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A new framework will be introduced to study the contraction rate. For more details, please refer to Bayesian
fractional posteriors [ADY19].

8.1 Motivation

1. π(Pcn) ≤ e−nε2n and log (εn,Pn, d) ≤ nε2
n are not satisfied for π which have polynomial tails.

2. Don’t deliver posterior ”Risk bound”. (follows using Jensen’s Inequality)∫
d

(θ, θ0)π(dθ|X(n)) ≤ ε2
n ⇒ d(θ̂n, θ0) ≤ εn where θ̂n =

∫
θπ(dθ|X(n))

3. Handle model misspecification.

θ̂n
θ̂n = argminθ∈ΘD(θ||θ0)

θ∗
θ0

Θ

Goal: Develop risk bounds if θ0 is outside Θ.

First related paper: Kleijn & Van-der Vaart (2006, AoS).

Idea: we don’t work with the likelihood but power-likelihood/ fractional likelihood Lαn(θ), 0 < α < 1.

x

larger variance
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8.2 Some Preliminaries

P,Q are probabilitic measures << µ, and p = dP
dµ , q = dQ

dµ .

Distances and divergences between probability measures:

h2(p, q) =
1

2

∫
(
√
p−√q)2dµ

||p− q||TV =
1

2

∫
|p− q|dµ

D(p||q) =

∫
p log

p

q
dµ

Renyi Divergence: For α ∈ (0, 1),

Dα(p, q) =
1

α− 1
log

∫
pαq(1−α)dµ

Aα(p, q) =

∫
pαq1−αdµ (α - affinity)

Properties:

1. 0 ≤ Aα(p, q) ≤ 1 if α ∈ (0, 1)⇒ Dα(p, q) ≥ 0

2.

D1/2(p, q) = −2 log

∫
√
pqdµ

= −2 log {1− h2(p, q)} ≥ 2h2(p, q) [log (1 + x) ≤ x, x > −1]

3. For fixed p, q, Dα(p, q) is an increasing function α ∈ (0, 1), i.e. if α1 ≤ α2, Dα1(p, q) ≤ Dα2(p, q).

For any 0 < α ≤ β < 1,
α

β

1− β
1− α

Dβ ≤ Dα ≤ Dβ , 0 < α ≤ β < 1

4. By application of L’Hospital’s rule limα→1Dα(p, q) = D(p, q)

Power posterior: X (n),G(n),P(n)
θ statistical experiments. θ ∈ Θ, πn: prior.

x(n) = (x1, x2, . . . , xn), p
(n)
θ =

dP
(n)
θ

dµ

Ln,α(θ) = [p
(n)
θ (x(n))]α

Πn,α(θ) =
Ln,α(θ)Πn(dθ)∫
Θ
Ln,α(θ)Πn(dθ)

Goal:

θ∗ θ0

Θ

d(θ, θ′) is a distance metric on Θ.∫
d(θ, θ′)πn,α(dθ|x(n)): fractional posterior risk

θ∗ = argminθ∈ΘD(P
(n)
θ0
||P (n)

θ ): KL-divergence
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Let Πn,α(·) denote the posterior distribution obtained by combining the fractional likelihood Ln,α with the
prior Πn, that is, for any measurable set B ∈ B,

Πn,α =

∫
B
eαrn(θ,θ∗)Πn(dθ)∫

Θ
e−αrn(θ,θ∗)Πn(dθ)

, where rn(θ, θ∗) = log
p

(n)
θ∗ (x(n))

p
(n)
θ (x(n))

Misspecified Renyi Divergence

D
(n)
θ0,α

=
1

α− 1
logA

(n)
θ0,α

(θ, θ∗) where A
(n)
θ0,α

(θ, θ∗) =

∫
{
p

(n)
θ

p
(n)
θ∗

}αp(n)
θ0
dµ

If θ∗ = θ0 (well specified case), then A
(n)
θ0,α

(θ, θ∗) = Aα(θ, θ∗) = Aα(θ, θ0).

Result: If θ∗ as defined before and {p(n)
θ : θ ∈ Θ} is a convex set, then 0 ≤ A(n)

θ0,α
(θ, θ∗) ≤ 1.

Recall thatB(θ0; t) = {θ :
∫
pθ0 log

pθ0
pθ

< ε2,
∫
pθ0(log fracp0pθ)

2 ≤ ε2}. Define a θ∗-specific KL-neighbourhood
as following:

B(θ∗, ε; θ0) = {θ ∈ Θ :

∫
p

(n)
θ0

log
p

(n)
θ∗

p
(n)
θ

dµ < nε2,

∫
p

(n)
θ0

(log
p

(n)
θ∗

p
(n)
θ

)2dµ < nε2}

Theorem 8.1. (Risk bound) Fix α ∈ (0, 1), ε ∈ (0, 1),

∫
1

n
D

(n)
θ0,α

Πn,α(dθ|x(n)) ≤ α

n(1− α)

∫
rn(θ, θ∗)ρ(dθ) +

1

n(1− α)
D(ρ||Πn) +

1

n(1− α)
log

1

ε

for all probabilistic measures ρ << Πn with p
(n)
θ0

-probability at least 1− ε.

(We are going to choose rho minimizes the first 2 terms. The first term behaves like the likelihood, how well
it fits the data. The second term is for how far the prior is away from the θ∗.)

Illustration: Let’s assume ρ(dθ) = Πn,α(dθ|x(n)).

Sum of the first 2 terms:
1

n(1− α)

∫
(αrn(θ, θ∗) + log

ρ(θ)

Πn(θ)
)ρ(dθ)

=
1

n(1− α)

∫
log

ρ(θ)

Πn(θ)e−αrn(θ,θ∗)
ρ(dθ)

=− 1

n(1− α)
{log

∫
exp {−αrn(θ, θ∗)}Πn(dθ)}

Corollary 8.2. With probability at least 1− 2
(D−1)2nε2 , D > 1,∫

1

n
D

(n)
θ0,α

Πθ0,α(dθ|x(n)) ≤ Dα+ 1

1− α
ε2 − 1

n(1− α)
log Πn(Bn(θ∗, ε; θ0))

Assume Πn(B(θ∗, ε; θ0)) ≥ e−nε2 , then∫
1

n
D

(n)
θ0,α

Πθ0,α(dθ|x(n)) ≤ Dα+ 1

1− α
ε2 +

ε2

1− α
= C · ε2
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If we choose ρ to be very concentrated around θ∗, ρ = ¶n1C
Πn(C) , then

D(ρ||Πn) =

∫
C

Πn(dθ)

Πn(C)
log

Πn(θ)

Πn(C)Πn(θ)
= − log Πn(C), C = B(θ∗, ε; θ0)

To simplify the argument: θ∗ = θ0

B(θ∗, ε; θ0) = {θ : ||θ − θ0|| < ε2}

logP (||θ − θ0|| < ε)
.
= −1

2
θT0 Σ−1θ0 + logP (||θ|| < ε)︸ ︷︷ ︸

εd

logP (||θ − θ0|| < ε)
.
= d log ε
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