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9.1 Corollary of the Main Theorem

Corollary 9.1. For D > 1. Then with probability 1 — 2/ (D — 1)*ne?),
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Proof. First we show that with probability 1 — 1/ ((D — 1)?ne?),
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Using the definition of p and applying Jensen’s inequality, we obtain the following bounds
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with probability at least
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where we make use of the theorem from last lecture with § = "¢ O
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9.2 Proof of the Main Theorem

Lemma 9.2. (Variational) Let p be a probability measure, and let h any measurable function such that

Jetdp < 0. Then
log/ehdﬂ = sup Uhdp—D(p I u)}
p<p

where the supremum is attained for

dp el

du — [erdp

Remark. The right hand side of the theorem is minimized for p = II,, o, by taking h = —ar, (6,6*) and
w = II,, in the variational lemma. Then

log / e (091, (d) < / —ary (6,60%) p(df) — D(p || 11,,)
for all p < II,,. Equality happens when p =11, 4.

Proof of Main Theorem. Note the following
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Integrating both sides w.r.t. II,, and using Tonelli’s theorem gives
1
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By the variational lemma, we have
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Setting p = 11, o, we further have
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Hence, with Pe(:)—probability at least 1 — ¢,
1
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by the fact that P(X > 0) < E (e*) for a random variable X.
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Noticing that
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po(X™) ) (n) / I, . (0] X (™) (n)
— [ lo _— II,, o (d0 | X\ — [ log ———F+—"=11,, (df | X"
/ g<p9*<x<n>> @8] X0) — [og s, a9 X))

/ J( pef (X)) 1L, (d0")

pe* X(n)))a
= —log/e*"”"((w I1,,(de),

where the second equality is due to the definition of II,, , we now have
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for all p <« II,, by the remark after the variational lemma.
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9.3 An Example

Consider a convex function regression y; = p(x;) + €;, €; i N(0,1), where x; € [0,1]¢ is fixed and p € F =

{all convex functions}. Let uo(-) be the true mean function. There are two cases: (1) pg € F, (2) po & F.

Write pé") =11, \/% exp (—% (y; — ,u(a:i))2>. Then

n

n n n 1
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and 5
p* = 6* = argmin ||,LLO - N||2,n :
HEF

The misspecified Renyi divergence is given by

(6,6") = D), (11, 1)
no «
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A sufficient condition for Dgg?a > 0 is that the set {pfln) : 4 € F} is convex, which doesn’t hold for this
problem. However, from Figure 9.1 we know that (1 — p*, i — po)2.» > 0 and thus Dgg?a > 0.

The prior for p is specified as a uniform distribution on the maximum of hyperplanes max<x<x {af =+ by},
and a Poisson prior is placed on K.
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Figure 9.1: The angle between p — p* and pu — o is less than 7/2 and thus (p — p*, p — pod2.n > 0.



