for the local polynomial kernel method; Huang,
Wu, and Zhou 2002, 2004 and Qu and Li 2006 for basis ex-
pansion and the spline methods; and Chiang, Rice, and Wu
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2001 for the smoothing spline method). One important prob-
lem not well studied in the literature is how to select signif-
icant variables in model (1). The goal of this article is to es-
timate β(t) nonparametrically and select relevant predictors
xk(t) with nonzero functional coefficient βk(t), based on ob-
servations {(yi(tij ),xi (tij )), i = 1, . . . , n, j = 1, . . . , Ji}.

Traditional methods for variable selection include hypothesis
testing and using information criteria, such as the Akaike info-
mation criterion and the Bayes information criterion. Recently,
regularized estimation has received much attention as a way
to perform variable selection for parametric regression models
(see Bickel and Li 2006 for a review). Existing regularization
procedures for variable selection include LASSO (Tibshirani
1996), smoothly clipped absolute deviation (SCAD) (Fan and
Li 2001), and their extensions (Yuan and Lin 2006; Zou and
Hastie 2005; Zou 2006). But these regularized estimation pro-
cedures were developed for regression models, where parame-
ters are Euclidean and cannot be applied directly to the nonpara-
metric VC models where parameters are nonparametric smooth
functions. Moreover, these procedures are studied mainly for
independent data; an exception is the study of Fan and Li (2004)
in which the SCAD penalty was used for variable selection in
longitudinal data analysis. On the other hand, some recent re-
sults on regularization methods with diverging numbers of pa-
rameters (e.g., Fan and Peng 2004; Huang, Horowitz, and Ma
2008) are related to nonparametric settings, but the model er-
ror due to function approximation was not of concern in those
studies.

Regularized estimation for selecting relevant variables in
nonparametric settings has been developed in the general con-
text of smoothing spline analysis of variance (ANOVA) mod-
els. Lin and Zhang (2006) developed COSSO for component
selection and smoothing in smoothing spline ANOVA. Zhang
and Lin (2006) extended the COSSO method to nonparamet-
ric regression in exponential families, Zhang (2006) extended
it to support vector machines, and Leng and Zhang (2007) ex-
tended it to hazard regression. Lin and Zhang (2006) studied
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rates of convergence of COSSO estimators; the other authors
focused on computational algorithms and did not provide the-
oretical results. Asymptotic distribution results have not been
developed for COSSO and its extensions. Moreover, these ap-
proaches have focused on independent data, not on longitudinal
data, as we studied in the present work.

In this article we use the method of basis expansion to esti-
mate smooth functions in VC models because of the simplicity
of the basis expansion approach, as illustrated by Huang et al.
(2002). We extend the application of the SCAD penalty to a
nonparametric setting. Besides developing a computational al-
gorithm, we study the asymptotic property of the estimator. We
show that our procedure is consistent in variable selection; that
is, the probability that it correctly selects the true model tends
to 1. Furthermore, we show that our procedure has an oracle
property; that is, the asymptotic distribution of an estimated co-
efficient function is the same as that when it is known a priori
which variables are in the model. Such results are new in non-
parametric settings.

The rest of the article is organized as follows. We describe
the regularized estimation procedure using basis expansion and
the SCAD penalty in Section 2, and present a computational
algorithm and a method for selecting the tuning parameter in
Section 3. We present theoretical results, including the consis-
tency in variable selection and the oracle property in Section 4,
and then some simulation results in Section 5. In Section 6 we
illustrate the proposed method using two real data examples,
a CD4 data set and a microarray time-course gene expression
data set. We gather technical proofs in the Appendix.

2. BASIS FUNCTION EXPANSION AND
REGULARIZED ESTIMATION USING

THE SCAD PENALTY

Huang et al. (2002) proposed estimating the unknown time-
varying coefficient functions using basis expansion. Suppose
that the coefficient βk(t) can be approximated by a basis expan-
sion βk(t) ≈ ∑Lk

l=1 γklBkl(t), where Lk is the number of basis
functions in approximating the function βk(t). Model (1) then
becomes

yi(tij ) ≈
p∑

k=1

Lk∑

l=1

γklx
(k)
i (tij )Bkl(tij ) + εi(tij ). (2)

The parameters γkl in the basis expansion can be estimated by
minimizing

1

n

n∑

i=1

wi

Ji∑

j=1

{

yi(tij ) −
p∑

k=1

Lk∑

l=1

γklx
(k)
i (tij )Bkl(tij )

}2

, (3)

where the wi ’s are weights taking value 1 if we treat all ob-
servations equally or 1/ni if we treat each subject equally. An
estimate of βk(t) is obtained by β̂k(t) = ∑Lk

l=1 γ̂klBkl(t), where
the γ̂kl’s are minimizers of (3). Various basis systems, includ-
ing Fourier bases, polynomial bases, and B-spline bases, can be
used in the basis expansion. Huang et al. (2002) studied consis-
tency and rates of convergence of such estimators for general
basis choices, and also studied asymptotic normality of the es-
timators when the basis functions Bkl are splines (2004).

Now suppose that some variables are not relevant in the re-
gression, so that the corresponding coefficient functions are

zero functions. We introduce a regularization penalty to (3)
so that these zero coefficient functions are estimated as iden-
tically 0. Toward that end, it is convenient to rewrite (3)
using function space notation. Let Gk denote all functions
that have the form

∑Lk

l=1 γklBkl(t) for a given basis system
{Bkl(t)}. Then (3) can be written as (1/n)

∑
i wi

∑
j {yi(tij ) −

∑
k gk(tij )x

(k)
i (tij )}2, where gk(t) = ∑Lk

l=1 γklBkl(t) ∈ Gk . Let
pλ(u),u ≥ 0, be a nonnegative penalty function that depends
on a penalty parameter λ. We assume that pλ(0) = 0 and that
pλ(u) is nondecreasing as a function of u. Let ‖gk‖ denote the
L2-norm of the function gk . Over gk ∈ Gk , we minimize the
penalized criterion

1

n

n∑

i=1

wi

Ji∑

j=1

{

yi(tij ) −
p∑

k=1

gk(tij )x
(k)
i (tij )

}2

+
p∑

k=1

pλ(‖gk‖). (4)

There are two sets of tuning parameters. The Lk’s control the
smoothness of the coefficient functions, and the λ governs vari-
able selection or sparsity of the model. Selection of these pa-
rameters is discussed in Section 4. In our implementation of
the method, we use B-splines as the basis functions. Thus
Lk = nk + d + 1, where nk is the number of interior knots for
gk and d is the degree of the spline. The interior knots of the
splines can be either equally spaced or placed on the sample
quantiles of the data, so that there are about the same number
of observations between any two adjacent knots. We use equally
spaced knots for all numerical examples in this article.

There are many ways to specify the penalty function pλ(·).
If pλ(u) = λu, then the penalty term in (4) is similar to that in
COSSO. But here we use the SCAD penalty function of Fan
and Li (2001), defined as

pλ(u) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

λu if 0 ≤ u ≤ λ

− (u2 − 2aλu + λ2)

2(a − 1)
if λ < u < aλ

(a + 1)λ2

2
if u ≥ aλ.

(5)

The penalty function (5) is a quadratic spline function with two
knots at λ and aλ, where a is another tuning parameter. Fan and
Li (2001) suggested that a = 3.7 is a reasonable choice, which
we adopt in this article. Using the SCAD penalty allows us to
obtain nice theoretical properties, such as consistent variable
selection and the oracle property, for the proposed method.

For gk(t) = ∑
l γklBkl(t) ∈ Gk , the squared L2-norm can be

written as a quadratic form in γ k = (γk1, . . . , γkLk
)T . Let Rk =

(rij )Lk×Lk
be a matrix with entries rij = ∫

T Bki(t)Bkj (t) dt .
Then ‖gk‖2 = γ T

k Rkγ k � ‖γ k‖2
k . Set γ = (γ T

1 , . . . ,γ T
p )T . The

penalized weighted least squares criterion (4) can be written as

pl(γ ) = 1

n

n∑

i=1

wi

Ji∑

j=1

{

(yi(tij ) −
p∑

k=1

Lk∑

l=1

γklx
(k)
i (tij )Bkl(tij )

}2

+
p∑

k=1

pλ(‖γ k‖k). (6)
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To express the criterion function (6) using vectors and matrixes,
we define

B(t) =
⎛

⎝

B11(t) . . . B1L1(t) 0 . . . 0
...

...

0 . . . 0 0 . . . 0

0 . . . 0
... 0

Bp1(t) . . . BpLp(t)

⎞

⎠ ,

Ui (tij ) = (xi (tij )
T B(tij ))

T , Ui = (Ui (ti1), . . . ,Ui (tiJi
))T , and

U = (UT
1 , . . . ,UT

n )T . We also define yi = (yi(ti1), . . . ,

yi(tiJi
))T and y = (yT

1 , . . . ,yT
n )T . The criterion function (6)

can be rewritten as

pl(γ ) = 1

n

n∑

i=1

wi(yi − Uiγ )T (yi − Uiγ ) +
p∑

k=1

pλ(‖γ k‖k)

= (y − Uγ )T W(y − Uγ ) +
p∑

k=1

pλ(‖γ k‖k), (7)

where W is a diagonal weight matrix with wi repeated ni times.

Remark. The penalized weighted least squares criterion here
does not take into account the within-subject correlation typ-
ically present in the longitudinal data, because the correlation
structure is usually unknown a priori. A popular method for
dealing with within-subject correlation is to use a working cor-
relation structure as in the generalized estimating equations
(GEEs; Liang and Zeger 1986). The concept of GEEs can be
easily adapted to our methodolgy. Specifically, the weight ma-
trix W in (7) can be constructed using a working correlation
structure, such as AR or compound symmetry. Actually, the cri-
teria (4) and (6) correspond to a working independence corre-
lation structure. Using a working independence correlation will
not affect the consistency of variable selection (Sec. 5). On the
other hand, using an appropriate working correlation structure
may yield more efficient function estimation if the structure is
specified correctly.

3. COMPUTATIONAL ALGORITHM

Because of nondifferentiability of the penalized loss (7), the
commonly used gradient-based optimization method is not ap-
plicable here. In this section we develop an iterative algorithm
using local quadratic approximation of the nonconvex penalty
pλ(‖γ k‖2). Following Fan and Li (2001), in a neighborhood of
a given positive u0 ∈ R

+,

pλ(u) ≈ pλ(u0) + 1

2
{p′

λ(u0)/u0}(u2 − u2
0). (8)

In our algorithm a similar quadratic approximation is used by
substituting u with ‖γ k‖k in (8), k = 1, . . . , p. Given an initial
value of γ 0

k with ‖γ 0
k‖k > 0, pλ(‖γ k‖k) can be approximated

by a quadratic form,

pλ(‖γ 0
k‖k) + 1

2

{
p′

λ(‖γ 0
k‖k)/‖γ 0

k‖k

}{
γ T

k Rkγ k − (γ 0
k)

T Rkγ
0
k

}
.

Consequently, removing an irrelevant constant, the penalized
loss (7) becomes

pl(γ ) = 1

n
(y − Uγ )T W(y − Uγ ) + 1

2
γ T �λ(γ

0)γ , (9)

where �λ(γ
0) = diag{(p′

λ(‖γ 0
1‖2)/‖γ 0

1‖2)R1, . . . ,

(p′
λ(‖γ 0

K‖2)/‖γ 0
K‖2)Rp}, where the Rk’s are as defined before

(6). This is a quadratic form with a minimizer satisfying
{

UT WU + n

2
�λ(γ

0)

}

γ = UT Wy. (10)

The foregoing discussion leads to the following algorithm:

Step 1: Initialize γ = γ (1).
Step 2: Given γ (m), update γ to γ (m+1) by solving (10),

where γ 0 is set to be γ (m).
Step 3: Iterate step 2 until convergence of γ is achieved.

The initial estimation of γ in step 1 can be obtained using a
ridge regression, which substitutes pλ(‖γ k‖2) in the penalized
loss (7) with the quadratic function ‖γ k‖2

2. The ridge regression
has a closed-form solution. At any iteration of step 2, if some
‖γ (m)

k ‖2 is smaller than a cutoff value ε > 0, then we set γ̂ k =
0 and treat x(k)(t) as irrelevant. In our implementation of the
algorithm, ε is set to 10−3.

Remark. Due to the nonconvexity of pl(γ ), the algorithm
sometimes may fail to converge, and the search falls into an
infinite loop surrounding several local minimizers. In this sit-
uation, we choose the local minimizer that gives the smallest
value of pl(γ ).

4. SELECTION OF TUNING PARAMETERS

To implement the proposed method, we need to choose the
tuning parameters, Lk , k = 1, . . . , p, and λ, where Lk controls
the smoothness of β̂k(t) and λ determines the variable selec-
tion. In Section 5 we show that our method is consistent in vari-
able selection when these tuning parameters grow or decay at a
proper rate with n. In practice, however, we need a data-driven
procedure to select the tuning parameters. We propose using
“leave-one-observation-out” cross-validation (CV) when the er-
rors are independent and using “leave-one-subject-out” CV for
correlated errors.

In this section we develop some computational shortcuts us-
ing suitable approximations, to prevent actual computation of
leave-one-out estimates. Although the derivation of model se-
lection criteria generally holds, we focus our presentation on
the situation when Lk = L for all βk(t), k = 1, . . . , p. To sim-
plify our presentation, we also set W = I; extension to general
W is straightforward by simply replacing y with W1/2y and
U with W1/2U in the derivation that follows. At the conver-
gence of our algorithm, the nonzero components are estimated
as γ̂ = {UT U + (n/2)�λ(γ̂ )}−1UT y, which can be considered
the solution of the ridge regression

‖y − Uγ ‖2
2 + n

2
γ T �λ(γ̂ )γ . (11)

The hat matrix of this ridge regression is denoted by H(L,λ) =
U{UT U + (n/2)�λ(γ̂ )}−1UT . The fitted y from this ridge re-
gression satisfies ŷ = H(L,λ)y.

When the errors, εij , are independent for different tij , j =
1, . . . , Ji , leave-one-observation-out CV is a reasonable choice
for selecting tuning parameters. For the ridge regression (11),
computation of leave-one-out estimates for CV can be avoided
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(Hastie and Tibshirani 1993). The CV criterion has a closed-
form expression,

CV1(L,λ) = 1

n

n∑

i=1

Ji∑

j=1

{(yi(tij ) − UT
i (tij )γ̂ }2

[1 − {H(L,J )}(ij),(ij)]2
, (12)

where {H(L,λ)}(ij),(ij) is the diagonal element of H(L,λ) cor-
responding to the observation at time tij . The corresponding
generalized CV (GCV) criterion, which replaces the diagonal
elements in the foregoing CV formula by their average, is

GCV1(L,λ) = 1

n

‖y − H(L,λ)y‖2
2

[1 − tr{H(L,λ)}/n]2
. (13)

When the errors εij are not independent and the correlation
structure of εi(t) is unknown, leave-one-observation-out CV is
unsuitable, and leave-one-subject-out CV is needed (Rice and
Silverman 1991; Hoover et al. 1998; Huang et al. 2002). Let
γ̂ (−i) be the solution of (6) after the ith subject is deleted. The
leave-one-subject-out CV can be written as

CV2(L,λ) = 1

n

n∑

i=1

Ji∑

j=1

{
yi(tij ) − UT

i (tij )γ̂
(−i)

}2
. (14)

The CV2(L,λ) can be viewed as an estimate of the true predic-
tion error. But computation of CV2 is intensive, because it re-
quires minimization of (6) n times. To overcome this difficulty,
we propose to minimize a delete-one version of (11) instead of
(6) when computing CV2, where γ̂ in �λ(γ̂ ) of (11) is the esti-
mate based on the whole data set. The approximated CV (ACV)
error is

ACV2(L,λ) = 1

n

n∑

i=1

Ji∑

j=1

{
yi(tij ) − UT

i (tij )γ̂
�(−i)

}2

=
n∑

i=1

∥
∥yi − Ui γ̂

�(−i)
∥
∥2

2, (15)

where γ̂ �(−i) is obtained by solving (11) instead of (6), delet-
ing the ith subject. It turns out that a computational shortcut is
available for (15), as we discuss next. This computational short-
cut relies on the following “leave-one-subject-out” formula, the
proof of which is given in Appendix A.

Lemma 1. Define ỹ(i) = (yT
1 , . . . ,yT

i−1,Ui γ̂
�(−i)

,yT
i+1, . . . ,

yT
n ), and let γ̃ (i) be the minimizer of (11) with y substituted by

ỹ(i). Then Ui γ̂
�(−i) = Ui γ̃

(i).

Let A = {UT U+ (n/2)�λ(γ̂ )}−1UT . Partition A = (A1, . . . ,

An) into blocks of columns, with each block corresponding to
one subject. Then

γ̂ = Ay =
n∑

i=1

Aiyi

and

γ̃ (i) = Aỹ(i) =
∑

k �=i

Akyk + AiUi γ̂
�(−i)

= γ̂ − Aiyi + AiUi γ̂
�(−i)

.

As a consequence of Lemma 1,

Ui γ̂
�(−i) = Ui γ̃

(i) = Ui γ̂ − UiAi

(
yi − Ui γ̂

�(−i)
)
.

It follows that

yi − Ui γ̂
�(−i) = (I − UiAi )

−1(yi − Ui γ̂ )

= {I − Hii (L,λ)}−1(yi − Ui γ̂ ).

Therefore,

ACV2(L,λ) = 1

n

n∑

i=1

∥
∥{I−Hii (L,λ)}−1(yi −Ui γ̂ )

∥
∥2

2, (16)

where Hii (L,λ) is the (i, i)th diagonal block corresponding to
observations for the ith subject. Because Ji usually is not a big
number, inversion of the Ji -dimensional matrixes I − Hii will
not create a computational burden in the evaluation of (16).
Using (16) as an approximation of the leave-one-subject-out
CV helps us avoid actual computation of many delete-one es-
timates. The quality of the approximation is illustrated in Fig-
ure 1 using a data set from the simulation study reported in
Section 6.

5. LARGE–SAMPLE PROPERTIES

Fan and Li (2001) established the large-sample properties of
the SCAD penalized estimates for parametric regression mod-
els. They showed that the SCAD penalty enables consistent
variable selection and has an oracle property for parameter esti-
mation; the estimates of the nonzero regression coefficients be-
have as if the subset of relevant variables were already known.
We show that similar large-sample properties hold for our pro-
posed method for the VC models. Note that some care must be
taken in developing an asymptotic theory for a nonparametric
setting; for example, the rate of convergence of a nonparamet-
ric estimate is not root-n. The approximation error due to the
use of basis expansion also must be studied carefully. For sim-
plicity, we present our asymptotic results only for the working
independence case. Technical proofs of all asymptotic results
are given in the Appendix.

We focus our asymptotic analysis for Gk being a space of
spline functions. Extension to general basis expansions can be
obtained by combining the technical arguments in this article
with those of Huang et al. (2002). Define Ln = max1≤k≤p Lk

and ρn = max1≤k≤p infg∈Gk
‖βk −g‖L∞ . Thus ρn characterizes

the approximation error due to spline approximation. Assume
that only s predictors are relevant in model (1). Without loss
of generality, let βk(t), k = 1, . . . , s, be the nonzero coefficient
functions and let βk(t) ≡ 0, k = s + 1, . . . , p.

We make the following technical assumptions:

(C1) The response and covariate processes, (yi(t),xi (t)),
i = 1, . . . , n, are iid as (y(t),X(t)), and the observa-
tion time points, tij , are iid from an unknown den-
sity, f (t), on [0, T ], where f (t) are uniformly bounded
away from infinity and 0.

(C2) The eigenvalues of the matrix E{X(t)XT (t)} are uni-
formly bound away from 0 and infinity for all t .

(C3) There exists a positive constant M1 such that |Xk(t)| ≤
M1 for all t and 1 ≤ k ≤ p.

(C4) There exists a positive constant M2 such that
E{ε2(t)} ≤ M2 for all t .
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(a) (b) (c)

(d) (e) (f)

Figure 1. The approximation of CV scores for one simulated data set for different values of L and λ. The ACV given in (16) ( ) closely
approximates the leave-one-subject-out CV in (14) ( ).

(C5) lim supn(maxk Lk/mink Lk) < ∞.
(C6) The process ε(t) can be decomposed as the sum of

two independent stochastic processes, that is, ε(t) =
ε(1)(t) + ε(2)(t), where ε(1) is an arbitrary mean 0
process and ε(2) is a process of measurement errors that
are independent at different time points and have mean
0 and constant variance σ 2.

The same set of assumptions has been used by Huang et al.
(2004). Our results can be extended to cases with deterministic
observation times; the assumption on independent observation
times in (C1) also can be relaxed (see remarks 3.1 and 3.2 of
Huang et al. 2004).

Define rn = n−1[∑n
i=1 w−2

i {LnJi + Ji(Ji − 1)}]1/2. When
wi = 1/Ji or wi = 1/Ji with Ji bounded uniformly, we can
show that rn � (Ln/n)1/2.

Theorem 1. Suppose that conditions (C1)–(C5) hold,
limn→∞ ρn = 0, and

lim
n→∞n−1Ln log(Ln) = 0. (17)

Then, with a choice of λn such that λn → 0 and λn/max{rn,
ρn} → ∞, we have the following:

a. β̂k = 0, k = s + 1, . . . , p, with probability approaching 1.

b. ‖β̂k − βk‖L2 = Op(max(rn, ρn)), k = 1, . . . , s.

Part a of Theorem 1 says that the proposed penalized least
squares method is consistent in variable selection; that is, it can
identify the zero coefficient functions with probability tending
to 1. Part b provides the rate of convergence in estimating the
nonzero coefficient functions.

Corollary 1. Suppose that conditions (C1)–(C4) hold and
that βk(t) have bounded second derivatives, k = 1, . . . , s, and
βk(t) = 0, k = s + 1, . . . , p. Let Gk be a space of splines with
degree no less than 1 and with Lk equally spaced interior knots,
where Lk � n1/5, k = 1, . . . , p. If λn → 0 and n2/5λn → ∞,
then the following hold:

a. β̂k = 0, k = s + 1, . . . , p, with probability approaching 1.
b. ‖β̂k − βk‖L2 = Op(n−2/5), k = 1, . . . , s.

Note that the rate of convergence given in part b of Corol-
lary 1 is the optimal rate for nonparametric regression with iid
data under the same smoothness assumption on the unknown
function (Stone 1982).

Now we consider the asymptotic variance of proposed es-
timate. Let β(1) = (β1, . . . , βs)

T denote the vector of nonzero
coefficient functions, and let β̂(1) = (β̂1, . . . , β̂s)

T denote its es-
timate obtained by minimizing (6). Let γ̂ (1) = (γ T

1 , . . . ,γ T
s )T ,
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let U(1) denote the selected columns of U corresponding to β(1),
and, similarly, let �

(1)
λ denote the selected diagonal blocks of

�λ. By part a of Theorem 1, with probability tending to 1, γ̂k ,
k = s + 1, . . . , p, are vectors of 0’s. Thus the quadratic approx-
imation (9) yields

γ̂ (1) =
{
(
U(1)

)T WU(1) + n

2
�

(1)
λn

(
γ̂ (1)

)
}−1(

U(1)
)T Wy. (18)

Let U(1)
i be the rows of U(1) corresponding to subject i, and let

H(1) = (
U(1)

)T WU(1) + n

2
�

(1)
λ

(
γ̂ (1)

)

=
n∑

i=1

(
U(1)

i

)T WiU
(1)
i + n

2
�

(1)
λ

(
γ̂ (1)

)
. (19)

The asymptotic variance of γ̂ (1) is

avar
(
γ̂ (1)

)

= (
H(1)

)−1(U(1)
)T W cov(y)WU(1)

(
H(1)

)−1

= (
H(1)

)−1
n∑

i=1

(
U(1)

i

)T Wi cov(yi )WiU
(1)
i

(
H(1)

)−1
, (20)

the diagonal blocks of which give avar(γ̂ k), k = 1, . . . , s.
Because β̂(1)(t) = (B(1))T (t)γ̂ (1), where B(1)(t) are the first
s rows of B(t), we have that avar{β̂(1)(t)} = (B(1))T (t) ×
avar(γ̂ (1)

)B(1)(t), the diagonal elements of which are
avar{β̂k(t)}, k = 1, . . . , s.

Let β̃k(t) = E{β̂k(t)} be the conditional mean given all ob-
served X’s. Let β̃(1)(t) = (β̃1(t), . . . , β̃s(t)). For positive defi-
nite matrixes A, let A1/2 denote the unique square root of A,
and let A−1/2 = (A−1)1/2. Let avar∗{β̂(1)(t)} denote a modifi-
cation of avar{β̂(1)(t)} by replacing �λn in (19) with 0.

Theorem 2. Suppose that conditions (C1)–(C6) hold,
limn→∞ ρn = 0, limn→∞ Ln maxi Ji/n = 0, and (17) holds.
Then, as n → ∞, {avar∗(β̂(1)(t))}−1/2{β̂(1)(t) − β̃(1)(t)} →
N(0, I ) in distribution, and in particular, {avar∗(β̂k(t))}−1/2 ×
{β̂k(t) − β̃k(t)} → N(0,1), k = 1, . . . , s.

Note that avar∗{β̂(1)(t)} is exactly the same asymptotic vari-
ance of the nonpenalized weighted least squares estimate us-
ing only those covariates corresponding to nonzero coefficient
functions (see thm. 3 of Huang et al. 2004). Theorem 2 implies
that our penalized least squares estimate has the so-called “ora-
cle property”—the joint asymptotic distribution of estimates of
nonzero coefficient functions are the same as that of the non-
penalized least squares estimate that uses the information about
zero coefficient functions.

Theorem 2 can be used to construct pointwise asymptotic
confidence intervals for β̃k(t), k = 1, . . . , s. Theorem 4 and
corollary 1 of Huang et al. (2004) discuss how to bound the
biases β̃k(t) − βk(t) and under what conditions the biases are
negligible relative to variance. Those results are applicable to
the current context. When constructing the confidence intervals,
to improve finite-sample performance, we still use (19) and the
sandwich formula (20) to calculate the variance. In actual cal-
culation, we need to replace cov(yi ) in (19) by its estimate eieT

i ,
where ei is the residual vector for subject i.

6. MONTE CARLO SIMULATION

We conducted simulation studies to assess the performance
of the proposed procedure. In each simulation run, we gener-
ated a simple random sample of 200 subjects according to the
model used by Huang et al. (2002), which assumes that

Y(tij ) = β0(tij ) +
23∑

k=1

βk(tij )xk(tij ) + τε(tij ),

i = 1, . . . ,200, j = 1, . . . , Ji .

The first three variables, xi(t), i = 1, . . . ,3, are the true relevant
covariates, which are simulated the same way as in Huang et al.
(2002): x1(t) is sampled uniformly from [t/10,2+ t/10] at any
given time point t ; x2(t), conditioning on x1(t), is Gaussian
with mean 0 and variance (1 + x1(t))/(2 + x1(t)); and x3(t),
independent of x1 and x2, is a Bernoulli random variable with
success rate .6. In addition to xk , k = 1,2,3, 20, redundant vari-
ables xk(t), k = 4, . . . ,23, were simulated to demonstrate the
performance of variable selection, where each xk(t), indepen-
dent of the others, is a random realization of a Gaussian process
with covariance structure cov(xk(t), xk(s)) = 4 exp(−|t − s|).
The random error ε(t) is given by Z(t) + E(t), where Z(t) has
the same distribution as xk(t), k = 4, . . . ,23, and the E(t)’s
are independent measurement errors from the N(0,4) distribu-
tion at each time t . The parameter τ in the model was used to
control the model’s signal-to-noise ratio. We considered mod-
els with τ = 1.00,4.00,5.66, and 8.00. The coefficients βk(t),
k = 0, . . . ,3, corresponding to the constant term and the first
three variables, are given by

β0(t) = 15 + 20 sin

(
πt

60

)

,

β1(t) = 2 − 3 cos

(
π(t − 25)

15

)

,

β2(t) = 6 − .2t,

and

β3(t) = −4 + (20 − t)3

2,000

(Fig. 2, solid lines) and the remaining coefficients, correspond-
ing to the irrelevant variables, are given by βk(t) = 0, k =
4, . . . ,23. The observation time points, tij , were generated fol-
lowing the same scheme as that of Huang et al. (2002), with
each subject having a set of “scheduled” time points {1, . . . ,30}
and each scheduled time having a probability of 60% of be-
ing skipped. Then the actual observation time tij is obtained
by adding a random perturbation from Uniform(−.5, .5) to the
nonskipped scheduled time.

For each simulated data set, we minimized the penalized least
squares criterion (4) over a space of cubic splines with equally
spaced knots. We selected the number of knots and the tuning
parameter λ by minimizing the ACV2 criterion in (15) as de-
scribed in Section 4 (see Fig. 1 for an example). We repeated
the simulations 500 times. Table 1 gives the results of variable
selection of our proposed procedure for four different models
with different levels of noise variance. Clearly, the noise level
had a significant effect on how well the proposed method se-
lected the exact correct models. When the noise level was low
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Figure 2. Simulation study for τ = 1.00. True ( ) and average of estimated ( ) time-varying coefficients (a) β0(t), (b) β1(t), (c) β2(t),
and (d) β3(t) (±1 pointwise standard deviation) over 500 replications.

(τ = 1.00), the method selected the exact correct model in 79%
of the replications. In addition, out of these 500 replications,
variables 1–3 were selected in each of the runs. In contrast,
the number of times that each of the 20 irrelevant variables
was selected among the 500 simulation runs ranged from 3 to

12, with an average of 7.3 times (i.e., 1.46%). But when the
noise level was high (τ = 8.00), the method selected the ex-
act true model in only 26% of the replications, and the average
number of times that the three relevant variables were selected
was reduced to 2.24. Interestingly, however, the average num-

Table 1. Simulation results for models with different noise levels (τ ) based on 500 replications

Noise level (τ )

1.00 4.00 5.66 8.00

Variable selection
Perc.T .79 .68 .48 .26
Aver.R 3.00 2.94 2.73 2.24
Aver.I .29 .47 .55 .54

Aver.Bias2

β0(t) .021 (.023) .39 (.37) 1.60 (.42) 4.55 (.42)

β1(t) .003 (.004) .067 (.067) .29 (.076) .97 (.073)

β2(t) .000089 (.0002) .0022 (.0022) .0047 (.0043) .026 (.0089)

β3(t) .00023 (.0004) .0079 (.0060) .061 (.010) .88 (.02)

Aver.Var.
β0(t) .98 (.95) 14.11 (12.53) 28.29 (23.98) 49.09 (47.25)

β1(t) .12 (.11) 1.95 (1.52) 4.08 (2.84) 7.15 (5.52)

β2(t) .049 (.047) .70 (.67) 1.37 (1.31) 3.06 (2.63)

β3(t) .15 (.15) 2.13 (2.01) 4.70 (3.96) 9.98 (7.88)

95%Cov.Prob.
β0(t) .929 .935 .937 .926
β1(t) .924 .929 .930 .929
β2(t) .936 .940 .946 .942
β3(t) .944 .949 .947 .949

NOTE: Perc.T represents percentage of replications that the exact true model was selected; Aver.R, average of the numbers of the three relevant variables selected in the model; Aver.I,
average of the numbers of the irrelevant variables selected in the model; Aver.Bias2, average of the squared biases; Aver.Var., average of the empirical variances; and 95%Cov.Prob., 95%
coverage probability based on the replications when the true models were selected. For Aver.Bias2, Aver.Var., and 95%Cov.Prob., all values were averaged over a grid of 300 points and
500 replications. Numbers in parentheses are results of the oracle estimators that assume the true models are known.
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ber of times that the irrelevant variables were selected remained
low (see the column “Ave.I” in Table 1). The simulations indi-
cate that the proposed procedure indeed provides an effective
method for selecting variables with time-varying coefficients.

To examine how well the method estimates the coefficient
functions, Figure 2 shows the estimates of the time-varying co-
efficients of βk(t), k = 0,1,2,3, for the model with τ = 1.00,
which indicate that the estimates fit the true function very well.
Table 1 gives the averages of the squared biases and the empir-
ical variances of the estimates of βk(t), k = 0,1,2,3, averaged
over a grid of 300 points. In general, the biases were small, ex-
cept for the estimates of β0(t) when the noise level was high,
in which case the proposed method did not select the variables
well. Similarly, the variances of the estimates of β0(t) also were
relatively larger, due to the fact that the magnitude of true β0(t)

was larger than that of the other three functions. For compari-
son, we also calculated the biases and the empirical variances
of the estimates based on the true models (i.e., the oracle esti-
mators; see Table 1). Again, we observed that the both biases
and empirical variances were very comparable to the oracle es-
timators when the noise level was low. When the noise level
was high, the biases and the empirical variances became large,
because the method tended to select fewer relevant variables.

Finally, we examined the coverage probabilities of the theo-
retical pointwise confidence intervals based on Theorem 2. For
each model, the empirical coverage probabilities averaged over
a grid of 300 points are presented in Table 1 for β0(t), β1(t),
β2(t), and β3(t), for nominal 95% pointwise confidence inter-
vals. The slight undercoverage is caused by bias; the GCV crite-
rion attempted to balance the bias and variance. When we used
a number of knots larger than that suggested by GCV (under-
smoothing), the empirical coverage probabilities became closer
to the nominal level; for example, for the model with τ = 1,
the average empirical coverage probabilities became .946, .949,
.942, and .947 when the number of interior knots was fixed at 5.

7. APPLICATIONS TO REAL DATA SETS

To demonstrate the effectiveness of the proposed methods in
selecting the variables with time-varying effects and in estimat-
ing these time-varying effects, in this section we present results
from the analysis of two real data sets, a longitudinal AIDS data
set (Kaslow et al. 1987) and a repeated-measurements microar-
ray time-course gene expression data set (Spellman et al. 1998).

7.1 Application to AIDS Data

Kaslow et al. (1987) reported a Multicenter AIDS Cohort
Study conducted obtain repeated measurements of physical ex-
aminations, laboratory results, and CD4 cell counts and per-
centages of homosexual men who became human immun-
odeficiency virus (HIV)-positive during 1984 and 1991. All
individuals were scheduled to undergo measurements at semi-
annual visits, but because many individuals missed some of
their scheduled visits and the HIV infections occured randomly
during the study, there were unequal numbers of repeated mea-
surements and different measurement times for each individ-
ual. As a subset of the cohort, our analysis focused on the 283
homosexual men who become HIV-positive and aimed to eval-
uate the effects of cigarette smoking, pre-HIV infection CD4

cell percentage, and age at HIV infection on the mean CD4 per-
centage after infection. In this subset, the number of repeated
measurements per subject ranged from 1 to 14, with a median
of 6 and a mean of 6.57. The number of distinct measurement
time points was 59. Let tij be the time in years of the j th mea-
surement of the ith individual after HIV infection, let yij be the
ith individual’s CD4 percentage at time tij , and let xi1 be the
smoking status of the ith individual, taking a value of 1 or 0 for
smoker or nonsmoker. In addition, let xi2 be the centered age
at HIV infection for the ith individual and let xi3 be the cen-
tered preinfection CD4 percentage. We assume the following
VC model for yij :

yij = β0(tij ) +
3∑

k=1

xikβk(tik) + εij ,

where β0(t) is the baseline CD4 percentage, representing the
mean CD4 percentage t years after HIV infection for a non-
smoker with average preinfection CD4 percentage and aver-
age age at HIV infection, and β1(t), β2(t), and β3(t) measure
the time-varying effects for cigarette smoking, age at HIV in-
fection, and preinfection CD4 percentage, on the postinfection
CD4 percentage at time t .

Our procedure identified two nonzero coefficients, β0(t) and
β3(t), indicating that cigarette smoking and age at HIV infec-
tion have no effect on the postinfection CD4 percentage. Figure
3 shows the fitted coefficient functions (solid curves) and their
95% pointwise confidence intervals, indicating that the baseline
CD4 percentage of the population decreases with time and pre-
infection CD4 percentage appears to be positively associated
with high postinfection CD4 percentage. These results agree
with those obtained by the local smoothing methods of Wu and
Chiang (2000) and Fan and Zhang (2000) and by the basis func-
tion approximation method of Huang et al. (2002).

To assess our method in more challenging cases, we added 30
redundant variables, generated by randomly permuting the val-
ues of each predictor variable 10 times, and applied our method
to the augmented data set. We repeated this procedure 50 times.
Of the 3 observed covariates, smoking status was never se-
lected, age was selected twice, and preinfection CD4 percent-
age was always selected, whereas of the 30 redundant variables,
2 were selected twice, 4 were selected once, and the rest were
never selected.

7.2 Application to Yeast Cell-Cycle Gene
Expression Data

The cell cycle is a tightly regulated set of processes by which
cells grow, replicate their DNA, segregate their chromosomes,
and divide into daughter cells. The cell-cycle process is com-
monly divided into G1–S–G2–M stages, where the G1 stage
stands for “GAP 1”; the S stage stands for “synthesis,” during
which DNA replication occurs; the G2 stage stands for “GAP
2”; and the M stage stands for “mitosis,” which is when nu-
clear (chromosome separation) and cytoplasmic (cytokinesis)
division occur. Coordinate expression of genes whose prod-
ucts contribute to stage-specific functions is a key feature of
the cell cycle (Simon et al. 2001). Transcription factors (TFs)
have been identified that play roles in regulating transcription
of a small set of yeast cell-cycle–regulated genes; these include
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Figure 3. Application to AIDS data. Estimated coefficient functions for intercept (a) and preinfection CD4 percentages (b) ( ) and their
pointwise 95% confidence intervals ( ).

Mbp1, Swi4, Swi6, Mcm1, Fkh1, Fkh2, Ndd1, Swi5, and Ace2.
Among these, Swi6, Swi4, and Mbp1 have been reported to
function during the G1 stage; McM1, Ndd1, and Fkh1/2 have
been reported to function during the G2 stage; and Ace2, Swi5,
and Mcm1 have been reported to function during the M stage
(Simon et al. 2001). It is not clear where these TFs regulate all
cell cycle genes, however.

We applied our methods to identify the key TFs that play
roles in the network of regulations from a set of gene expres-
sion measurements captured at different time points during the
cell cycle. The data set that we use comes from the α-factor
synchronized cultures of Spellman et al. (1998). These authors
monitored genome-wide mRNA levels for 6,178 yeast ORFs
simultaneously using several different methods of synchroniza-
tion, including an α-factor-mediated G1 arrest, which covers
approximately two cell-cycle periods with measurements at 7-
minute intervals for 119 minutes, for a total of 18 time points.
Using a model-based approach, Luan and Li (2003) identified
297 cell-cycle–regulated genes based on the α-factor synchro-
nization experiments. We let yit denote the log-expression level
for gene i at time point t during the cell-cycle process, for
i = 1, . . . ,297 and t = 1, . . . ,18. We then applied the mix-
ture model approach (Chen, Jensen, and Stoeckert 2007; Wang,
Chen, and Li 2007) using the ChIP data of Lee et al. (2002)
to derive the binding probabilities xik for these 297 cell-cycle–
regulated genes, for a total of 96 TFs with at least 1 nonzero
binding probability in the 297 genes. We assumed the following
VC model to link the binding probabilities to the gene expres-
sion levels:

yit = β0(t) +
96∑

k=1

βk(t)xik + εit ,

where βk(t) models the transcription effect of the kth TF on
gene expression at time t during the cell-cycle process. In this
model we assumed that gene expression levels were indepen-
dent, conditioning on effects of the relevant TFs. In addition,
for a given gene i, we also assumed that the εit ’s were inde-
pendent over different time points due to the cross-sectional na-
ture of the experiments. Our goal was to identify the TFs that
might be related to the expression patterns of these 297 cell-
cycle–regulated genes. Because different TFs may regulate the
gene expression at different time points during the cell-cycle
process, their effects on gene expression would be expected to
be time-dependent.

We applied our method using the GCV defined in (13) to se-
lect the tuning parameter, to identify the TFs that affect the ex-
pression changes over time for these 297 cell-cycle–regulated
genes in the α-factor synchronization experiment. Our proce-
dure identified a total of 71 TFs related to yeast cell-cycle
processes, including 19 of the 21 known and experimentally
verified cell-cycle–related TFs, all of which exhibited time-
dependent effects on gene expression levels. These effects fol-
lowed similar trends in the two cell cycle periods. The other
two TFs (CBF1 and GCN4) were not selected by our proce-
dure. The minimum p values over 18 time points from simple
linear regressions were .06 and .14, also indicating that CBF1
and GCN4 were not related to expression variation over time.
Almost all of the 52 additional TFs selected by our procedure
showed estimated periodic transcriptional effects. The identi-
fied TFs included many pairs of cooperative or synergistic pairs
of TFs involved in the yeast cell-cycle process reported in the
literature (Banerjee and Zhang 2003; Tsai, Lu, and Li 2005).
Of these 52 TFs, 34 belong to the cooperative pairs of the TFs
identified by Banerjee and Zhang (2003). Overall, the model
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Figure 4. Application to yeast cell-cycle gene expression data. Estimated time-varying coefficients for selected TFs ( ) and pointwise 90%
confidence intervals (· · ·). (a) TFs regulating genes expressed at the G1 phase. (b) TFs regulating genes expressed at the G2 phase. (c) TFs
regulating genes expressed at the M phase.

can explain 43% of the total variations of the gene expression
levels.

Figure 4 shows the estimated time-dependent transcriptional
effects of nine of the experimentally verified TFs known to reg-
ulate cell-cycle–regulated genes at different stages. The panel’s
in (a) show the transcriptional effects of three TFs, Swi4, Swi6,
and Mbp1, which regulate gene expression at the G1 phase (Si-
mon et al. 2001). The estimated transcriptional effects of these
three TFs are quite similar, with peak effects obtained at ap-
proximately the time points corresponding to the G1 phase of
the cell-cycle process. Figure 4(b) shows the transcriptional ef-
fects of three TFs, Mcm1, Fkh2, and Ndd1, which regulate
gene expression at the G2 phase (Simon et al. 2001). The es-
timated transcriptional effects of two of these three TFs, Fkh2
and Ndd1, are similar, with peak effects obtained at approxi-
mately the time points corresponding to the G2 phase of the
cell-cycle process. The estimated effect of Mcm1 was some-
what different, however. Mcm1 is also known to regulate gene
expression at the M phase (Simon et al. 2001). The panels
in Figure 4(c) show the transcriptional effects of three TFs,
Swi5, Ace2, and Mcm1, which regulate gene expression at
the M phase (Simon et al. 2001), indicating similar transcrip-
tional effects of these three TFs, with peak effects at approx-
imately the time points corresponding to the M phase of the
cell cycle. These plots demonstrate that our procedure indeed

can identify the known cell-cycle–related TFs and point to
the stages at which these TFs function to regulate the expres-
sions of cell-cycle genes. In comparison, only two of these
nine TFs (SWI4 and FKH2) showed certain periodic patterns
in the observed gene expressions over the two cell-cycle peri-
ods, indicating that by examining only the expression profiles,
we could miss many relevant TFs. Our method incorporates
both time-course gene expression and ChIP-chip binding data
and enables us to identify more TFs related to the cell-cycle
process.

Finally, to assess the false identification of the TFs related to
a dynamic biological procedure, we randomly assigned the ob-
served gene expression profiles to the 297 genes while keeping
the values and the orders of the expression values for a given
profile unchanged, and applied our procedure to the new data
sets. The goal of such permutations was to scramble the re-
sponse data and to create new expression profiles that do not
depend on the motif-binding probabilities, to see to what extent
the proposed procedure identifies the spurious variables. We re-
peated this procedure 50 times. Among the 50 runs, 5 runs se-
lected 4 TFs, 1 run selected 3 TFs, 16 runs selected 2 TFs, and
the rest of the 28 runs did not select any of the TFs, indicat-
ing that our procedure indeed selects the relevant TFs with few
false-positives.
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8. DISCUSSION

We have proposed a regularized estimation procedure for
nonparametric varying-coefficient models that can simultane-
ously perform variable selection and estimation of smooth co-
efficient functions. The procedure is applicable to both longitu-
dinal and functional responses. Our method extends the SCAD
penalty of Fan and Li (2001) from parametric settings to a non-
parametric setting. We have shown that the proposed method
is consistent in variable selection and has the oracle property
that the asymptotic distribution of the nonparametric estimate
of a smooth function with variable selection is the same as that
when the variables that are included in the model are known.
This oracle property has been obtained for parametric settings;
however, our result seems to be the first of its kind in a non-
parametric setting. A computation algorithm was developed
based on local quadratic approximation to the criterion func-
tion. Simulation studies indicated that the proposed procedure
was very effective in selecting relevant variables and estimat-
ing the smooth regression coefficient functions. Results from
application to the yeast cell-cycle data set indicate that the pro-
cedure can be effective in selecting the TFs that may play im-
portant roles in regulating gene expression during the cell-cycle
process.

In our method, we need regularization for two purposes: con-
trol of the smoothness of the function estimates and variable se-
lection. In our approach, the number of basis functions/number
of knots of splines is used to control the smoothness, whereas
the SCAD parameter is used to set the threshold for variable
selection. Thus the two tasks of regularization are disentan-
gled. To achieve finer control of smoothness, however, it is de-
sirable to use the roughness penalty for introducing smooth-
ness in function estimation, as in penalized splines or smooth-
ing splines. Following the idea of COSSO, we could replace∑

k pλ(‖gk‖) in (4) by λ
∑

k ‖gk‖W , where ‖ · ‖W denotes a
Sobolev norm, and then minimize the modified criterion over
the corresponding Sobolev space. But such an extension of
COSSO is not very attractive compared with our method, be-
cause a single tuning parameter λ serves two different pur-
poses of regularization. It is an interesting open question to
develop a unified penalization method that does both smooth-
ing and variable selection but also decouples the two tasks in
some manner. Recent results on regularization methods with a
diverging number of parameters (Fan and Peng 2004; Huang
et al. 2008) may provide theoretical insight into such a proce-
dure.

As we explained in Section 2, our methodology applies when
a working correlation structure is used to take into account
within-subject correlation for longitudinal data. We have pre-
sented asymptotic results only for the working independence
case, however. Extension of these results to parametrically es-
timated correlation structures is relatively straightforward, us-
ing the arguments of Huang, Zhang, and Zhou (2007); the ratio
of the smallest and largest eigenvalues of the weighting matrix
W must be assumed to be bounded. Extension to nonparamet-
rically estimated correlation structures (Wu and Pourahmadi
2003; Huang et al. 2006; Huang, Liu, and Liu 2007) will be
more challenging. A careful study of the asymptotics of our
methodology for general working correlation structures is left
for future research.

APPENDIX: PROOFS

A.1 Proof of Lemma 1

Here we provide proof by contradiction. Suppose that Ui γ̂
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This contradicts the fact that γ̃ (i) minimizes plridge(γ̃
(i), ỹ(i)).

A.2 Useful Lemmas

This section provides some lemmas that facilitate the proofs of The-
orems 1 and 2. Define ỹi = E(yi |xi ), γ̃ = (

∑n
i=1 UT

i
WiUi )

−1 ×
(
∑n

i=1 UT
i

Wi ỹi ), and β̃(t) = B(t)γ̃ . Here β̃(t) can be considered

the conditional mean of β̂(t). We have a bias-variance decomposi-
tion, β̂ − β = (β̂ − β̃) + (β̃ − β). Lemmas A.2 and A.4 quantify the
rates of convergence of ‖β̃ − β‖L2 and ‖β̂ − β̃‖L2 . The rate given in
Lemma A.4 for the variance term is refined in part b of Theorem 1.

Lemma A.1. Suppose that (17) holds. Then there exists an inter-
val [M3,M4], 0 < M3 < M4 < ∞, such that all of the eigenvalues of
n−1Ln

∑n
i=1 UT

i
WiUi fall in [M3,M4] with probability approaching

1 as n → ∞.

Lemma A.2. Suppose that (17) holds. Then ‖β̃ − β‖L2 = OP (ρn).

Lemmas A.1 and A.2 are from lemmas A.3 and A.7 of Huang et al.
(2004), and their proofs are omitted here.

Define rn = n−1[∑n
i=1 w−2

i
{LnJi + Ji(Ji − 1)}]1/2. When wi =

1/Ji or wi = 1/Ji , with Ji bounded uniformly, we can show that rn �
(Ln/n)1/2.

Lemma A.3. n−1L
1/2
n supv(|εT WUv|/|v|) = OP (rn), where |v| =

‖v‖l2 .

Proof of Lemma A.3. By the Cauchy–Schwarz inequality,

sup
v

{( |εT WUv|
|v|

)2}

≤ εT WUUT Wε. (A.1)

The expected value of the right side equals

E(εT WUUT Wε) = E

{(
n∑

i=1

εT
i WiUi

)(
n∑

i=1

UT
i Wiεi

)}

=
n∑

i=1

E(εT
i WiUiU

T
i Wiεi ). (A.2)

Note that

E(εT
i WiUiU

T
i Wiεi )

= w−2
i

E

[∑

k,l

{∑

j

εi(tij )Xik(tij )Bkl(tij )

}2]

= w−2
i

∑

k,l

[∑

j

E{εi(tij )2Xik(tij )2Bkl(tij )2}
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+
∑

j �=j ′
E{εi(tij )Xik(tij )Bkl(tij )εi(tij ′)Xik(tij ′)Bkl(tij ′ )}

]

.

On the other hand,

E{Bkl(tij )Bkl(tij ′)} = E{Bkl(tij )}E{Bkl(tij ′)}

≤
{

sup
t∈[0,T ]

f (t)

∫ T

0
Bkl(t) dt

}2

≤ C2
1L−2

k

and E{Bkl(t)
2} ≤ E{Bkl(t)} ≤ C1L−1

k
; therefore,

E(εT
i WiUiU

T
i Wiεi ) ≤ C2w−2

i
{Ji + Ji(Ji − 1)L−1

n }. (A.3)

Combining (A.2) and (A.3), and using the Markov inequality, we ob-
tain

εT WUUT Wε = OP

[
n∑

i=1

w−2
i

{Ji + Ji(Ji − 1)L−1
n }

]

,

which, together with (A.1), yields the desired result.

Lemma A.4. Suppose that (17) holds and that λn, rn,ρn → 0 and
λn/ρn → ∞ as n → ∞. Then ‖β̂ − β̃‖L2 = OP {rn + (λnρn)1/2}.

Proof of Lemma A.4. Using properties of B-spline basis functions
(see sec. A.2 of Huang et al. 2004), we have

‖β̂k − β̃k‖2
L2

= ‖γ̂ k − γ̃ k‖2
k � L−1

k
‖γ̂ k − γ̃ k‖2

l2
.

Sum over k to obtain

‖β̂ − β̃‖2
L2

=
p∑

k=1

‖γ̂ k − γ̃ k‖2
k � L−1

n ‖γ̂ − γ̃ ‖2
l2

.

Let γ̂ − γ̃ = δnL
1/2
n v, with δn a scalar and v a vector satisfying

‖v‖l2 = 1. It follows that ‖β̂ − β̃‖L2 � δn. We first show that δn =
Op(rn + λn), and then refine this rate of convergence in the second
step of the proof.

Let εi = (εi(ti1), . . . , εi (tiJi
))T , i = 1, . . . , n, and ε = (εT

1 , . . . ,

εT
n )T . By the definition of γ̃ , UT W(y − ε − Uγ̃ ) = 0. Because

γ̂ = γ̃ + δnL
1/2
n v,

(y − Uγ̂ )T W(y − Uγ̂ ) − (y − Uγ̃ )T W(y − Uγ̃ )

= −2δnL
1/2
n vT UT W(y − Uγ̃ ) + δ2

nLnvT UT WUv

= −2δnL
1/2
n vT UT Wε + δ2

nLnvT UT WUv.

Thus

pl(γ̂ ) − pl(γ̃ ) = −2δnL
1/2
n

n
vT UT Wε + δ2

nLn

n
vT UT WUv

+
p∑

k=1

{
pλn

(‖γ̂ k‖k) − pλn
(‖γ̃ k‖k)

}
, (A.4)

where the vk ’s are components of v when the latter is partitioned as γ̃ .
By the definition of γ̂ , pl(γ̂ ) − pl(γ̃ ) ≤ 0. According to Lem-

ma A.3,

L
1/2
n

n
vT UT Wε = L

1/2
n

n

n∑

i=1

εi
T WiUiv = OP (rn). (A.5)

By Lemma A.1,

Ln

n
vT UT WUv = Ln

n

n∑

i=1

vT UT
i WiUiv ≥ M3, (A.6)

with probability approaching 1. Using the inequality |pλ(a) −
pλ(b)| ≤ λ|a − b|, we obtain

p∑

k=1

{
pλn

(‖γ̂ k‖k) − pλn
(‖γ̃ k‖k)

} ≥
p∑

k=1

−λn‖γ̂ k − γ̃ k‖k

� −λn δn. (A.7)

Therefore, 0 ≥ −Op(rn)δn +M3δ2
n −λnδn with probability approach-

ing 1, which implies that δn = Op(rn + λn).
Now we proceed to improve the obtained rate and show that δn =

OP {rn + (λnρn)1/2}. For k = 1, . . . , p, we have |‖γ̂ k‖k − ‖γ̃ k‖k | ≤
‖γ̂ k − γ̃ k‖k = op(1) and

∣
∣‖γ̃ k‖k − ‖βk‖L2

∣
∣ ≤ ∣

∣‖β̃k‖L2 − ‖βk‖L2

∣
∣

≤ ‖β̃k − βk‖L2 = Op(ρn) = oP (1). (A.8)

It follows that ‖γ̂ k‖k → ‖βk‖L2 and ‖γ̃ k‖k → ‖βk‖L2 with prob-
ability. Because ‖βk‖L2 > 0 for k = 1, . . . , s and λn → 0, we have
that, with probability approaching 1, ‖γ̂ k‖k > aλn, ‖γ̃ k‖k > aλn,
k = 1, . . . , s, On the other hand, ‖βk‖L2 = 0 for k = s + 1, . . . , p,
so (A.8) implies that ‖γ̃ k‖k = OP (ρn). Because λn/ρn → ∞, we
have that with probability approaching 1, ‖γ̃ k‖k < λn, k = s +
1, . . . , p. Consequently, by the definition of pλ(·), P {pλn

(‖γ̃ k‖Hk
) =

pλn
(‖γ̂ k‖Hk

)} → 1, k = 1, . . . , s, and P {pλn
(‖γ̃ k‖Hk

) = λn ×
‖γ̃ k‖Hk

} → 1, k = s + 1, . . . , p; therefore,

p∑

k=1

{
pλn

(‖γ̂ k‖k) − pλn
(‖γ̃ k‖k)

} = λn

p∑

k=s+1

‖γ̃ k‖k ≥ −OP (λnρn).

This result, combined with (A.4), (A.5) and (A.6), implies that, with
probability approaching 1,

pl(γ̂ ) − pl(γ̃ ) ≥ −Op(rn)δn + M3δ2
n − Op(λnρn),

which in turn implies that δn = OP {rn + (λnρn)1/2}. The proof is
complete.

A.3 Proof of Theorem 1

To prove part a of Theorem 1, we use proof by contradiction. Sup-
pose that for n sufficiently large, there exists a constant η > 0 such that
with probability at least η, there exists a k0 > s such that β̂k0(t) �= 0.

Then ‖γ̂ k0
‖k0 = ‖β̂k0 (·)‖L2 > 0. Let γ̂ ∗ be a vector constructed by

replacing γ̂ k0
with 0 in γ̂ . Then

pl(γ̂ ) − pl(γ̂ ∗)

= 1

n

(‖y − Uγ̂ ‖2 − ‖y − Uγ̂ ∗‖2) + pλn

(∥
∥γ̂ k0

∥
∥
k0

)
. (A.9)

By Lemma A.4 and the fact that βk0(t) = 0, ‖γ̂ k0
‖k0 = ‖β̂k0‖ =

Op{rn + (λnρn)1/2}. Because λn/max(rn, ρn) → ∞, we have that
λn > ‖γ̂ k0

‖k0 and thus pλn
(‖γ̂ k0

‖k0 ) = λn‖γ̂ k0
‖k0 with probability

approaching 1. To analyze the first term on the right side of (A.9), note
that

‖y − Uγ̂ ‖2 − ‖y − Uγ̂ ∗‖2

≥ −(y − Uγ̂ ∗)T WU(γ̂ − γ̂ ∗)

= −2(y − Uγ̃ )T WU(γ̂ − γ̂ ∗)

− 2(γ̃ − γ̂ ∗)T UT WU(γ̂ − γ̂ ∗). (A.10)

By the Cauchy–Schwarz inequality and Lemma A.1,

(γ̃ − γ̂ ∗)T (UT WU)(γ̂ − γ̂ ∗)

≤ {(γ̃ − γ̂ ∗)T (UT WU)(γ̃ − γ̂ ∗)}1/2

× {(γ̂ − γ̂ ∗)T (UT WU)(γ̃ − γ ∗)}1/2

≤ M4
n

Ln
‖γ̃ − γ̂ ∗‖l2‖γ̂ − γ̂ ∗‖l2 .
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From the triangle inequality and Lemmas A.2 and A.4, it follows that

‖γ̃ − γ̂ ∗‖l2 ≤ ‖γ̃ − γ̂ ‖l2 + ∥
∥γ̃ k0

∥
∥
l2

= Op

[
L

1/2
n

{
rn + (λnρn)1/2 + ρn

}];
thus

(γ̃ − γ̂ ∗)T (UT WU)(γ̂ − γ̂ ∗)

= Op

[
L

1/2
n

{
rn + (λnρn)1/2 + ρn

}] n

Ln

∥
∥γ̂ k0

∥
∥
l2

. (A.11)

Lemma A.3 implies that

|(y − Uγ̃ )T WU(γ̂ − γ̂ ∗)| = |εT WU(γ̂ − γ̂ ∗)|

= OP

(
nrn

L
1/2
n

)
∥
∥γ̂ k0

∥
∥
l2

. (A.12)

Combining (A.9)–(A.12), we get

pl(γ̂ ) − pl(γ̂ ∗) ≥ −Op

(
rn

L
1/2
n

)
∥
∥γ̂ k0

∥
∥
l2

− Op

(
rn + (λnρn)1/2 + ρn

L
1/2
n

)
∥
∥γ̂ k0

∥
∥
l2

+ λn

L
1/2
n

∥
∥γ̂ k0

∥
∥
l2

. (A.13)

Note that on the right side of (A.13), the third term dominates both
the first and second terms, because λn/max(rn, ρn) → ∞. This con-
tradicts the fact that pl(γ̂ ) − pl(γ ∗) ≤ 0. We thus have proved part a.

To prove part b, write β = ((β(1))T , (β(2))T )T , where β(1) =
(β1, . . . , βs)

T and β(2) = (βs+1, . . . , βp)T , and write γ = ((γ (1))T ,

(γ (2))T )T , where γ (1) = (γ T
1 , . . . ,γ T

s )T and γ (2) = (γ T
s+1, . . . ,

γ T
p )T . Similarly, write Ui = (U(1)

i
,U(2)

i
) and U = (U(1),U(2)). De-

fine the oracle version of γ̃ ,

γ̃ oracle = arg min
γ=(γ (1)T ,0T )T

1

n

n∑

i=1

wi(ỹi − Uiγ )T (ỹi − Uiγ )

=
(

(
∑

i U(1)
i

T
WiU

(1)
i

)−1(
∑

i U(1)
i

T
Wi ỹi )

0

)

, (A.14)

which is obtained as if the information of the nonzero compo-
nents were given; the corresponding vector of coefficient functions
is designated β̃oracle. Note that the true vector of coefficient func-
tions is β = ((β(1))T ,0T )T . By Lemma A.2, ‖β̃oracle − β‖L2 =
OP (ρn) = oP (1). By Lemmas A.2 and A.4, ‖β̂ − β‖L2 = oP (1).
Thus, with probability approaching 1, ‖β̃k,oracle‖L2 → ‖βk‖L2 > 0

and ‖β̂k‖L2 → ‖βk‖L2 > 0, for k = 1, . . . , s. On the other hand, by

the definition of β̃oracle, ‖β̃k,oracle‖L2 = 0, and by part a of the theo-

rem, with probability approaching 1, ‖β̂k‖L2 = 0, for k = s+1, . . . , p;
consequently,

p∑

k=1

pλn

(‖β̃k,oracle‖L2

) =
p∑

k=1

pλn

(‖β̂k‖L2

)
, (A.15)

with probability approaching 1. From part a of the theorem, with
probability approaching 1, γ̂ = ((γ̂ (1))T ,0T )T . Let γ̂ − γ̃ oracle =
δnL

1/2
n v with v = ((v(1))T ,0T )T and ‖v(1)‖l2 = 1. Then ‖β̂ −

β̃oracle‖L2 � L−1
n ‖γ̂ − γ̃ oracle‖l2 = δn. By (A.4) and (A.15) and the

argument following (A.4),

0 ≥ pl(γ̂ ) − pl(γ̃ oracle)

= −2δnL
1/2
n

n
vT

(
U(1)

)T Wε + δ2
nLn

n
vT

(
U(1)

)T WU(1)v

≥ −Op(rn)δn + M3δ2
n.

Thus ‖β̂ − β̃‖L2 � δn = Op(rn), which, together with ‖β̃oracle −
β‖L2 = oP (ρn), implies that ‖β̂ − β‖L2 = Op(ρn + rn). The desired
result follows.

A.4 Proof of Corollary 1

By theorem 6.27 of Schumaker (1981), infg∈Gk
‖βk − g‖L∞ =

O(L−2
k

), and thus ρn = O(
∑p

k=1 L−2
k

) = O(L−2
n ). Moreover, rn �

(Ln/n)1/2. Thus the convergence rate is ‖β̂k − βk‖L2 = OP {(Ln/

n)1/2 + L−2
n }. When Ln � n1/5, (Ln/n)1/2 + L−2

n � n−2/5. The
proof is complete.

A.5 Proof of Theorem 2

According to the proof of Lemma A.4, with probability ap-
proaching 1, ‖γ̃ k‖k > aλn, ‖γ̂ k‖k > aλn, and thus pλn

(‖γ̃ k‖k) =
pλn

(‖γ̂ k‖k), k = 1, . . . , s. By Theorem 1, with probability approach-

ing 1, γ̂ = ((γ̂ (1))T ,0T )T is a local minimizer of pl(γ ). Note that
pl(γ (1)) is quadratic in γ (1) = (γ1, . . . , γs)

T when ‖γ k‖k > aλn,
k = 1, . . . , s; therefore, ∂pl(γ )/∂γ (1)|

γ (1)=γ̂ (1)
,γ (2)=0 = 0, which im-

plies that

γ̂ (1) =
(

n∑

i=1

(
U(1)

i

)T WiU
(1)
i

)−1( n∑

i=1

(
U(1)

i

)T WiYi

)

.

Let

γ̃ (1) =
(

n∑

i=1

(
U(1)

i

)T WiU
(1)
i

)−1( n∑

i=1

(
U(1)

i

)T WiE(Yi |xi )

)

.

Let avar∗(γ̂ (1)) be a modification of avar(γ̂ (1)) given in (20) by re-
placing �λn

in (19) with 0. Applying theorem V.8 of Petrov (1975) as
in the proof of theorem 4.1 of Huang (2003) and using the arguments
in the proof of lemma A.8 of Huang et al. (2004), we obtain that for
any vector cn with dimension

∑s
k=1 Ls and components not all 0,

{
cT
n avar∗

(
γ̂ (1)

)
cn

}−1/2cT
n

(
γ̂ (1) − γ̃ (1)

)

→ N(0,1) in distribution.

For any s-vector an whose components are not all 0, choosing cn =
(B(1)(t))T an yields
[
aT
n avar∗

{
β̂(1)(t)

}
an

]−1/2aT
n

{
β̂(1)(t) − β̃(1)(t)

}

→ N(0,1) in distribution,

which in turn yields the desired result.

[Received November 2007. Revised July 2008.]
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