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Abstract: The least squares estimators are discussed for the linear regression model with random
predictors. Both predictors and errors may have infinite variance. Under the condition that the
predictors are in a stable domain of attraction, we determine necessary and sufficient conditions
for weak consistency of the least squares estimators in the simple linear model. The conditions
vary, depending on whether the intercept parameter is included in the model. We also give suffi-
cient conditions for consistency in a multiple regression setting.
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1. Introduction

We are concerned with asymptotic results for the least squares estimators of
regression models when both errors and regressors may have infinite variance. In
particular, we wish to obtain as close to necessary and sufficient conditions for weak
consistency of the estimators, as is possible. To obtain such precise conditions, we
will concentrate on the two simple models:

Y=pX+Z (Model I)

and
Y=0+6X+Z. (Model II)

However, we will also provide sufficient conditions for weak consistency of
estimators for the multiple regression model:

Y=X'f+Z, X, peR- (Model I1I)
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Asymptotic distributions for the estimators will be discussed in a subsequent paper
since the techniques are different for that theory.

Various authors have studied practical and theoretical aspects of this problem
when either the errors or the regressors have infinite variance. Blattberg and Sargent
(1971) and Smith (1973) offered initial work for models in which the errors followed
stable laws. Press (1975) discusses general inference procedures for stable data. An-
drews (1987a,b) provides a complete list of references for applications of infinite
variance regression and time series models, particularly in economics.

Among those who have studied asymptotic results are Kanter and Steiger (1974)
and Maller (1981). Kanter and Steiger limited their work to the special case where
both X and Z have symmetric distributions with asymptotically Pareto tails of the
same index. They showed consistency of the estimators for Model I (and actually
get a bound on the convergence rate). Maller provided a general result in case both
X and Z are in a normal domain of attraction. Andrews (1987a,b) was concerned
with sufficient, rather than necessary, conditions for strong, rather than weak, con-
sistency. Carroll and Cline {1988) considered consistency and rates of convergence
of weighted least squares estimators, when weights are determined by sample
variances. They showed that slow rates and inconsistency can occur, even with nor-
mal data.

The limitation that errors and regressors have equivalent tails, which Kanter and
Steiger imposed, was apparently due their greater interest in autoregressive pro-
cesses. Others that have investigated least squares estimation in autoregressive pro-
cesses include Hannan and Kanter (1977), Yohai and Maronna (1977) and Davis and
Resnick (1985a,b,1986). Indeed, when the errors have regularly varying tail prob-
abilities, such processes must have probability tails similar to the errors (Cline,
1983). In our case, however, we do not wish to suppose that regressors and errors
have similar tails, or even that they are in similar domains of attraction.

Like Kanter and Steiger, Maller, and Andrews, our motivation is to avoid specific
distributional assumptions. Ideally, we would like to dispence with all assumptions.
But with only an assumption on the distribution tails of X, we will determine the
precise requirements on the errors to obtain consistency. Of course, the adverse ef-
fect of heavy-tailed errors in regression is well documented and numerous alter-
natives to least squares have been proposed (e.g. Huber, 1981, Maronna and Yohai,
1981, and Bierens, 1981). However, we are here less interested in efficiency than in
establishing the scope of least squares estimation. Stochastic regressors with infinite
variance actually moderate the effect of large errors. Thus, as Kanter and Steiger,
Maller, and Andrews have shown, consistency is possible if the regressors have
heavy enough tails.

Our focus, then, is to describe how consistency depends on the exact relationship
between regressors’ and errors’ distributions, and thereby to determine necessary
conditions for consistency in least squares regression. The precise relationship turns
out to be relatively simple to describe. Besides extending the mathematical under-
standing, we hope this work will also provide practical insight into the range of
situations in which least squares is at least appropriate.
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Before stating our theorems, we first set forth our notation. After the theorem
statements, in the second section, we will provide several preliminary results and in
the third section we prove the theorems.

Consider Models I and II, where X is real valued. We will assume X~ F and
Z~ G, independently. The pairs (X, Z;) will be independent copies of (X, Z). The
distribution of XZ will be denoted with H. Let F;, G, and H; be the distributions
of |X|, |Z| and |XZ]|, respectively. Define the truncated moment functions

u(t) = S uF(du),
-

t

ul(t)=jt |u|F(du) and llz(t)=§ u*F(du).
~t

—t
The functions v, v| and v, are defined similarly for G, as are 4, 4, and A, for H.
The class of functions which vary regularly with index ¢ will be denoted RV,.
Generally speaking, consistency in Model I depends on an asymptotic relationship
between the tails of Z and X 2. This is stated in Theorem 1.1.

Theorem 1.1. Suppose u, e RV,_, for some a>0. Then the least squares estimator
,l?l’,, Sfor Model 1 is weakly consistent if and only if each of the following hold:
() lim,_, o t(1—G,(8))/uy(t'"*) =0, and
(i) lim,_ o A(t)/us(t'?) =0 whenever a=2.
In particular, if vieRV,_,, consistency occurs if y>1a and only if y=+a.

Aside from centering considerations in special cases, the precise condition for
consistency is roughly that the probability tails for Z are dominated by those for
X?2. That this should be the case can be argued heuristically as follows. The
estimator f, , for Model I satisfies

n
El,n —ﬁl = %%f_l’
j=1“%Y

where (X, Z;) are independent copies of (X, Z). Letting H be the distribution of XZ
and F, be the distribution of X2, we see that Bl,n— £, — 0 when the tails of F,
dominate those of H. Since the tails of H dominate both those of F and those of
G, and the tails of F, dominate those of F, then it is at least sufficient that the tails
of F, dominate those of G. This argument, of course, will be made precise. It relies
on the fact that, for a2=inf{t: nu,(t'*)<t}, a,> ¥, j’.’zl ij is stochastically bounded.

The conditions in Theorem 1.1 are necessary under the assumption y, € RV,_,,
a>0. However, one might wonder whether the regular variation of u, is required.
Under strict dominated variation requirements, similar arguments could be valid.
On the other hand, the general condition may not be so nicely expressed in terms
of a comparison between G, and u,. Also, if 4, € RV, then 1— Fj is slowly varying.
In this case a,” ¥}_, X/ is unbounded and it is sufficient that a,> £7_, X;Z; be
stochastically bounded.



166 D.B.H. Cline / Consistency for least squares

The consistency problem for Model II differs from Model I in that the location
parameter f, is of overriding importance. Indeed, it must be meaningful, at least
in the sense of the ordinary weak law of large numbers.

Theorem 1.2. Assume u,eRV,_,. The least squares estimators (B ,, B1..) for
Model 11 are weakly consistent if Z, — 0 in probability. Furthermore, this condition
is necessary if one of the following hold.
(i) a>1,
(i) E|Z|"< o for some y>a/(a+1), or
(ili) veRV,_, for some y>0.
(Note that Z, 25 0 implies v, e RV,.)

Theorem 1.2 shows that the regressor with the lightest tails, in this case the con-
stant 1, dictates the necessary behavior of the error probability tails. This concept
carries over to multiple regression. On the other hand, /?1,,, can be consistent even
when ﬁo, » 1s not. The precise condition is exactly that for Model I.

We turn now the problem of consistency for multiple regression. Suppose that
X, X, X,, ... are independent and have multivariate distribution F (Xe R¥) and
that Z,Z,, Z,, ... are independent with distribution G. As before, the two sequences
are independent. For fe R¥, the usual multiple regression model is

Y= X/ B+Z,. (Model IIT)

To give general conditions we first define the marginal distributions F; (for Xj;)
and H; (for X;;Z;). Let
1

uiz(t)=jt u’F(du) and Ai(t)=j uH;(du).
—t

-1

Taking our cue from Theorems 1.1 and 1.2, we have the following.

Theorem 1.3. Suppose ppeRV,_,,a;>0, for each i=1,2,...,k. Define a;,=
inf{t: nu,(t) < t*}. Let Q, be the matrix

1 n k
0,- ( ¥ X,-,~Xh,-> .
Ainlpp j=1 Lh=1

Define also u3(t) = min;(u;»(t)). The least squares estimator f, for Model 111 is con-
sistent if each the following hold:
(i) The sequence {Q, '} is stochastically bounded.

(ii) lim, o 1(1—G(0)/u3(t"*) =0

(i) lim,_ & A;(£)/u5(t?) =0 whenever a;=2.

In particular, if (i) holds, consistency occurs in any of the following cases:

(a) v;eRV,_,, y> 1a* where a*=max(a,).

(b) Model 111 includes an intercept and Zn—lLO in probability.

(c) For some i, a;>maxy;(ay) and a;,> Y7, X,-iji»O.
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The necessity of conditions (i) and (iii) in Theorem 1.3 is also true, we surmise,
at least when v, eRV;_,, y>0. Proof of this would involve some knowledge of the
joint distribution for ((X'X) !, X’Z). And that will require techniques using
multivariable regular variation. Such techniques would also illustrate when condi-
tion (i) holds. One situation when (i) holds, however, is the following.

Lemma 1.4. Lef u;, a;,, and Q, be as in Theorem 1.3. The sequence {Q,'} is
stochastically bounded if

) E[|‘leth|1|X;thj\Sa,-,,ah,,]

lim =0,

n—o a;,an,

whenever EX,-J;: © or EX,,zj - oo,

2. Preliminaries

This section provides preliminary lemmas; the next section will investigate con-
sistency for estimators in Models I and II. The most important results in this section
are the known results, Lemmas 2.2 and 2.3, and the new result Corollary 2.7. The
remainder help establish Corollary 2.7, but are interesting in their own right as
parallels to familiar results for regularly varying functions.

First, we make note of a basic property of regularly varying functions. If
seRV,, then for any ¢>0 and K> 1, there exists #, such that

Lyee <UD _piore foralluz1, 1= 4. @1

K s(t)
This well known result (Potter’s Theorem, cf. Bingham, Goldie and Teugels, 1987,
p. 25) is primarily used for uniform and/or dominated convergence arguments. It
can be strengthened to the following lemma, enhancing its use and allowing one to
avoid arguments which would otherwise be piecemeal.

Lemma 2.1. Assume s(f)eRV,.
(i) Suppose s(t)t~ is bounded on [0, 1] for some real 8. Then for each ¢ >0 and
K >1 there exists t, such that

s(ut)

sup < K max(u®*4u"%u’l,.,) forall u>0.
t=t S(t) -

(ii) Suppose s(t)t™° is bounded away from 0 on [0, 1] for some real 8. Then for
each €>0 and K> 1 there exists t, such that

s(ut)

inf

1
> —min(uetE u? 5 w01, )" or all u>0.
oo Tk ( ( u=e) ) S

Proof. (i) When u=1 we can choose f; so that (2.1) holds, i.c.
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1 o—e s(ut)
—u? <
K s(t)

<=Ku®? forallu=1, t=¢. 2.2)

The left inequality in (2.2) gives

s(ut)  s(ur) ot e <
SO = seiln) < Ku ifu<l, ut=1. (2.3)

Now choose M so that s(£)<M;t°"* for all 1=1. Choose ¢, so that

S(t) Ml 2
oe = 7’15 for all 1 = ¢,.

Thus, if 1sut<t, t=1,,

s(ut K%
( )5M1(Ht)g+£~l_“
S([) Mltg €
t 2¢
:Ku9+g<7> < Ku®"¢ (2.4)
1

Now choose M, so that s()=<M,¢° for all £<1. Choose t3=1/¢ so that

s(r) M,
't?_—ez? for all t = ¢;.

Then if ur<1, t=t¢;, it follows that u<e and

t K
sut) < My(ut)? —1°7@
s(?) M,
= Ku®t%+%7¢ < K max(u, u®¢). 2.5)

The result follows from (2.2)-(2.5) by letting ty=max(t, {,, 1;).
(ii) This follows by a similar argument. ]

We start by recalling the general form for the weak law of large numbers.

Lemma 2.2 (Gnedenko and Kolmogorov, 1968, p. 134). There exists a sequence a,

such that
1 =z P
a, j=1

if and only if each of the following hold for some monotone function s(t):

lim s(£)(1 - G,(#))=0, (2.6)
I~ oo
tim YO _ @.7)

t—oo
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and

s(@)vy(1)
lim = =
PEOS

0. 2.8)
In this case we may choose a,=inf{t:s(t)=n}. O

Note that if (1-G,;)eRV_,, 0<y<2, then
A1-G(@) 2-y
-
V() Y

rendering (2.6) and (2.8) equivalent. Another known result is the following.

Lemma 2.3 (Feller, 1971, pp. 236 and 448). There exist a, such that
1 = w
— L Ix|—T
an Jj=1
where T is almost surely finite and positive, if and only if u e RV,_, for some
a>0. In this case we may choose a,=inf{t: nu,(t)y<t}. Two possibilities may
occur:
(i) T=1 almost surely, if a=1.
(ii) T has positive stable (¢) law, if a<1. [

For the regression problem, we intend to apply Lemma 2.2 to the partial sums
j'-':l X;Z,, that is, to H and its truncated moment functions. This could mean, for
example, examining the tail behavior of H in terms of F and G as is done in Cline
(1986). Actually, we will not require so much, although a few results are necessary.

Lemma 2.4. Let =0, y=0 and d =min(a, y).
@) If(1-F))eRV_,, (1-G))eRV_,, then (1-H;)eRV_;.
@ii) If yyeRV,_,, vieRV,_,, then ,;eRV_;.
(iii) If yeRV,_,, v;€RV,_,, then A,€RV,_;.

Proof. (i) When o>y, we have in fact

. 1-H(1)
lim ———= =E|X "<, 2.9
e 1—Gy(0)
since E| X )" *¢< oo for some &£>0. This is due to Breiman (1965, Proposition 3) for
the case y =1 (and hence for any y > 0). The proof is implicit in the proof of Lemma
2.5(@) below. The result is similar when y>a.
When y = e, the result holds by Embrechts and Goldie (1980, Corollary 3).
(i) This is equivalent to (iii) by the transformation x—x°.
(iii) When y<2, then 1-G{(t)eRV_,. So 1-~H;(f}e RV_; for the same rea-
sons as in (i). Thus A,€RV,_;. If y=a=2, the result is given by Maller (1981,
Theorem 3). O
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The next two results are completely new in that we do not require regular
variation of the distribution tails, but rather of a dominating function.

Lemma 2.5. Let s be a function in RV, 0=0. Assume F is not degenerate at zero
and E| X |’ <o for some y>g. Then

) lim s()(1-Hy(@)=0 & lim s()(1=G,(1) =0.
(i) lim SOLO _, lim @:—‘Q =0.
(i) ,‘L“; S(t)/lzz(t ) _ 0 ,hfg s(t )tvzz(t ) _ 0.
) lim sup &f(’)l <E|X|? lim sup -S%v(’)l
And, if im,_,_ s()V(2)/t =c, then
}1:2 S(t)f(t) = cE[sgn(X)| X |°].

Proof. We prove only (i), since each of (ii)-(iv) may be proven in a similar manner.
(i) There is no loss in assuming s(¢) =1 for all r<1. We apply Lemma 2.1(ii) with
e=y—0 and 6 =0. Then for some ¢,

s(1)
sup
=1 S(t/u)

<K max(u',1) for all u>0. (2.10)

If s(H)(1 — G,(t))— ¢, then Lebesgue convergence with (2.10) gives

lim s()(1 —Hl(t))=r lim ( S() st/u)1 —Gl(t/u))>F1(du)
fra 0 oo \S(t/u)

=cS u°F(du).
0

In particular, this holds with ¢=0.
Suppose instead that s(¢)(1 — H;(¢))—0. Choose J>0 so that 1 —F;(d)>0. Then
for every ¢,

(1-H(o)= jm (1 -G (dt/u))F(du)
J

=(1-G ()1 -Fi(9)).

Therefore,

. _s(@) s@n(—H,@0)
lim sup s()(1 =GO = lim "R

0. O
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The various limits in (i), (ii) and (iii) of Lemma 2.5 will in fact imply each other,
depending on the value of @. This is explained in the next lemma.

Lemma 2.6. Define for t>0,

*t
j u’Gy(du) if 6>0,
0
vslh=+

S u®G,(du) if 6<0.

t
Suppose s(t)eRV,, 0=0. If, for some real o,

lim s(£)t " %vs(t) =c< oo, (2.11)

{2 o

then 6 =9 or 6<0. Furthermore, if (2.11) holds, then for any y>p or y<0 (y <0,
ife=0),
lim s(O)t v, (1) =c

{— oo

(2.12)

5—.9]'

Remark. When ¢>0, then v;e RV,;_, and this is the familiar result for regular
variation (cf. Feller, 1971, p. 283). We will apply the lemma, however, with ¢=0.

Proof. Suppose s(t)t %vs(t)—c<oo for some J. There is no loss in assuming
s(¢)=1 for all t=<1. Note that for any 9, t"syé(t)*O. Thus we may as well assume
s is bounded away from zero. Furthermore, if >0 then v4 is nondecreasing and
s(£)t~° must be bounded. Thus either d=p or 6=0.
Assume first that 6=p. Let y<0, y<p. Note that
z—yvy(t)=z*?j u? Ovs(du)
!

=(— y)t"’r’ w0 Yy s()du — t Ovy(t)

t
=(0- y)r 7 ) “Ovs(xe))dx —t ~Pvs(e).
1

We apply (2.1) with 0<e<p—y. There exists f, such that
st
sup ~(l =Kx®7¢ for all x=1.
=1, S(XY)
Since x” 797! is integrable on [1, o), the Lebesgue convergence theorem yields

lim s(¢)t ™ 7v,(5)

oo

o y—1
—@— y)g lim <x S s(xz)(xz)—éva(xt)>dx—c

1 - s(xt)
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o
={({0—- y)j~ x'7e ldx— l>c
1

o—

L)

|

c. (2.13)

[S]
<

Now assume 8 <0. Let y>p. With 0<e<y—p and Lemma 2.1(ii), there is some
t, such that
s(r
sup Q <Kx7°7¢ forall x<1.
=1, S(xt)
Again we use Lebesgue convergence since x” "¢~ ¢! is integrable on [0, 1] and since
s(£)t “°vg(t) is bounded for all £>0,

lim s(z)t v, (1)

{—®

y—1
— (- 5)S1 lim <X O s etyoet) ~vytaet) dx> —¢

0 - S(xt)

= ((y—&)gl x'7e ldx— 1>c
0

-5
_27%. 2.14)
y—e

Two cases remain to be resolved. First, assume again that =g, but choose y>0.
By the first argument, (2.13) holds (with y, replacing y) for some y; <0. By the
second argument, which leads to (2.14),

—y 65—
lim s()t v, () = e n Q c.

1~ Y-Q e—"N
This resolves the first case. The second case, §=<0, y=<0 (with py<0, if ¢=0) is
likewise resolved using first (2.14), then (2.13). O

The above lemmas lead to the following.

Corollary 2.7. Suppose s(t) is unbounded and in RV,, 0=0, and define a,=
inf{¢: s(t) = n}. Assume E|X |’ < for some y> o and F is not degenerate at zero.
(i) If o<1 the following are equivalent:

@ - ¥ xz--o
a, j=1i
12 P

® - XZ—0

©) lim s(¢)(1- G(t)) =0.
t— oo

{d) lim s(z)(1-H(t)) =0.
t— 0o
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(ii) If o=1, (a) is equivalent to (c) combined with
DAt
(e) lim SN =

{— oo t

0.

Proof. (i) Statement (b) implies (c) by Lemma 2.2. By Lemma 2.6, (c) implies each
of the three conditions (2.6)-(2.8). Thus, by Lemma 2.2, (¢) implies (b). By Lemma
2.5(1), (c) is equivalent to (d). Statement (a) is equivalent to (d) for the same reason
that (b) is equivalent to (c).

(ii) Again, (¢) and (d) are equivalent by Lemma 2.5(i) and each implies

m SO0 g

I— o t

Applying Lemma 2.2, (a) is thus equivalent to (¢) with (¢). O

Remark. In situation (i) of Corollary 2.7, one has in fact that (a) and (b) are each
equivalent to each of

1z P
@) — Y 1X,Z;| —0,
nJj=1
and |
P
®) =Y |z|—o.
a, j=1

This is not generally the case for situation (ii) of the corollary.

3. Consistency proofs

We begin by noting that the least squares estimator /?1, » for Model I satisfies

. L1 XZ
b =—. 3.1
Bl,n ﬂl E;;] ij2 ( )
The least squares estimators f , and f, , for Model 1I satisfy
EO,n_ﬂO = Zn—(ﬁl,n_ﬁl)xn
_ZL KR, 2%, 2
iy X —nX,] ‘
and
. Y XZ-nX,Z
Bin—By = = (3.3)

EJ’"= 1 /sz - n)_(n2

We will first prove conditions for consistency for the estimator of Model 1. Note
that we make no assumptions of symmetry. Kanter and Steiger (1974) prove a
special case.

Proof of Theorem 1.1. Let s(t)=¢/u,(¢'?) and a2=inf{¢: s(¢t)=n}. From Lemma
2.3, applied to the distribution of X2,
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l n
= Z
a; j=
where T is almost surely finite and positive. We see therefore that
5 Z’?=1 X]Z_[ P
ﬂl,n_ﬂl = j” 3 _—>0,
Lio X

if and only if a,,z)jj \ XiZ; F,0. But seRV,,, and E|X|°<x for ta<d<a.
By Corollary 2.7, therefore, consistency is equivalent to

lim s(t)(1— Gy(£)) = 0 (3.4)
and, if a=2,
lim S(’)t'm ~0. (3.5)
o0

(Note that (3.4) implies (3.5) if <2 by Lemma 2.6.) This is the equivalence to be
proved.

Finally, if vjeRV,_, with y<iea (so y<I1) then 1-G(1)eRV_,. Since s(t) €
RV, (3.4) fails. On the other hand if 1=y>{a, similar reasoning assures that
(3.4) holds. [

Unfortunately, it is not possible to replace (3.5) with a version involving v instead
of A, when a=2. One condition implying (3.5) is suggested by Lemma 2.4(iv):

(220 e g

t— o0

where the limit is assumed to exist, finite.

Proof of Theorem 1.2. We will handle the three cases as follows. First, we will show
necessity and sufficiency of Z,,LO in case a>1. Then we will show sufficiency
when a<1. Finally, we will demonstrate necessity for cases (ii) and (iii).

Again define a?=inf{t: nu,(t'?)=<t}. By Lemma 2.3, a;*> 7| X/ converges
weakly to a positive stable law or to 1.

(i) Assume ¢>1. Then E|X| <o and

i >& i X  (EX)?
1m = pl1 = .
2 e @) Ex?
Thus
Var(X
VartX) if EX?< o0,
Ln o N w | EX
_ 2_a X AN
a},(,;Xf 7 > 1 if EX2= 0,0 =2,

positive stable if 1 <a<2.
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From (3.3) we have therefore that ﬁl,ni» B, if and only if

1 /X2 -\ P
—2< Y Xij—nX,,Z,,> —0. (3.6)
a, \j=1
Similarly, £, ,— B, if and only if

1 2 P

< z X2-X%, ¥ x2) 0. 3.7)

a; J=1 J=1
Since F|X|< o, we can reparametrize the model as

Y= (fo+ BUEX-1)+b(X;— EX+ 1)+ Z;.

Thus we see there is no loss in assuming £X =1. Then )—(,,Ll and (3.6), (3.7)
become equivalent to

< E - X)>(z,,)i0,

nJ_

_ 1 2 P
<a_§ jg‘l (Xj_X")2><; jgl Xij) -0

Thus, consistency occurs if and only if Z,,LO and n”' L7, Xij—P—>0. Further-
more, Corollary 2.7(ii) and Lemma 2.5(iv) show that Z, 0 implies

lim t(1-H,(#)) =lim A(¢) =0
! — 00 ! — oo

And this is sufficient for n~' ¥7_, X,Z,—-0.

Suppose instead a<1. We will show that Z,,—P—>O is sufficient for consistency.
We know 1-F,(t)eRV_, and u; e RV,_,. In this case Lemma 2.3 says that if
b,=inf{t: nu,(t)<t}, then

_MEI x5 {posmve stable law Lff Zj i,.
However, b,/a, is slowly varying. Hence,
nX? b? n 2
ph:r_l'iup 2 = Plim s <bn ,Z |X; |> (3.8)

Therefore, a,*(L7_, X?—nX;?)—> a positive stable law. We again see that con-
sistency is equivalent to (3.6) and (3.7).

If ZH—LO, then v,(xt)—v(t)—>0 for any x>0. Clearly, v, is thus slowly
varying. By Lemma 2.4(ii), A, e RV,_,. Again applying Lemma 2.3, there exist d,
such that d;! ¢7 i-11X;Z;| converges weakly and d,/a, is slowly varying. Include
the facts that n/b, is bounded and b,/a, is slowly varying and we have

plimsup< a!X| ¥y |XZ|>

n— oo n Jj=1
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5‘313’33@2 ><b b ,EI 1% ><d E xzl)=0 69

Thus, (3.7) holds since a, 22 ¢ 2 converges weakly to a pos1t1ve stable and
Z——+0 Likewise, (3.6) follows from (3.8) and (3.9) and Z, —£,0. (In fact, 3.7)
and a<1 imply (3.6).)

We now show that under (ii) or (iii), Z, Pois necessary for consistency.

(ii) Suppose E|Z|" < oo for some y>a/(a +1). There is no loss in taking y<a=<1.
Thus E{XZ|”<oo. Then

1 1 17y
7 L xz)= (5 £ 1xz))

and is stochastlcally bounded. Since na’/n'’?b,— o, it then follows that
by,

P
a —0.
na;

n
X XZ
j=1

Therefore, in this case, (3.7) is equivalent to

Zn E Xz——>0
an Jj=1
which is equivalent to Z,,—»O.
(iii) Finally, suppose v;eRV,_, for some y>0. In view of the above we can
assume y<a. Let {Zj'} be a sequence of independent, G-distributed random
variables and independent of {Z;} and {X; -} If (3.7) holds, then certainly

1
<E(z Z)EXZ—nX ZX(Z Z)>—>O (3.10)
a Jj=1 =1
Define W;=Z;— Z; and let G, and H, be the distributions of |W;| and |X;W}|,
respectively.

By (2.9),
1-Hy{t
lim 120 E|X|,
toow 1— Gz(t)
which says there exists ¢, such that both
1

ln
Ly w ad — % xw

Cp j=1 Cn =1

converge weakly to symmetric stable (y) laws. In fact (cf. Cline, 1988),

( Y W, ZX’ zzw|zzxy&m@@n
Cp j=1

Cp j=1 ay j=1 a, j=1

where (SI,SZ) is independent of 7. It therefore follows that
n n w
S(Ew L= Lx L am) T
j=1 j=1

and thus neither (3.10) nor (3.7) can hold when y<ea. [0

c,at
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The second term in (3.7) certainly seems to be relatively negligible, but in the cases
where both terms are unbounded we found that we needed to impose some regulari-
ty on G. Thus, Theorem 3.2 does not quite show that Z,,LO is necessary in all
cases for consistency in Model II.

Before proving Theorem 1.3, consistency for multiple regression, the following
remark is helpful. An obvious, but limited, approach to the consistency problem is
to determine a sequence c, such that ¢, (X'X )~! is stochastically bounded and

1 1 » kK p
—X'Z= <— Y XUZJ> — 0.
Cp Cp j=t i=1

This approach is limited because f§, may be consistent when no such sequence exists
(and generally this is the case). For example, consider Model II. Consistency occurs
if Z,— 0, but it is not necessary that n™' Z;’;l X}-ZjLO. The terms involving
Z;’zl X;Z; are sufficiently dominated to allow consistency.

Proof of Theorem 1.3. The least squares estimator f, satisfies
BB =X'X)'X'Z,

where X =(X/)/_1, Z=(Z;)].,. We will assume XX is almost surely of full rank
when n=k.
Note that min;(a;,) =inf{t: nu3(t)<t*}. As before,

{ positive stable (+a;) law if a; <2,

1z w
2 Z v 1 if al = 2.

Qin j=1
Let Ry, and Wy, be defined by
O, ' =Ry and W,=(X'X)"'= Wi

By a little algebra, Wy, =(1/a;,a,,)Ri,. Since
k

(b= = L (Win % Xh,-zj>,

B, is consistent if

1 n P .
Y X,;Z—0 for all i,h. (3.11)
AinQpp j=1

To show that (3.11) in fact holds, first set
sp(t) =inf{n: a,a,,=1}.

Note that s, is regularly varying with index g, =,/ (e; + @) <a,. Thus E|X; [P<oo
for some J>p;;,. Furthermore,

sp(t) < inf{n: min(a},) = t} =t/uf(t'?).
1]
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Therefore, by (ii),
lim s, (¢ Y1-G()) =0. (3.12)
(=0

Additionally, g, <1 with g;, =1 only if @;=a, =2. In the latter case, condition (iii)
implies

lim sin?)

o |

Ay(#) =0 when g, =1. (3.13)

By Corollary 2.7, (3.12) and (3.13) imply (3.11) and hence consistency holds.

(a) In the particular case v e RV,_,, y>1a*, condition (jii) holds automatically
and (iii) is trivially true.

(b) In case Model IIl has an intercept, we can reparametrize so that £Xj;=0
whenever @, =2 and X}, is not degenerate. In this case uy(@)=1, for all  =1. Thus
(ii) and (iii) become

tlim t(1-G (1)) =tlim v(t) =0,
1e., Z, 0.

(¢) A similar argument holds when there is some i for which ¢; is the unique

maximum. [

Finally, we have the proof of Lemma 1.4,

Proof of Lemma 1.4. The condition guarantees that Q, converges to a matrix
whose only random components are on the diagonal and whose nonzero degenerate
components form a positive definite matrix. [
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