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Abstract

We prove both geometric ergodicity and regular variation of the stationary distribution for a class of
nonlinear stochastic recursions that includes nonlinear AR-ARCH models of order 1. The Lyapounov
exponent for the model, the index of regular variation and the spectral measure for the regular variation
all are characterized by a simple two-state Markov chain.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Overview

Several papers have been devoted to bounding and/or characterizing the probability tails of the
stationary distribution for a (generalized) autoregressive conditional heteroscedastic ((G)ARCH)
model [15,19,30,3,23]. In each of these, the conditional variances can be characterized as linear
in the squared components of the “state vector” and the model can be embedded in a random
(matrix) coefficients model, with iid coefficients. This puts it within the stochastic recursion
framework of Kesten [22] and Goldie [17] who used renewal theory arguments to identify the tail
behavior. Unfortunately, this framework does not allow for extended models such as a combined
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AR-(G)ARCH model or a threshold (G)ARCH model. Any attempt to embed these models in
random coefficients models leads to “coefficients” that are no longer independent and, indeed,
not known a priori even to be stationary.

Recent papers that have capitalized on regular variation of (G)ARCH models to study the
sample autocovariance function include Davis and Mikosch [14], Mikosch and Stiricd [25]
and Borkovec [6]. Papers that deal with extremal behavior include Borkovec [5], Hult and
Lindskog [20] and Hult, Lindskog, Mikosch and Samorodnitsky [21].

In this paper we will provide conditions for, and characterize, both the ergodicity and the
tail behavior of a general one-dimensional stochastic recursion model that includes standard
nonlinear ARCH and AR-ARCH models. The results here are precise, as opposed to the stronger
ergodicity condition and bounds given in Diebolt and Guégan [15] and Guégan and Diebolt [19].
Our approach will avoid a random coefficient embedding and therefore may have more promise
for other nonlinear models. Instead, we use the piggyback method of Cline and Pu [13] to
show ergodicity and we verify and solve an invariance equation to determine regular variation.
Like Borkovec and Kliippelberg [7], who studied an order I AR-ARCH model, our approach is
essentially Tauberian in nature but it applies more generally to nonlinear models.

Specifically, we consider the Markov chain on R given by

g =aE 1, e) S bE_ /&1l e)E 1]+ cE1, e (1.1)

where {e;} is an iid sequence, |b(x/|x|, u)| < b(1 + |u|) and |c(x, u)| < (1 + |u]) for finite
b, ¢. The point to be made here is that the first term on the right is homogeneous in & _; while
the second is bounded in & _;. Such a decomposition is possible for any first order AR-ARCH
model and for first order threshold AR-ARCH models. For example, suppose

aio +an&—1+ (o + b’ ) e, ifE 1 <xi,
& =aE—1,e1) = Yax + an&—1 + (b + bnr ) ?e, ifx; <g_1<x), (1.2)
azo + az&—1 + (b3 + b3igr ) e, if &1 > x2,

with each b;; > 0. Then we may set b(—1,u) = —ayy + by} u, b(1,u) = a3 + by|’u and
c(x,u) =a(x,u) —b(x/|x|, u)|x|.

A similar decomposition holds for models with smooth transitions and for certain random
switching models (see Section 3).

1.2. Assumptions

Throughout we assume the following.
Assumption A.1. The error sequence {e;} is iid and E(|e;|?) < oo forall g > 0.

Assumption A.2. There exist b < oo, I;l > 0, 52 > 0 and ¢ < o0 such that

(i) max(bi|u| — b2, 0) < |b(O, u)| < b(1 + |u|) forallu € R, 6 € {—1, 1}, and
i) le(x,u)] <c(1 + |u]) forallu € R, x € R.

Note the lower bound on b(6, u) as well as the upper bound. This is the generalized ARCH-
like behavior and it also applies to random coefficient and bilinear models.
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Assumption A.3. For each 6 € {—1, 1}, b(0, e1) has absolutely continuous distribution, 0 <
P(b@,e1) >0) <1, E(]1og(|b(8, e1)])|) < oo, and either
def P9, e1) < —w)

A_; = min liminf
g=%1 w—oo P(|b(0,e1)| > w)

or

def . .. . . Pb@O e)>w)
Ay = min liminf
=+1 w—oo P(|b(0, e1)| > w)

In the time series literature, one often sees the assumption that e; has a positive density. In such
a case, Assumption A.3 simply requires some regularity on the functions b(—1, -) and b(1, -).
However, even in a nonlinear time series setting, the assumption typically applies.

Assumption A.4. {£} is an aperiodic, Lebesgue irreducible T-chain.

The reader is asked to refer to standard texts on Markov processes (such as [24]) for the
definition of these terms, as well as the terms “ergodic” and “transient”. The T -chain property is
a generalization of the Feller property and is needed here because, as is common with threshold
models, the transition probabilities may not be continuous in the current state.

We are making the last assumption outright, as the primary focus of this paper is on the
regular variation of the tails of the stationary distribution rather than on the ergodicity of the
process, though we do identify a critical condition for ergodicity. Assumption A.4 will be valid,
however, if the following hold (cf. [10]).

(i) The distribution of e; has Lebesgue density f on R which is bounded and locally bounded
away from 0, and

(i1) foreach x € R, a(x, -) = b(x/|x|, -)|x| + c(x, -) is strictly increasing, with a derivative that
is locally bounded and locally bounded away from 0, locally uniformly in x.

In particular, (1.2) satisfies Assumptions A.2—A.4 if (i) holds and each b;g > 0,i = 1, 2, 3, and
each b;; > 0,i = 1, 3. These assumptions are likewise easily checked for each of the examples
in Section 3.

1.3. Objectives

Our objectives are two-fold.
First, we establish a sufficient condition for {£;} to be geometrically ergodic, meaning that

lim r"sup|P&, € A & =x) — II(A)| < o0
n— oo A

for some r > 1, some probability distribution /I and every x € R [24, Ch. 15]. Simply stated,
the condition is that the (largest) Lyapounov exponent of the process,

1 1
liminflimsup — E (log ( + lg"') ‘ & = x) , (1.3)

=0 |x|so00 I 1+ |éol

is negative, meaning &; tends to contract when very large in magnitude.

In a random coefficients setting, Bougerol and Picard [8,9] define the Lyapounov exponent
in terms of the asymptotic behavior of the sequential product of random coefficients. Its value
is easily seen to equal a limiting behavior of the process itself, such as the limit above. Indeed,



D.B.H. Cline / Stochastic Processes and their Applications 117 (2007) 840-861 843

as will become clear in the next section, the Lyapounov exponent in our context also may be
interpreted in terms of a sequential product of random variables. (See [13], also.) We point out,
however, that our definition is not to be confused with the Lyapounov exponent of a noisy chaos.

The key result is that the value of this exponent may be expressed in terms of the stationary
distribution of a simpler process ((1.6) below). We actually will verify geometric ergodicity
through the Foster—Lyapounov drift condition method, thereby endowing the process with
mixing, strong laws, etc. (cf. [24]).

The second, and greater, objective is to verify that if {£,} satisfies an appropriate drift condition
then its stationary distribution I has regularly varying tails with some index —«x < 0. That is,
under stationarity,

P& < —Ar)

P A
lim A7 and lim M =
r—oo P(|&|>r)

= 27K nA>0. 1.4
S T R

Knowing that IT has regularly varying tails helps to establish the existence of moments (none are
of order greater than «) and limit theorems for statistics such as the sample autocovariance and
autocorrelation functions (see the references in Section 1.1).

Let (Ry, 6;) = (&1, & /1&:]) and define

w(@, u) = |b(0, u)|, n@,u) =b@,u)/1bO,u)|, forde{-1,1}, u eR.
A related (though inherently non-ergodic) process is the homogeneous form of (1.1):

E =D& /IE ] eDlE . (1.5)
This can be collapsed to a two-state Markov chain on {—1, 1}:

o Lex/1er) = nor . e). (1.6)

Also, let W = w(8;"_,, e;). The “collapsed” process is Markov and ergodic. Its behavior (and

more specifically, the behavior of W;*) determines both the ergodicity and the distribution tails
of the original process {&;}.

2. Main results
2.1. The collapsed process

We first describe the principal properties of the process {6;} which will, in turn, inform the
behavior of {&,}. Let

pij= PO =j10;=i)=P.e)=)). ije{-11} Q.1
Then, clearly, {0} has stationary distribution given by

pP-1,1
Tn=1-n1=—)
Pl—1+p-1,1

To establish the ergodicity criterion (in the proof of Theorem 2.2), we will require a function
v:{—1,1} — R and a constant y which solve the equilibrium (Poisson) equation

EW@) —v(@)) +1log W |60f =i) =y, ==l (2.2)
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The solution is easily seen to be

E(logW; |6 = 1) — E(log W | 6; = —1)

D(ED) = + 2.3)
2(p1,—1 + p-1,1)
with
y =n_1E(logW{ |65 = —1) +mE(log W |65 =1)
= m_1E(log|b(—1, e))|) + m E(log|b(1, e1)]), 2.4)

the expectation of log W under the stationary distribution 7. Since the collapsed process is
ergodic, it is clear that

. 1 * * . 1 * *
y = lim —E(log(W{---W,)) = lim —log(W; ---W)) as.
n—-oon n—-oon

Ergodicity of {&;} depends on the value of y. The regular variation, however, relies on a
different set of characters from the collapsed process. These are given in the following lemma.

Lemma 2.1. Suppose the value of y in (2.4) is negative. Then there exist unique k > 0 and
probability measure (1 on {—1, 1} such that w is invariant for the (transition) matrix M, with
elements

def . . ..
Myij = E((W))lg=; 105 = i) = E(IbG, e[ 1y.en=j), i j €{=1,1}. (2.5

For this k, M, has maximal eigenvalue 1 and [ is the corresponding left eigenvector with

My, 1,1 I —my _1,-1

/‘Ll = 1 — /"Lfl = (26)

L—meq1+me 11 1—me 1 1 +meq—1

Actually evaluating the « in Lemma 2.1 seems to be a non-trivial task. Since M, is a2 x 2
matrix, we can say that the solution must satisfy

M, 1,1 < 1, me11 <1 and (1 —mye 1, 1)1 —mye1,1) = My, —1,1M 1,1,
Q2.7

or, equivalently,

My, —1,—1+me 1,1+ \/(m/(,—l,—l — M 1,1)? +dmye 1 ime 1 —1 = 2.
2.2. Geometric ergodicity

The now quite standard argument for ergodicity of a nonlinear time series, and for Markov
chains in general, includes demonstrating a Foster—Lyapounov drift condition. Ours is no
exception. The basic idea of the piggyback method is that a Foster—Lyapounov test function
may be computed from the equilibrium equation (2.2).

Indeed, the value y from the equilibrium equation (2.2) holds the key to ergodicity. The
following is taken from Cline and Pu [13]. We will demonstrate it here as well, however,
partly because the (one-dimensional) model here is more general and partly because the earlier
arguments were specifically designed for a multidimensional Markov model.



D.B.H. Cline / Stochastic Processes and their Applications 117 (2007) 840-861 845

Theorem 2.2. Let y be as in (2.2) and (2.4).
(1) The Lyapounov exponent for {&:} (see (1.3)) is y. Indeed,

1
lim_limsup |-~ E (log([&a[/I§0]) | §0 = x) —y| =0. (2.8)

n—oo ‘X|—>OO

(ii) Suppose y < 0 and let k be as in Lemma 2.1. For any 0 < { < «k, there exists a function
V : R — Ry satisfying
(a) there exist finite, positive dy, d» such that
dilx|® < V(x) < do(1 + |x[), 29
and
(b) there exist finite My, Ko, and p < 1 such that

EWVED) & =x) < pV®)lvw>my + Kolvy<my, forallx e R. (2.10)
(i) If y < O then {&:} is geometrically ergodic, but if y > O then {&} is transient.

When y < 0, we let II be the stationary distribution for {&}.
2.3. Regular variation

We now describe the tail behavior for the stationary distribution 7. For our argument, it will
be advantageous to think of I as the stationary distribution of (R, 8;) = (|&], &/|&:]) and to
define the measure Q, on R} x {—1, 1} by

I ((rv, o0) x {i})
II((v,0) x {—1,1})°

0, ((r,00) x {i}) = forr > 0,i € {—1, 1}. (2.11)
Regular variation of II (recall (1.4)) is equivalent to Q, = O (vague convergence) as v — 00,
for some measure Q with Q((1, oo) x {—1, 1}) = 1. If this occurs then necessarily [26, p. 277]

Q((r,00) x {i}) =r~“n({i}),

with some index of regular variation « > 0 and some spectral probability measure © on {—1, 1}.
In fact, we can identify « and p from the collapsed process.

Theorem 2.3. Suppose the Lyapounov exponent y is negative and {&} has stationary
distribution II. Let k and |1 be as in Lemma 2.1. Then II has regularly varying tails with index
of regular variation k and spectral probability measure . That is, (1.4) holds.

We note that our assumptions of irreducibility and 0 < P(B; > 0) < 1 ensure that both
probability tails are regularly varying. A one-sided result holds as well but arguing it would
require specialization in the proof of the theorem and of Lemma 4.2 below, and we leave this to
the reader. See [17] for one-sided examples under continuity assumptions.

In proving regular variation, we will first verify that the probability tails of R; are dominated
varying, under stationarity. This will entail consideration of the Matuszewska indices (cf. [4, Ch.
2]), defined as follows.

Definition 2.4. Let p(v) be a positive function on (0, 00).

(i) The upper Matuszewska index for p is the infimum of those « such that

e A" p(rv)
inf limsup sup ——— <
>l vsoo 1<a<c P)
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(i1) The lower Matuszewska index for p is the supremum of those § such that

AP p(r
sup liminf inf ﬂ > 0.
e>1 Vo0 lsize p(v)

Since probability tails are nonincreasing, the indices will be nonpositive. More importantly,
we will need to verify that they are finite, negative and equal. Although equality of the
Matuszewska indices generally does not imply regular variation, it will in fact suffice for us.

3. Examples
3.1. Random coefficients model

Goldie [17] analyzes the tail behavior for the stationary distributions of models of the form
& = Bi&—1 +c(&-1, Br, Cy), 3.1

where e; def (B¢, Cy) is an iid sequence in R2, ¢(-, B, C) is continuous for each (B, C) and
lc(x, B,C)|] < ¢(1 + |B| + |C]) for some finite c. An important special case, studied by
Kesten [22] and also by de Saporta [27], is the one-dimensional random coefficients model

st = Btgt—l + Ct-

Model (3.1) is a special case of (1.1) with b(x, B, C) = sgn(x)B. There is no loss in allowing
e; to be multidimensional as long as our other assumptions are met. Those assumptions are not
automatic, however. For example, C; = m(1 — B,) almost surely for some constant m leads to a
degenerate stationary distribution for the random coefficients model (cf. [17]), but the model is
not irreducible. (See also [12].)

From (2.4), y = E(log|b(£1, e1)|) = E(log|B1]). Verwaat [29] and Grincevicius [18] (for
example) showed that y < 0 suffices for ergodicity. Likewise, from Lemma 2.1, the parameter
k satisfies E(|B/|“) = land puy = p_y = 1 since my, 1,1 = | —m 1,1 = E(|B;|*1p,<0), in
agreement with Goldie (under the assumption 0 < P(B; > 0) < 1).

3.2. AR-ARCH model

The AR-ARCH model of order 1 is
& = ag + ar1&—1 + (bo + b1&2 ) ey

This is the model examined by Borkovec and Kliippelberg [7], under the additional assumption
that e, has a distribution symmetric about 0. The ordinary ARCH(1) model is a special case
with a; = a9 = 0. If a; # 0, however, the combination of an autoregression term with the
ARCH term precludes the possibility of embedding it in a random coefficients model. We have

bli,e1) = ia + b} *er, i = 1, so that
pP-1,1 = P(—a; —I—bll/zel > 0) and Pl—1 = P(a; —I—bll/zel < 0).
From (2.4), the Lyapounov exponent is

, _ ProiEoglar - b, e1) + p_1,1E(log|ai + b)%e )
pP1,-1+p-11 '
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The index of regular variation, «, solves (2.7) with

myij = E(liay + b, e; K1 i,je{-1,1},

j(ia1+b}/2e1)>0)’
and the tail weights are given by
E(la — by %er1, )

)+E(|a1+b el| 1

1/2

—b, el<0

ur=1—-p_1= :
01<0 12, 20)

1/2
1 — E(Ja; —b]/ el|"1 a1—b7? artb!

e;>0
When e is assumed to have a symmetric distribution, the results simplify considerably. In this
case, |a; —b el| = |a; +b €1| so that y = E(log|a; +b el|) u—1 =pn1 = 1/2and k
solves E(laj + b %e; <) = 1.

When a9 = a; = 0, we of course have the standard ARCH model. Here, y = logb

E(log le1]), « satisfies b'/*E(le1]) = 1 and uj = bY/>E(le1|*1,,~0). Note that £2 satisfies
a random coefficients model. Goldie’s results would only determine the tail properties of |&;|,
whereas we also identify the tail weights.

12

3.3. Threshold AR-ARCH model
The results for the threshold model (1.2) are only slightly more involved. Here, we have
1/2
poii=P(—an +b’e; >0) and pi_1 = Play +byj e <0).
The Lyapounov exponent is

1/2 1/2
_ proiEoglan — byeil) + poii E(oglasi + bjer)
Pl—-1+p-11

and « solves (2.7) with

1/2 .
me-1j = E(an =biPen 1, e )0 je (11,

and
me1.i = E(a +b1/2e 1“1 ) e {—1,1}
Kk 1,j = 13 13 €1 i@ 31+b1/261)>0 s ] s Ly

Again, these quantities are used in (2.6) to compute (1 and ft_1.
For a threshold ARCH model (without the autoregression term), a;; = a3z = 0.
Consequently,

1/2 1/2
y = plogh!> + (1 — p)logby)* + E(log le1 ),
where p = P(e; < 0). Also, u; = E (|el |K1€1>0) /E (le1]*) and « solves
DXIPE(le1]< 1o, <0) + b5IPE(le1 < 14,20) = 1.

Smooth transition models also fall within the framework here. Suppose G is a continuous
probability distribution function on R, with sup, .g [x|G(x)(1 — G(x)) < oo, and

& = (a10 4+ ané&—1 4 (bio + b11&2 N?e)(1 — G(& 1)
+ (@30 + a31&—1 + (b3o + b312 ) 2e)G(E—1).
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Then the above conclusions hold exactly as stated.
3.4. Random switching AR-ARCH model

Our results allow for some nonlinearity in the errors. For example, regime switching could be
signaled by the value (or sign) of the errors rather than by the time series itself. A simple example
that satisfies our assumptions is

& =ao+a1&—1 + (bo + 018> )" ?e,G(er) — (do + drE2 )%, G (—ey),

where again G is a continuous probability distribution function on R. Now b(i, e;) = ia; +
b}/zetG(e,) — dll/ze,G(—et), i = %1, and y, x and px can be computed accordingly from (2.4)
and Lemma 2.1.

4. Proofs
4.1. Showing ergodicity

Here we show that y is in fact the Lyapounov exponent for {£,} and that y < 0 implies {&}
is geometrically ergodic. This argument is actually a much simpler version of the piggyback
argument in Cline and Pu [13] where we dealt primarily with higher order AR-ARCH models.

Lemma 4.1. Let v and y be as in (2.3) and (2.4), respectively. Extend v to R by v(x) = v(x/|x|)
if x 20and v(0) = 0. Then

. LHiEalN ], )
Jim (v(&) — (&) + log (1 - |§O|> ‘ g0 = x) =y. @.1)

Proof. By the definitions of & and ;", if x = i|x|, i = %1, then
[E@]) |6y =i) — EWED | & =x)| < [v(DIP(n(, er) # a(x, e1)/]a(x, e1)])
< I[P (c(x, en)| > |b(x/Ix], eD)| |x])
< vMIPc + le1]) > [bG, e x]). (4.2)
Obviously, therefore,

lim — JEQ®) |65 =i) — E((&1) | & =x)| = 0. (4.3)

|x]—00, x/|x|=i
By Assumption A.3, E(|log W{| | 65 =i) = E(|log(|b(i, e1)])]) < 0o. Also, Assumptions A.1
and A.2 imply
1+ b(, e)|x| + c(x, e1)]
E | log
1+ |x|

E <log (%)) > E (1og (16, €1)1/2) Lpgepye|<2) > —00

E(lo (1+|b(i,el)|x|+c(x,€1)|)>
& 1+ |b(i, er)||x|/2

> E(—log (1 + [b(i, e1)x|/2) Lic(x,e1)|> b ep)xl/2)
> E(—log (1 + |c(x, e1)])) > —o0.

)) < E(log (1 +1b(i, e)| + |c(x, e1)])) < o0,

and
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Then easily by dominated convergence,

_ 1+ [&1] .
|x|_>og,r?/|x\:i E (log (1 + IEoI) ‘ 0= x>

. 1+ 1b(, e))|x] + c(x, e1)]
= lim E | log
|x|—o00, x/|x|=i 1+ |x|

= E(logh(i, e1)) = E(log W} | 9{; =1i). “4.4)
The conclusion (4.1) follows from (2.2), (4.3) and (4.4). U

Proof of Theorem 2.2. (i) Fix L < oo arbitrarily. Observe that
limsup P(|§1] = L | §o = x) = limsup P(la(x,e1)| = L) =0.

[x|—00 |x]—o00
Let € > 0 and choose Lo such that sup, ., P(§1] < L | §o = x) < €. Thus,
limsup P(|§| < L | § = x)

|x]—00
<limsup E(P(|&| < L | §&-1)1jg_ 1>y | 0o = x) +limsup P(|§—1| < Lo | o = x)
[x]—00 |x|—00

< e+ limsup P(|&_1| < Lo | o = x).

|x]—00
Hence, inductively, for any L < oo,

limsup P(|&| <L |& =x)=0, eachtr>1. 4.5)

[x]—00

Now let B, = v(&)—v(—) + log(li_Tgli‘”) for ¢t > 1. Fix € > 0. From Lemma 4.1 we may
choose L such that

sup |E(B) | & =x)—y|<e.
[x>L)

Also, let
Ly= sup |E(By|& =x)—yl.

|x|<Ly
Then, using (4.5),
limsup |E(B; | & = x) — y| < limsup E(E(B; | &-1) — y| | & = x)

|x]—00 |x]—00

< limsup E(eljg,_ L, + Lalig,_; <L, | &0 = x)
|x]—00
< e+ Lylimsup P(|&-1| < L1 | & =x) <e.
|x]—00
Therefore, since € is arbitrary,
limsup |E(B; | & = x) —y| =0, eachr > 1. (4.6)

|x]—00
From (4.6) we thus have

o BN
e[ (v v v (557 ) o= ) =
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1 —
—Z limsup |[E(B; | §o=x) —y|=0

n = Ixl->o
n—=00 |v| 500

1 1+ |&,] _ _
2E<l"g<1+|~s|>“§ x) ‘_0’
which is (2.8).

(ii) This is similar to the proof of Lemma 4.1. For { < «, define M, to be the matrix with
positive elements

and conclude

lim lim sup

def . P
meij = E(WH lgrzj 165 =), i,j € {~1,1}.

Let p; be the maximal eigenvalue with corresponding right eigenvector ¢, which we interpret as
a function on {—1, 1}. Note that ¢ is nonnegative. We will demonstrate in the proof of Lemma 2.1
below that p; < 1. Define

Vix) = “ +<ii<Zlgl)|x|€ x #0,

This function satisfies (2.9).
Recall (4.2) and (4.3), which say in essence that

limsup P(n(i, e1) # a(x, e1)/la(x, ep)]) = 0.

|x]—00

We similarly have

limsup E(1b(1, e1)|* Lyii.ep)2atx.e1)/lat.en)) = O-

|x]—00
Thus,
imsan £ (g 0= )
— i <¢(a(x, ep)/la(x,e)(b(, er) |x| + c(x, 61)|§)>
=limsup E
X—00 ¢(l)|x|§
= 2CD p b en 1 E(b(1, e1)|*1
= o) (1b(1, eD)|° 1y1,ep<0) + E(1b(1, e1)1° 1y(1,¢1)>0)
¢ (—1)
= o) me1,—1+mg11=p; <L 4.7
Likewise,
ETEL;EE ( zé‘); £y = x) =p; < 1. (4.8)

Since E(V (&1) | £&o = x) is locally bounded as a function of x, (4.7) and (4.8) suffice to prove
(2.10) with p € (p¢, 1).

(iii) From (2.8) and [11], y > 0 implies |&;| — oo in probability and thus that the process is
transient.

Suppose instead that y < 0. By Assumption A.4, {&;} is irreducible with Lebesgue measure
as a maximal irreducibility measure, is aperiodic and is a T'-chain. Consequently, by Thm. 15.0.1
of [24], (2.9) and (2.10) are sufficient to ensure {£;} is geometrically ergodic. [
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4.2. Showing regular variation

In this, the final and longest, subsection we assume {&,} is stationary with negative Lyapounov
exponent y and distribution /. Here, we will verify the regular variation of its probability tails.
We start by proving Lemma 2.1.

Proof of Lemma 2.1. Since, for any « > 0, all the elements of M, are positive, it has a
nonnegative maximal eigenvalue p, and a unique left eigenvector p, (U, M,y = peu,) such
that u, is a probability measure on {—1, 1}. We want to show that there is a unique ¥ > 0 such
that p, = 1.
We first show that ,o,l/ * is strictly increasing in . To this end, let ¢ > x > 0 and define the
matrix M, accordingly. Let p; be the maximal eigenvalue for M. Define p;; as in (2.1) and
Mosi
deij = —, deij = ——.
Pij Pij
Thus, there exists ¢ < 1 such that
deij = E(W))* |65 =i,6] = )

< c(E(WHE 165 =1,6F = ) =c(dej)’", i, jef=1,1)

J 1
It follows that, for any probability measure u and vector 1 = ( 1) ,

n

n
/,L/M,?l = Z //Li() Hpil_lil Hdkil—lil
=1

=%l =1

n n
<c" Z Mig [l_! Pij_1is ll_!(diilflil)lc/{

/¢

A
RS
g

n n
i 1_[ Pij_yi; 1_[ dei_yiy
=1 =1

_ g, a1k
=c"(u Mg 1)/s.
Hence,
p = Jim (WMDY < ¢ tim (MDY = ¢ (o)

showing the strict monotonicity as desired.
Now let E be the matrix with elements

eij = exp(E((log W) lgr_; | 65 =), i.je{-1.1}.
and note that

11%511” = exp(E(log W} | 65 =i, 6} = J)).
K

Kij

/K

So, by an argument similar to the above, lim, o p,i is the maximal eigenvalue of E. Since

(CXP(V(—I))

exp(v(1) ) is a nonnegative eigenvector for E with corresponding eigenvalue e, by (2.2), it
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must be that e? is the maximal eigenvalue of E. Therefore, since y < 0, p, must be less than
1 for small enough «. Also, p, clearly is continuous in « and, by Assumptions A.l and A.3,
pr > 1 for large enough «. From all this, it follows that there is a unique positive ¥ for which
pe =104
Lemma 4.2. Let « and (v, j = %1, be the solution in Lemma 2.1 and set

Tij(w) = P(Wy <w, 0 = j | 65 =i).
Suppose q_1, q1 are nonnegative measurable functions on R such that

sup r“Tq;(r) <oo and supr*q;(r) <oo, j==I,
O<r<l r>1

for every 6 > 0. Suppose also that they solve the system of equations
o
qj(ry =Y / qi (r/w)T;j (dw). (4.9)
i=+170
and q_1(1) +q1(1) = 1. Then q;(r) = pjr=" .

Proof. Define g;(x) = e“*g;(e*). By Assumption A.3, each T;; is absolutely continuous with
density, say, t;;. Define 7;; (x) = e“*1;;(e*). Then (4.9) becomes

g,~<x>=2/ giMTj(x —ydy, j==%I, (4.10)
=41V~

namely, a linear system of integral equations with a convolution kernel, subject to e “?1*lg j(x),1s
bounded, j = £1. By Assumptions A.1 and A.2, we also deduce that f_oooo e“"'r,-j (x)dx < o0
for all ¢, i, j. Expressing (4.10) more simply,

81 =8-1%T_1—1+g *71,—1 and g =g_1*T_1,1+ &1 *T11.
We are thus justified in computing
gix(l—t ) =gax(I -t —D*t— 1+ g *xtx(l —1—1-1)
=gr*T 1Tt gt x(l—1—1 1), (4.11)
or, equivalently, g; = g1 * o, where
O=T_|-1+T1,1 —T-1,—1%T,1 +T-1,1%T(,—1-

Similarly, g_1 = g_1 * 0. Let T = {f;;} be the matrix of Fourier transforms for the 7;;’s. So
() = E((Wl*)"”“lgl*zj |65 =i) and & (a) =det(I — T()). (4.12)

From classical results (e.g., Sec. 11.2 of [28]), the solutions to (4.11) are linear combinations of
eio‘k"ij(x), where oy is a root of 6 (o) = det(] — T(«)) = 0 in the strip Zm(a) < & and Pji
is a polynomial of degree one less than the multiplicity of «;. Note that « = 0 is root, by (4.12)
and Lemma 2.1, and it has multiplicity 1 because 7(0) = M, has a simple eigenvalue equal to
1. Also, § may be chosen arbitrarily small. Hence, the only nonnegative solutions to (4.10) are
constant functions which thus satisfy

o0
gj = Z gi/ Tij(y)dy = Z giMycij-
—00

i=+1 i==+1
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By the conclusion of Lemma 2.1, and since g_; + g1 = 1, g—1 and g; must be equal to the
elements of 1.

We conclude, then, that g (r) = ujr~* gives the unique nonnegative solution to (4.9) subject
g 1D +q()=1. O

The significance of the above result is in the next one, which essentially identifies the unique
invariant measure for the fransient process {£,*} defined in (1.5). Observe that

PUES > r & /1E 1 =i | 1E 11 =5, &, /1§11 = 0)
=P(W] >r/s, 6 =i|6; =06)
= P(w(,e1) >r/s,n@,e1) =1i). (4.13)

Corollary 4.3. Let « and v, j = %1, be the solution in Lemma 2.1. Suppose Q is a measure
on Ry x {—1, 1} satisfying Q((1,00) x {—1,1}) =1,

supr* T Q((r, 00) x {i}) <00 and supr*~?Q((r, 00) x {i}) < o0,
r<l1 r=1

forevery § > 0, and

O((r, 00) x {i}) = / P(w(0,e1) >r/s,n,e1) =i)Q(dsdo),

Ry x{—1,1}
r>0,ie{—1,1}. (4.14)

Then Q((r, 00) x {i}) = ujr—-.

Proof. Let ¢;(r) = Q((r, 00) x {i}). Then by (4.13) and a simple integration by parts, (4.14) is
exactly the same as (4.9). O

We now turn to the tail behavior of the stationary distribution 7. It actually will be convenient
to think of II as the stationary distribution of {(R;, 6;)} = {(|&1, &/1&:])}-

A helpful alternative to Definition 2.4 is given by the following result (cf. [4], Thm. 2.2.2,
or[1]).

Theorem 4.4 (Aljanci¢ and Arandelovic). Let p(v) be a positive function on (0, 00).

(1) The upper Matuszewska index for p is the infimum of those a such that there exist finite K
and vy with

A
pOv) < KA%, foriv>v > .
p(v)

(ii) The lower Matuszewska index for p is the supremum of those B such that there exist finite K
and vy with

p(Av) -
pv) —

Kkﬁ, forv > iv > vp.

Lemma 4.5. Suppose {&;} is stationary.

(1) Then P(R; > v) is of dominated variation: its Matuszewska indices are finite.
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(ii) Let —k1, be the lower Matuszewska index for P(R; > v). Then for any > k| there exists
K1 < oo and vy < o0 such that
P(Ry > \v) -
PRy >v) —
(iii) Additionally,

KA ™P, forv>iv=> . (4.15)

P ;
lim sup (etx, e > €v) =0, foralle > 0. (4.16)
v—>00 P(R; > v)

Proof. Recall Assumption A.2. We may assume l;z > max(l; 1/2, 2) without any loss. Note that
Ry = |b(0o, e1)Ro + c(BoRo, e1)| = (bile1]| — b2)Ro — (1 + |e1]).

Let My = 8¢/by. Then Ry > M and |e;| > 2b2/b; > 1 imply
Ry = (biler| — by)Ro — &(1 + le1]) = Ro(b1/2 — 2¢/My)lei| = Robilei|/(2b2).

Let0 < 8 < 1. Given R; 2 Ry and v > M; /8, we have
P(Ry > v) = P(Ry > 8v, bile1| > 2b2/8) = P(Ry > 8v)P(bile1| > 2b2/5).

Hence,

P(Ry > dv) _ K, df 1

sup ——— < Kp = = = < 00, 4.17)
v>M; /8§ P(R; > v) P(biler]| > 2b2/6)

showing that R| has dominated varying probability tail (cf. [4]).

In particular, this means the probability tail has a finite (and nonpositive) lower Matuszewska
index, say —« . From Theorem 4.4(ii) we find that for each 8 > «, (4.15) must hold with some
finite K. In particular (take Av = vg in (4.15)), P(R; > v) > 8ov—? for some 8y > 0. Taken
with Assumption A.2 and the fact E(|e;|?) < oo, this implies (4.16). O

Lemma 4.5 shows that the Matuszewska indices are finite. Lemma 4.7 below will show that
they are in fact negative. Ultimately, they will turn out to be equal to each other.

Lemma 4.6. Assume as in Lemma 4.5. For anyr > 0 and € > 0, there exists § > 0 and My < oo
such that

P(Ry > rv, Ry < év)
P(Ry > v)

<€, forallv> M>.

Proof. Let F| be the distribution of 1 4 |eq]. Suppose 0 < § < 1 and let 8 > k. By
Assumption A.1 and Lemma 4.5, we know

P(lei] > cv)

lim =0, foranyc > 0. (4.18)

v—o00 P(R; > v)
Choose vg as in (4.15) with vg > 5/15. If v > vp/é then, using (4.15),
P(Ry > rv, Ry < év)
< P((bRy+c)(1 + |e1]) > rv, Ry < dv)
< P(bRo(1 + le1]) > rv/2,r/(25b) < 1 + |e1] < rv/(2bvo))
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+P(1+ler| > rv/(2bvo))

rv/(2bvg) _ _
= / ! P (Ro > rv/(2bu)) Fi(du) + P(1 + |e1| > rv/(2bryp))

/(28b)
rv/(25v0) 25 B _
< K1/ (-”‘) Fi(du)P(Ro > v) + P(1 + le1| > rv/(2bvo)). (4.19)
r/(28b) r

We may choose § > 0 to make K f;ﬁm;)(%—”)ﬁ F1(du) < €/2 and, by (4.18), we may choose
M3 > vo/8 so that

P(1+ler| > rv/@bu) _

€/2, forallv > M>.
P(Ry > v)

Combining these with (4.19) gives the result. [

Lemma 4.7. Suppose {&:} is stationary with (2.9) and (2.10) holding. Let the stationary
distribution be II.

(1) The upper Matuszewska index for P(R; > v) is no bigger than —¢.
(i1) For each k > 0, the measures Q]f), v > 1, given by

I ((max(r, 2 F)v, 00) x {i})
II((v, 00) x {—1,1})

0k ((r, 00) x {i}) = . or>0,ie{=1,1), (4.20)

are tight on Ry x {—1, 1}.

Proof. First, suppose k = 0. Note that Qg is the conditional distribution of (R;/v, 5,), given
R; > v, under stationarity.
By (2.9) and (2.10) and Assumption A.2,

V(&) < da(1b(@1, ol + le(Go, e + da < da(bl§o] + O (1 + ler])* + .
This implies the existence of finite, positive d3, ds such that

V(D < (d3V (§0) + d)(1 + |e1])* + da.
Let K3 = E((1 + |e)?). Then, if r > My,

EWVEDIvepsr) = EVEDve)srnveysr) T EVEDveE)srvE)<r)

< E(E(V(ED | $0)Lvgg)>r)

+ E(((d3r +da)(1 + le1)® +d2) lv)sr)
PE(V (o) lyg)>r) + ((d3r +ds) K3 + d2) P(V(§1) > 7).

A

IA

Under stationarity, V (§1) Bl V (&), and E(V (§p)) < oo by Meyn and Tweedie [24, Thm. 14.0.1].

Hence

EWV(EDve)>r)
rP(V() >r)

pE(V(El)lv@l)»)

— 0 rP(V(E) >r)

1
;E(V(él) [ V(D) >r) =

+ d3K3 + (ds K3 + d) [ Mo. (4.21)
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It follows from (4.21) that

1 dz K di K d>r) /M
sup SE(V(ED | V@E) > r) < Ky & DR DK+ d)/Mo @22)
r>My T 1 —p

Furthermore, we have d; Ré < V(&) <d(1+ Ré). Thus,

E(RG g ) < iEW(so)lng»dﬂ) (4.23)
and, if dir > 2d>,

P(R§ > dyr/(2dy)) = P(V (&) > dir). (4.24)
Let 8§ = (d1/(2d»))"/¢ and obtain M, K, from the proof of Lemma 4.5. Set

ro = max(Mo, 2d>, 2d2 M} ) /.
Then, by (4.17) and (4.22)—(4.24), we obtain

o0
3 1
sup f / s¢ 0%(dsdg) = sup —E(R§ | R§ > 1)
vsre =L r>ro

¢
PR > dir/Q2dy))  ERglge )
r=ro P(R§>r)  rP(R§ > dsr/(2ds))

1
=< K> sup EE(V(&) | V(&) > dir)

r>ro
< K2K4 < o0. (4.25)

This is sufficient for the probability measures { Qg}vz 1 to be tight on Ry x {—1, 1}.
Indeed, from (4.25), we easily determine that

P(Rp > A
MSIQKH\_{, kvzvzré/g.
P(Ro > v)
Hence, the upper Matuszewska index is no more than —¢. B
Let €; > 0. By the above we can choose M3 € [1, c0) so that Qﬁ((Mg, o0) x {—1,1}) =
Qg((M3, o0) x {—1,1}) < €1, forall v > ré/g, k > 1. This proves the tightness of{Q’,j}vzl on
Ry x {—1,1}foreach k. [
In fact, assuming y < 0, we may choose any ¢ < «, by Theorem 2.2(ii). This implies that the
upper Matuszewska index is no more than —«, but is still some way from saying I is regularly

varying or even that the two indices are equal.
Next is the lemma that is at the heart of our proof. Recall the definition of Q, in (2.11).

Lemma 4.8. Assume as in Lemma 4.7. For any sequence v, — 00, there exists a sub-

sequence v, — 00 and a continuous measure Q on Ry x {—1, 1} such that Q,, B
0((1,00) x {—1,1}) = 1 and

O((r,00) x {i}) = /]R i P(w(0,e1) >r/s,n@,e) =i)Q(dsd9), (4.26)
+x1—L

forie{—1,1}, r > 0.
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Proof. Let O, v > 1, be as in (4.20), namely the restriction of Q, to 27k, 00) x {1, 1}.

v J
Note that, by (4.17) fo[ each k, the measures Q'; are uniformly bounded. By Lemma 4.7, the
probability measures Qg are tight on Ry x {—1, 1}. Given any sequence v, — o0, there

0

exists a subsequence v,

_ _ v -
— o0 and a measure Q" such that QSO — Q9 and, of course,
n

k
n

measure QF such that Q’;A = OF and O agrees with 01 on 2%, 00) x {—1, 1. Letting

0°((1,00) x {—1,1}) = 1. Iteratively we may find a further subsequence v — oo and a

v, = v, we have Q,, — Q where Q is a measure that agrees with Q% on (27%, 00) x {—1, 1}
for each k. At this point we do not know that Q is continuous.
Note that w(éo, e1)Ry > (1 + €/2)v implies either R; > v or |c(§oR0, e1)| > €v/2. Thus,
P(Ry > v,él =1i| R():S,éoze)
> P(w(@,e1) > (1+€/2)v/s,n(0,e1) =i) — P(lc(0s, e1)| = €v/2). (4.27)

Using (4.27) and (4.16),

.. PRI >rv,, 0 =)
lim inf

liminf Qu, ((r, 00) x{i}) = liminf == ===

v

n—o0

liminff P(R > rv,,,é1 =i|Ry= S,éo =0)
Ryx{—1,1}

II(dsd@)
1T (v, 00) x {=1,1})

X 1(27]‘1),,,00) (S)

zliminf/ P(R; > rv,, 0y =i | Ry = vns, 60 =0)
Ry x{—1,1}

n—>oo
x Q% (dsdo)
> liminff P(w@,e1) > (1+€/2r/s,n0,e1) =1i)
=00 JR, x{-1,1}
x 0% (dsdo).

By Assumption A.3, P(w(0, e1) > -, n(f, e;) = -) is continuous in Ry x {—1, 1}. It follows by
standard theory for vague convergence (e.g., [2, Thm. 4.5.1]) that

liminf @y, ((r, 00) x {i})
- / Pw(®,e1) > (1+¢/2)r/s, 16, e1) = i) O (dsdd).
Ryx{—1,1}

By monotone convergence, as k 1 oo and € | 0,

liminf Q,, ((r, 00) x {i}) > / P(w(0,e1) >r/s,n0,e) =i)Q(dsdb). (4.28)
n—>00 Ry x{—1,1}

Fix m > 0. Let €; > 0 be chosen arbitrarily. By Lemma 4.6, with r = 27", we may choose
8 = 27 to make

. P(Ry > 27v,, Ry < 27%v,)
lim sup < €].
n— 00 II ((vy, 00) % {_17 1})
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Then, again using (4.16) and [2, Thm. 4.5.1],
limsup Q,, ([27", 00) x {—1,1})

n—o0

n—oo

< limsup/ PRy >2"v, | Ry =s,6p = )12y, 00) ()
Rox{—1,1} "
o 11 (dsd9)
I ((vn, 00) x {=1,1})
. P(Ry > 2"v,, Ry <2 %v,)
+ lim sup
n—00 I ((vn, 00) x {—=1,1})

< limsup/ P(R; > 2", | Ry = vps, 0y = G)Qﬁ (dsdf) + €
Rox{—1,1} "

n—o0

n—oo

< limsup/ Pw@,e) > (1 — 6/2)2_m/s)Qﬁn (dsdf) + €
Ryx{—1,1}

=/ P(w(©,e1) > (1 —e€/2)27"/s) QK (dsdh) + €.
Ry x{—1,1}
Dominated convergence as € | 0 and monotone convergence as k 1 oo yields

limsup Q,, (127", 00) x {—1,1}) < / P(w(0,e1) > 27" /5)Q(dsdd) + €.
n— 00 Ry x{—1,1}
The arbitrary choice of € finally gives
limsup Q,, (127", 00) x {—1,1}) < / P(w(®,e1) =27"/5)Q(dsdd). (4.29)
n— 00 Ry x{—1,1}
Since P(w(#, e;) =27 /s) = 0forall s > 0, (4.29) combined with (4.28) for r = 27" implies
lim 0, (27", 00) x {—1,1}) = / P(w(@,ey) >27"/s)0Q(dsdd). (4.30)
n—0o00 Ry x{—1,1}
From (4.28) and (4.30), we can now conclude that the measures QZ:; converge vaguely, once

again by Ash [2, Thm. 4.5.1]. Therefore, in fact Q,, X Q where Q is continuous and defined
by

O((r, 00) x {i}) = / P(w(0,e1) >r/s,n0,e1) =i)Q(dsdo).

Ry x{—1,1}

Finally, since also Q,, = Q, it must be that O = Q and (4.26) holds. [

Lemma 4.9. Let Q be a vague subsequential limit of Q,, as in Lemma 4.8. Then
. . o O((r,00) x {—1}) . O((r, 00) x {1})
either inf >0 or inf
>0 Q((r,00) x {—1,1}) r>0 Q((r, 00) x {—1, 1})
Proof. Let A_; and A; be as in Assumption A.3 and assume A; > 0. Choose ry such that

P(b(®,e1) > r) > ALP(|b(©, e)| > r) forall r > ro. Let § = min(5L, P(b(0, e1) > rp)).
Then

P(b@,e1) >r/s) = 8P(bO,e1)| >r/s), foralr>0,s <r/ry,

> 0. (4.31)
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and
PbO,e1) >r/s) = P(b@,e1) >rg) =8P(|b0,e1)| >r/s), forallr >0, s>r/rp.

Note that b(9, e1) > r iff w(@, e;) > r and n(@, e;) = 1. Thus, from (4.26),

O((r,00) x {1}) = / P(b(0, e1) > r/s)Q(dsdd)

Ry x{—1,1}

> 5/ P(|b@0, e1)| > r/s)Q(dsdd) =5 Q((r, 00) x {—1, 1}).
R+X{—l,l}

This shows that the second inequality in (4.31) holds if A; > 0. A similar argument applies to
show that the first inequality in (4.31) holdsif A_; > 0. O

Finally, we are ready to prove our principal result.

Proof of Theorem 2.3. Let —x; < —xy be the lower and upper Matuszewska indices,
respectively, for the function p(r) = P(R; > r) under stationarity. From Lemmas 4.5 and
4.7 we know they are finite and negative. Before we can proceed further, we need to show that
these indices are both equal to «. This will require several steps. First, let Q,, be a sequence

converging vaguely to Q, as in Lemma 4.8. Let « > —«y. By Theorem 4.4,

O((Ar,00) x {=1,1}) . P(R; > Arvy) -

= lim < KA%, (4.32)
Q((r,00) x {=1,1})  n—co P(R; > rvy)

for some finite K and all A > 1. Consequently, the upper Matuszewska index for g(r) =
O((r,00) x {—1,1}) is no more than —«y . Likewise, the lower Matuszewska index for ¢(r)
is no less than —«y . This is true for any vague subsequential limit Q.
Next, we apply the Pélya peak theorem (Thm. 2.5.2 in [4], from [16]): there exists a sequence
v, — 00 such that
lim sup Q;, ((r, 00) x {—1, 1}) = lim sup PRe>10) _ca forallr 0. (4.33)

n—00 n—soo P(R; > ﬁn) -

From Lemma 4.8, there is a subsequence v, — oo and a continuous measure Q such that
0Oy, = Q. Define the upper and lower orders for g(r) = Q((r, c0) x {—1, 1}) by
logq(r) logg(r)

wr, = liminf and wy = limsup .
r—oo  logr r—>oo logr

Hence, w; < wy < —kr, by (4.33). From Prop. 2.2.5 of [4] and our comment above about
the lower Matuszewska index for g(r), wy > —« also. Thus, w; = —«k. Therefore, by Thm.
2.3.11 (note the misprint) of [4] and the continuity of Q, there exists a function g(r) which is
regularly varying on R with index —«, such that liminf,_, o Q((r, c0) x {—1,1})/g(r) = 1.
Define

gi = liming 2000 XD 4y (4.34)

r—00 g(r)

Both g_; and ¢q; are finite and at least one is positive by Lemma 4.9 (critical points that have
compelled us to this intricate, nested argument of indices and orders).
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Recall that Q satisfies (4.26). Letting 7} (w) = P(W{ < w, 0; = j | 65 =), (4.26) may be
reexpressed as

000 x 1) = 3 [ 0w, 00 x i) T @, (4.35)

i=+1
From (4.34) and (4.35) and the regular variation of g(r) we get

| % O((rfw, 00) x (i) g(r/w)
v 2;1/0 s e g @)

o0
> /0 gt Tyj(dw) = Y gimg,ij,

i=+1 i=%1

where m,, ;; is defined by (2.5). This means the maximal eigenvalue of the matrix M,, =
[my;ijlij is no larger than 1. That, in turn, implies «; < k by the proof of Lemma 2.1. A similar
argument (or the comment following the proof of Lemma 4.7) confirms «y > «. But k;, > «yp.
Therefore, k; = ky = k.

The point to all this is that we may now claim that for all § > 0 (see (4.32) with »r = 1 and
o =—k +9),

sup A2 Q((, 00) x {j}) < 00
A>1

for any vague subsequential limit Q. Likewise, Theorem 4.4 also yields

sup AT Q((1, 00) x {j}) < o0,
A<l

for all § > 0. We therefore have the conditions of Corollary 4.3 fulfilled so that the unique
solution to (4.35) (and thus to (4.26)), subject to Q((1,00) x {—1,1}) = 1, is given by
O((r,00) x {i}) = uir~“. Since this true for any vague subsequential limit, we conclude that
ox = 0, and therefore II has regularly varying tails. [l
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