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Abstract  We give  condi t ions  f o r  t h e  convergence of an i n f i n i t e  linear 

s e r i e s  of independent and i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l e s ,  whose 

d i s t r i b u t i o n  has r e g u l a r l y  varying t a i l s .  More importantly,  we show 

t h a t  t h e  d i s t r i b u t i o n  of such a s e r i e s  is  t a i l  equivalent  t o  t h e  

d i s t r i b u t i o n  of i t s  components. This enables us  t o  de f ine  a quan t i ty ,  

which we c a l l  d i spe r s ion ,  measuring t h e  r e l a t i v e  th ickness  of t h e  t a i l s  

and thereby t o  compare d i f f e r e n t  i n f i n i t e  s e r i e s .  The d i spe r s ion  may 

be r e l a t e d  t o  t h e  Ra met r i c  f o r  sequence spaces and t h i s  l eads  t o  a 

not ion  of l i n e a r  p ro jec t ion  which is u s e f u l  f o r  p red ic t ion  of time 

s e r i e s .  



1. In t roduc t ion  
OD 

We a r e  concerned with random v a r i a b l e s  of the  form Y = p3w3 3 =1 
where {W 1 is a sequence of independent random v a r i a b l e s ,  a l l  from a  

3 
d i s t r i b u t i o n  F* with r e g u l a r l y  vary ing  t a i l s .  Let F be t h e  d i s t r i b u -  

t i o n  of I W  I and d e f i n e  B( t )  = 1-F(t) = P[ ( w j  l>t]. W e  say that i ( t )  
j 

is  r e g u l a r l y  varying wi th  exponent -a (FERV ) i f  f o r  every s > O  
-a 

l i m  E(5t) _ s-a 

t- F ( t )  

I n  f a c t ,  i f  t he  limit e x i s t s  a t  a l l ,  then i t  w i l l  be of t h e  form I 
-a s f o r  some a>O and t h e  convergence w i l l  be  uniform on [so,+ f o r  any I 

-a+€ 
s >O. Furthermore, f o r  any E>O t h e r e  exists c>O such t h a t  F ( t ) ~ c t  

0  

f o r  a l l  t 2 s  (See F e l l e r  I1 f o r  a d i scuss ion  of more genera l  r e g u l a r l y  
0  ' 

varying  funct ions . )  The parameter a we c a l l  t h e  t a i l  index of F. 

D i s t r i b u t i o n s  with index a have moments up t o  (and perhaps including)  

o rde r  a ,  bu t  h igher  moments do not e x i s t .  In  p a r t i c u l a r ,  i f  a<2  then  

t h e  va r i ance  does not  e x i s t .  More p r e c i s e l y ,  F e l l e r  (1971), p. 283, 
" 

proves t h e  fol lowing r e l a t i o n s h i p  between F and its t runcated  moments. 

Lemma 1.1 Suppose I w I  h a s  d i s t r i b u t i o n  F* with ( t )  = P I ] W ~ S ~ ~  E RV4. 

Define rn ( t )  = E[ l w l Y l  ] and, when i t  e x i s t s ,  u  ( t )  = EL I w l Y l  lw l> t l .  
Y Iw Is Y 

m ( t >  a 
Then f o r  yLa, t-'m ( t )  E RV and l i m y -  = - , and when u  ( t )  <-, 

Y -a  t" t Y F ( t )  Y-a Y 

u  ( t )  
t ( t )  C R V - ~  and l i m -  A 

Y t-too y- t F ( t )  
a-y ' 



Random v a r i a b l e s  wi th  r e g u l a r l y  vary ing  t a i l s  e x h i b i t  a s t r i k i n g  

r e l a t i o n s h i p  between t h e  d i s t r i b u t i o n s  of sums and of  maxima. The 

fo l lowing  is  a mod i f i ca t ion  of a theorem i n  F e l l e r  (1971), p. 278. 

Lemma 1 .2  Suppose W l ,W2,  ..., W a r e  independent .  Let  F be  t h e  n j - -- 
F (t) 

d i s t r i b u t i o n  of I W  I and suppose l i m  - 1, where P E RV 
j -a 

For 
w 

real number. pl,. ..P,, d e f i n e  z(*) = p [I j&jwj ~ > t ]  an,3 . 
. 0 -  

ii(r)-= PCsuP I p  j W j ,>j. Then E E V - a .  ~ E R V  -a a n d -  
lij i n  

Proof: The r e s u l t ,  i f  t r u e  f o r  n=2, extends by induct ion .  We t h e r e f o r e  
-. 

cons ider  on ly  t h e  c a s e  n=2. F i r s t ,  

by t h e  r e g u l a r  v a r i a t i o n  p r i n c i p l e .  

Second, by an  a p p l i c a t i o n  of t h e  theorem i n  F e l l e r  (1971), p. 278, 

- 
l im  E ( t )  < l i m  P [  I P ~ W ~ I + I P ~ W ~  l'tl 

- 
l i m  

~ $ t /  (P1 I )+F$t/l p2  1) 
I t- 

F ( t )  



However, f o r  any 6> 0 

And from t h i s  we c a l c u l a t e  

Since 6 is a r b i t r a r y ,  then  (1.2)' combined wi th  (1.1) g ives  us  t h e  r e s u l t . #  

Lemma 1.2 t e l l s  us  i n  p a r t i c u l a r ,  how t o  compare t h e  t a i l  o f  t h e  

d i s t r i b u t i o n  of a sum wi th  t h e  t a i l  of t h e  d i s t r i b u t i o n  of each component. 

We w i l l  extend t h i s  r e s u l t  t o  i n f i n i t e  s e r i e s  i n  Sec t ion  2. Whenever 

two d i s t r i b u t i o n s  wi th  r e g u l a r l y  vary ing  t a i l s  (say F and F  ) s a t i s f y  
1 2 

f ( t )  
limL e x i s t s  and i s  nonzero, w e  say t h a t  P  and P  a r e  t a i l  equiva- 
t- - 

F, ( t )  
1 2 

l e n t .  The l i m i t i n g  r a t i o  g ives  us a  convenient means t o  compare t h e  

p r o b a b i l i t y  o f  l a r g e  va lues  of random v a r i a b l e s  from the  two d i s t r i b u -  

t i ons .  I n  p a r t i c u l a r ,  we may be  i n t e r e s t e d  i n  t h e  p r o b a b i l i t y  t h a t  

aD 

lyll = 1 1 p  W 1 is l a r g e  r e l a t i v e  t o  t h e  p r o b a b i l i t y  t h a t  
j =l l j  j 

Iy2 ( = ( 1 pZjWj ( i s  l a r g e .  For example, Y and Y2 might be t h e  pre- 
j =1 1 

d i c t i o n  e r r o r s  from a l t e r n a t e  methods of p r e d i c t i n g  a  t ime s e r i e s  and we 

may p r e f e r  t o  choose t h e  p r e d i c t o r  which has the  l e a s t  chance of l a r g e  

e r r o r s  ( s e e  Cline and Brockwell (1983 

1 



w 

The l i m i t i n g  r a t i o  of p r o b a b i l i t i e s  f o r  Y - 1 P W and W1 w i l l  
1 =1 

1 1  
w 

turn  out  t o  be 1 Ip  la,  a  quant i ty  we w i l l  c a l l  t h e  d ispers ion of Y. 
1 =1 1 

When comparing va r iab les  on t h e  l i n e a r  space generated by a given 

sequence {W 1, the  d ispers ion is  a  use fu l  measure of d is tance .  This 
1 

leads  t o  t h e  concept of minimum d i spers ion  p ro jec t ion  f o r  v a r i a b l e s  i n  

t h i s  l i n e a r  space. Section 3 i n v e s t i g a t e s  t h i s  notion. 



2. Exis tence  and T a i l  Behavior of  I n f i n i t e  S e r i e s  -- - 

We s t a r t  w i t h  an  a p p l i c a t i o n  of  ~ o l m o g o r o v ' s  t h r e e  series theorem 

t o  series of  r e g u l a r l y  va ry ing  t a i l  v a r i a b l e s .  

Theorem 2.1 Suppose {W 1 a r e  i i d  F* and P ( t )  - P[(Wj 1 rt]cRV . 
j -a 

n 
Then Y = l im 1 p W e x i s t s  a lmost  s u r e l y  i f  e i t h e r  

rrw j=l j 3 

OD 

i )  1 l p j 1 6 < w  f o r  some 6<a,  6x1 - 
j =l 

o r  - -. 
a 

6 
i i )  EW e x i s t s  and equa l s  0 ,  and 1 I p I < = 

j j =l j 

f o r  some 6<a, 652 (o r  6=1 i f  a = l ) .  

Proof:  
w 

i )  The series Y = 1 p W is a b s o l u t e l y  convergent  i f  and only  i f  
j =I j j 

f o r  a l l  v>O 

and OD Q0 

1 ~ [ l p j w j  l l l p  W I W  1- z I P ~ I ~ ~ ( V I I P ~ ~ )  < = =  
j =1 3 3 -  j=l 

(The t h i r d  series is  no t  necessary  t o  prove a b s o l u t e  convergence.)  

S ince  by Lemma 1.1, 



l i m  & = 
i f  a < l  - 1 7 otherwise ' t- t-lml(t) 

then t h e  terms in t h e  f i r s t  s e r i e s  a r e  dor ina ted  by t h e  terms i n  t h e  

second and it s u f f i c e s  t o  show t h e  second s e r i e s  converges. 
.< 

I f  a51 then t - l m l ( t ) r ~ ~  and so  t h e r e  exists  a c>O such t h a t  f o r  
-a 

-1 - 6 any s>.%, s m l ( s ) ~ s  , i f  6ca. I f  a>1 then ml(t)+E1w. 1 and so  
J 

1 - 1 -6 we can use t h e  bound s m ( s ) < c s  i f  851. Tn e i t h e r  case, 
1 - 

Thus, condi t ion  i )  is s u f f i c i e n t  f o r  absolute  convergence of Y. 

- - - . - 

i i )  I f  EW =0 ( i n  which case  a > l ) ,  then 
1 - 

For Y t o  e x i s t ,  i t  s u f f i c e s  t o  prove t h a t  

and 



From Lema  2 .1  

- 
11. ~ t )  " a 5 2  

t- t-2m2(t) 0 o the rwi se  

Thus i f  a = l ,  convergence of t h e  second s e r i e s  is s u f f i c i e n t  and i f  

, a > l ,  convergence of t h e  t h i r d  i s  s u f f i c i e n t .  For a=1, s i n c e  u l ( t ) 4  

t h e r e  e x i s t s  c such t h a t  f o r  a l l  s >  , ul(s) 2 c s o  t h a t  

and hence cond i t i on  i i )  guarantees  t h a t  Y exists.  

-2  -6 For a>l ,  we can f i n d  c such t h a t  s m 2 ( s ) c c s  where 6<a ,  

622, s o  t h a t  

and aga in  cond i t i on  $1) is s u f f i c i e n t . #  
m 

We remark t h a t  when 
pjwj 

is  abso lu t e ly  convergent then 
j31 

sup l p  W I e x i s t s  a lmost  e u r e l y ,  a l s o .  
j 

j j 
Q) 

Sometimes t h e  cond i t i on  1 I p  l a  < = 1s s u f f i c i e n t  f o r  t h e  e x i s t e n c e  
j =1 j 

Q) 

of  1 pjWj. For an  example, assume t h e  W a r e  symmetric about  0 and 
j =1 j 

- 
FcRV-a, O<a<2. I n  t h i s  c a s e  i t  is s u f f i c i e n t  t o  show 



m 

1 F(V/ l p j  1 )  < - f o r  a l l  u>O. 
j =I 
- 

I f  s a t i s f i e s  l i m  t a F ( t )  < m,  then  t h e r e  exists c  such t h a t  f o r  
t- 

, P ( t )  2 ~ t - ~ .  Thus 

and hence 1 p W exists almost  s u r e l y .  
1 1  1-1 

On t h e  o t h e r  hand, a counterexample is t h e  fol lowing.  Suppose 

{Wj} a r e  d i s t r i b u t e d  s o  t h a t  f o r  t 5. ella, P I I w ~ ~ * ~ I  = P ( t )  - oe t'lnt. 

2 - l / a  - .- Suppose a l s o  t h a t  p = ( j  ( l n j )  ) ; j 2 3. Then 

m 
j 

1 P: < -, bu t  w i th  j chosen l a r g e  enough, - . - 
j= 3 0  

m 

Therefore 1 p W almost s u r e l y  does n o t  e x i s t .  
j =3 1 1  

Lemma 2.2  Suppose F* is a p r o b a b i l i t y  measure f o r  W wi th  F  t h e  

d i s t r i b u t i o n  of I w ]  and F ( t )  = P [ ~ w ~ > ~ ] E R v - ~ , ~ > O .  Suppose a l s o  t h a t  
m 

{ p j  I s a t i s f i e s  l p j  1' < - f o r  some b<a. Then 
j=l m 

n 

T ( t l J ~ ~ l )  l i m  1-1 
t- f ( t )  = Z I p j I a  

j =I 
and 

m 

1- n ~ ( t l l ~ ~ l )  
l i m  j -1 

ii) t- 
P ( t )  j =1 



Proof: 

i )  Let  m = sup  1 pj 1 .  There e x i s t s  c>O, t O > O  such t h a t  f o r  a l l  
4 

1 Therefore - 
F ( t )  j=1 j=l 

- 
~ ( t /  ( P j  1) 

S ince  1 i m  
t- - = l P j l D  

F ( t )  

then  by dominated convergence t h e  r e s u l t  i )  holds.  

i 0 

i i )  BY i )  1 P ( t / l p j  I) < 0 f o r  a l l  t > O  and sup  P ( t /  I p  I)& as t- . 
3 =1 3 3 

w 

We can t h e r e f o r e  exchange P w i t h  1nF and 1 - II ~ ( t /  1 P 1 ) wi th  
0 j =l 
1 I n  F ( ~ / ] P ~  1 )  t o  g e t  

j-1 
m 0 - jmt/ l P j  I )  1 F ( t / l P j I )  

l i m  j=l = l i m  j=l - 1 
t- w t+- O0 

1- n ~ ( t l l ~ ~ l )  1 l n  F ( ~ / I P ~  1) 
j -1 j =1 

With i ) ,  t h i s  imp l i e s  i i ) .  # 

The main r e s u l t  of t h i s  s e c t i o n  i s  next .  

Theorem 2.3 Suppose {W } % i i d  F*where P ( t )  - P[  ( w j  I > ~ ] E R v - ~  and suppose {p 1 
01 

3 
m 

3 

~ t i ~ f y  l p j  1 6 <  w f o r  .me 6 1 , a )  Let c(t) - P[J 1 pjWj l > t ]  and 
j=l 3 El 

OD 

l i m  E ( t )  l i m  i ( t )  - =  i ( t )  = ~ l s u p l p  .W l>tJ. Then t- - 
J 3 t- F ( t )  

1 l P j  l a *  
3 F ( t )  3 =l 

Proof: S e t  Y = 1 pjWj, Yn - 1 pjWj, Z1 - 1 ( p  W l and  Z O -  
3 =1 3 =1 3-1 3 3 3 

By Theorem 2.1, Z  e x i s t s  almost s u r e l y  and hence Z0 and Y do a l s o .  
1 



Q) 
f 

Since H(t) = ll (1-F(t/lp I ), Lemma 2.2 immediately gives the second 
j=l 1 

conclusion. 

To prove the first, we let Gn be the distribution of Y Then n 

for any rill, s>O, 

= ((l+€)t)P[ Iy-ynI<€tI 
n 

Thus, 

where the limit is obtained by using Lemma 1.2 and the fact that FERV-~. 

Since both n and s are arbitrary, 

The alternate inequality is first proven for a<l. Define 

4(A) = Ee -AJWj I . When a<l, then by Feller (1971), p. 447, 

lim 1 - 4(llt) = r(l-a) 
t- - (2.2) 

F(t 

This indicates that 1-4(l/t) is a regularly varying distribution tail, 

so that Lemma 2.2 applies. 



m 

Of course,  = ll ( ( l i p ,  1). Let  H b e  t h e  d i s t r i b u t i o n  of Z1. 
j =l 

1 

- 
Applying t h e  theorem i n  F e l l e r  aga in ,  HlcRV-a and 

Combining (2.2) ,  (2.3) and (2.4) we have 

Since I Y ~  zZl, then 

- - -  H ( t )  
l i m  G( t )  < l i m  1 , 
t- F ( t )  - t+- - 

F ( t )  
Z I p j I a  

j =1 

which, t oge the r  wi th  (2 .1) ,  proves t h e  r e s u l t  f o r  a<l.  

rn 
1 

When a,l, then a  = 1 l p j l  <-.  Let y 6 (a ,a/S)  and p = ; 1 
j =I j 

Holder 's i n e q u a l i t y ,  wi th  f p . )  a s  t h e  p r o b a b i l i t y  measure, 
J 

The d i s t r i b u t i o n  of I W  1' is F ( t  
j 

'Iy) and has  index  a / y < l .  L e t t i n g  

V = 1 Iw, l Y  1 p j  1 and r e l y i n g  on t h e  r e s u l t  f o r  index l e s s  than 1, 
3-1 



From (2.5) and (2.6) we can  c a l c u l a t e ,  

S ince  y >  a i s  a r b i t r a r y ,  

- H ( t )  l i m  1 

Th i s  i s  s t i l l  n o t  s t r o n g  enough t o  prove our  r e s u l t .  However, 

n 
w i th  Yn = 1 p W and r < & ,  

j=l J j 

+ P[ (ynI > c t ,  )y-ynI > c t l *  

where G is t h e  d i s t r i b u t i o n  of Y-Yn, which is independent of Yn. 
-n 

By Lemma 1.2 and an i n e q u a l i t y  s i m i l a r  t o  (2.7). r e s p e c t i v e l y ,  



and 

- 
G ( t )  n 

l i m n  Z Ip j la  
t - F ( t )  j=l 

- ( t )  
l im  -n < P I - n + l  z I P ~ ~ ~ ~  > tj 

Using t h e s e  i n  (2.8), 

S ince  n and E a r e  a r b i t r a r y ,  then 

and with (2.1) we have our  r e s u l t  f o r  a l l .  II 

w 

The q u a n t i t y  1 ( p  l a  we c a l l  t h e  d i s p e r s i o n  of Y (disp(Y)) .  
j=1 j 

a f t e r  a  s i m i l a r  usage by Stuck (1978). Th i s  theorem i n d i c a t e s  t h a t  disp(Y) 

is a measure of  t h e  p r o b a b i l i t y  of l a r g e  v a l u e s  of Y. I f  {W 3 a r e  
j 2. 1 

symmetric s t a b l e  ( a )  in d i s t r i b u t i o n ,  then  Y w i l l  a l s o  be  symmetric 

s t a b l e ( a )  and ( d i s p ( ~ ) ) l t a  w i l l  be  t h e  r a t i o  of Y ' a  s c a l e  parameter t o  W 's 
j 

s c a l e .  Sec t ion  3 demonstrates  how d i s p e r s i o n  may be  used a s  a  measure 

of d i s t a n c e  between random v a r i a b l e s  which a r e  i n f i n i t e  s e r i e s  i n  {W 1. 
j 



Y [jO ~ l / y f o r ~ ~ d , t h e ~  
Corollary 2.4 Let Z = 1 Ipjwj 1 

-1 

11Y Proof: I W  I' has distribution tail i (t) = %(t ) E R V - ~ ~ ~ .  j 
For 

Y 

( ~ ) 6 1  < 0.  US z exists = d/y, 6l 5 1 and 61 < 017 and 1 I P  I 
j =l 

Y 
0 

almost surely. Let H be the distribution of (Z )Y = 1 I p j ~ j  1'. By 
Y Y j =1 

the theorem, 

ii (t) 0 

lim Y,, 
t- F (t) j-1 

Y 

Thus 



3. Dispersion -- a s  a  Metric  

I n  t h i s  s e c t i o n  we de f ine  a  me t r i c  f o r  i n f i n i t e  e e r i e s  of r e g u l a r l y  

varying v a r i a b l e s  and a  corresponding p ro jec t ion  opera tor .  We a l s o  elab- 

o r a t e  on the  na tu re  of the  p ro jec t ion  operator .  A s  before,  t h e  eequence 

{wj 1 w i l l  be independent and i d e n t i c a l l y  d i s t r i b u t e d ,  i ( t )  - P [ I W, 1 >t I 

is  t h e  t a i l  of ( W  I and r e g u l a r l y  varying with exponent -a. Recal l  t h a t  
j OD 

we have defined the  d ispers ion  of  Y = 1 pjWj by 

OD 

j=1 

Let 6>0 s a t i s f y  6  c min(1.a). Define now t h e  (random) l i n e a r  space 

f o r  given sequence {W 1, 
j - -. -- - 

OD OD 

6 
S P  {Y = 1 P.W. such t h a t  1 1p.l < = I .  

j-1 j-1 . J 

We remark t h a t  i n  f a c t  we need only work with a  space of equivalence 

c l a s s e s  which are w e l l  defined by t h e  d i s t r i b u t i o n  s t r u c t u r e ,  but S is 
OD OD 

a  convenient means t o  express t h i s .  For Y1 - 
j=l j -1 

def i n e  
OD 

i f  a < 1  - 
d(Y1.Y2) = 

= I ~ Y ~ - Y ~ ~ ~  i f  a  > 1. 



- 1 6  - 
Lemma 3.1 d is  a metr ic  on S. 

Proof: The only condit ion not obvious is tha t  d(Y ,Y ) = 0 if and only - 1 2  

i f  Y1-Y2 almost sure ly .  Clearly,  i f  d(YI,Y2) - 0 then plj-p2, f o r  a l l  

j and hence 

On the  o the r  hand, i f  Y1-Y2 = 0 almost su re ly ,  then by Theorem 2.3 , 

Therefore, we see  t h a t  d ispers ion is not  only a measure of ta i l  

th ickness ,  but can a l s o  be used t o  de f ine  d i s t ance  between two random 

var iab les  i n  S. We remark t h a t  i f ,  a s  i n  t h e  example given i n  Sect ion 2, 

-- 
a 1 i p j  I < w is  s u f f i c i e n t  f o r  exis tence ,  then t h e  u s e  o f  6 < a is not  

j=1 

required in t h e  d e f i n i t i o n  of S .  



We recognize  t h a t  when a=2, S i s  a subspace of a H i l b e r t  space. I n  

t h i s  c a s e  and when a>2 s o  t h a t  v a r i a n c e s  a r e  f i n i t e ,  i t  is  usua l ly  most 

convenient  t o  cons ider  a H i l b e r t  space  s e t t i n g .  However, we are primar- 

i l y  i n t e r e s t e d  i n  ca ses  where ac2. To cons ider  p r o j e c t i o n  o p e r a t o r s  i n  

S, l e t  XI, ..., X ES, then  f o r  any Y E S  d e f i n e  t h e  p r o j e c t i o n  o p e r a t o r  n 

P ~ y  
= {f - - a ' ~  - such that disp(y-;) is minimum). - 

Theorem 3.2 Assume a > l  and suppose X = 1 n W c S ,  i S n. Assume 
i 

j -1 i j  j 
f o r  each m 2 n ,  II (m) = inij] n m is of f u l l  r ank  n. Suppose a l s o  

aD i=1 j=l 

t h a t  Y - 1 pjwjcS. Then P Y has a unique element. Furthermore, i f  
j -1 X - 

(m) = pij  w j ,  then  - .. -- .- - 

Xi 
j =1 

y - p Y = l i m  P (Y) , almost su re ly .  
X - - X(m) 

m m - 

Proof: We s t a r t  by assuming Xi - 1 vijWj, Y - 1 p W where nlm and m 
j =l j =l j j 

i s  f i n i t e .  We wish t o  minimize 

h ( a )  = disp(Y-a'X) m- - - 

where n is t h e  jth column of II(m) i [nu] n m 
3 

. We have assumed has 
i=l j=1 

f u l l  row rank n. Define 



D - I ~ E U ~  such t h a t  a ' n  = p,} 
3 -3  

a 
and g (8) = IP -8 '~ 1 . 

j j -3 

Y For a f ~  (using [xlY - sgn(x) 1x1 ) , - j 

aLg (8) 4 = a -  n' ( a n  -p la-' 
and aaa - - 3 3  -3 j 

Since a71 and n n' is nonnegative d e f i n i t e  then g is convex o f f  
jj j 

o f D  I n f a c t  
j ' gj j j 

is minimized on D s o  t h a t  g is everywhere convex. 

We can a c t u a l l y  go a s t e p  f u r t h e r  and say t h a t  f o r  a a cRn, Ac(O,l), -1' -2 

- 

with equa l i ty  i f f  a ' n  = a ' n  That is, g is s t r i c t l y  cornrex except -1-3 -2-j* j 

along l i n e s  orthogonal t o  n . Equali ty cannot hold f o r  every j, s i n c e  
-j 

m 
ll(m) is f u l l  rank,  so that h - 1  g must be s t r i c t l y  convex. Furthermore, 

3=1 j 

as max la .  I--, h(2)-. Thus h must have a unique minimum. 
l < j  <n - - J 

The argument t h a t  h is s t r i c t l y  convex and has a unique minimum 
m 

holds even when t h e  s e r i e s  a r e  i n f i n i t e ,  t h a t  is, when Y = 
pjWj, m j =l 

Xi = nijWj and 
j =1 

h(2) = disp(Y-a'X) - - 



Let a be t h e  unique minimum of h(5)  and s e t  ( f o r  mzn) 
-0 

m 
h (z) = 1 I P -awn I a with  unique minimum 4. Suppose f o r  some s u b s c  

m 
jml j 5 

quence {a I ,  max J a  1 .  Then 
n 3 

l i m  h ( a  ) > l i m  h ( a  ) = 0. 
,j - 

k* %=k .k* "3 

But f o r  any m ,  

h (a = i n f  hm(z) m -m 
a - 

< i n f  h(a)  - 

Thus, t h e  sequence {a ) must be compact and every subsequence must have 
m 

a convergent subsequence. Suppose a a . Then from (3.3) 
-k -l 

But s i n c e  hmth and t h e  f u n c t i o n s  a r e  a l l  continuous, convergence is 

l o c a l l y  uniform, by a n  a p p l i c a t i o n  of D in i ' s  Theorem. This  means 

which impl ies  h(a l )  = h ( a  ) and hence ztl = %. Thus % l i m  and -0 m- 

PxY =$z= l i m  a'X = l i m  P (Y). - -Ih 
m- m- x(m) 



To a c t u a l l y  c a l c u l a t e  i s  n o t  easy  u n l e s s  e i t h e r  ma 

(a = ( n ' l )  or a ( = n -1 (m) 
-n 

( )  ) n g) . An i t e r a t i v e  

procedure would be  

where L ( ~ )  ($1 = [z1xj L 
j 

(us ing  [XI = sgn(x) 1x1 3, l g l m .  

A 

Even though t h e  mapping Y+Y = PXY i s  unique i t  w i l l  no t  b e  a 

l i n e a r  mapping (except  when am2 o r  m=n). (See the  example a t  t h e  end 

of t h e  sec t ion . )  

Theorem 3 . 3  Assume t h a t  - X and Y a r e  a s  i n  Theorem 3.2, except  assume - 

a < l .  - To minimize disp(Y-alX), - - i t  s u f f i c e s  t o  cons ide r  a~i ,  t h e  c l o s u r e  

of E = { a c ~ " : a ' r  - =p f o r  a t  l e a s t  n va lues  of  j}. 
--j j 

Proof: A s  be fo re ,  w e  seek  t o  minimize - 

n Define aga in  D - { ~ E R  :a'n = p } and gj(a) = )'r -p la .  The m a t r i x  
j -3 j -j j 

of second d e r i v a t i v e s  given i n  (3.2) i n d i c a t e  t h a t  a t  every gdD 
j' gj 

is concave s i n c e  a z l .  However, g i s  minimized on D S ince  
j j ' 

m m 
h(m) = 1 g is  cont inuous everywhere, concave a t  a l l  a d  0 D and 

j - 
j =l j -1 j 

m 
i n f i n i t e  a t  i n f i n i t y  , then  h(m' must t h e r e f o r e  be  minimized on u D 

j =l 5 ' 

(This is  not  t o  s ay  t h a t  p o i n t s  of minimum a r e  exc lus ive ly  i n  t h i s  set.) 



Now cons ide r  t h e  ret 

n E = I Z E R  : a ln  = p f o r  a t  l e a s t  n v a l u e s  of  jc{1,2, . . . ,m)) .  m -3 j 

Since  I1 (m) = 
[nij] has  rank  n, then  D n E is non empty. 

i=l j=l j m 

Suppose a ED and a ED n~ From (3.4) we c l e a r l y  have 
-1 j -2 j m* 

h a  ) > h a  ) Thus h(m) w i l l  be  minimized on t h e  s e t  
-1 - m -2 

0 m 
Suppose a c E  minimizes h 

-m m 
(m) = 1 gj .  TO minimize h = 1 g j  we 

j =1 j=1 

cons ide r  t h e  sequence {a 1. A s  inl 'heorem 3.2, t h i s  sequence must b e  
--m 

compact, and hence t h e r e  e x i s t s  a subsequence a +a EE where 
-k-O 

E = l i m  Em. That a w i l l  minimize h is a l s o  t r u e ,  and t h i s  is argued 
P 

-0 
- - - - 

a s  i n  t h e  previous theorem. # 

The p o i n t  of minimum f o r  h(m) w i l l  no t  n e c e s s a r i l y  be  unique, 

(m) ' -1 
except when m=n. I n  t h a t  case ,  a = (II ) and t h e  mapping Y+PXY m - 
is l i n e a r .  When nr=n+l, however, such a l i n e a r  mapping can s t i l l  b e  

de f ined ,  even when t h e r e  is not  a unique minimum. 

0 

Theorem 3 .4  Suppose Y = 1 p W cS, a < l  and suppose, f o r  l*n, 
j j - 

j =I 
n+l 

Xi = 1 n .W and ll = [n ] h a s  rank n. Then t h e r e  e x i s t s  a l i n e a r  
j =1 i~ j i j  

A A 

rapping  Y+Y i n t o  span X ..., Xn} which minimizes disp(Y-Y). 



Proof: Let Z - p W s o  t h a t  Y - z+&'w, where e8- (pl, ..., Pn+l 
j j - 1 

j =n+2 

and w'= - (W1. s Wn+l) ' 

We .wish t o  minimize 

Since a d ,  - then  according t o  Theorem 3.4 a s o l u t i o n  is given by - a 

s a t i s f y i n g  a ' n  = p f o r  a t  l e a s t  n va lues  of j c  (1, 2, ..., n+l).  If 
--j j 

n 
2 = n'a f o r  some a cR , then Y = Z+alX Clear ly ,  in t h i s  -0 -0 u* 

A 

case ,  Y = a'X is t h e  unique s o l u t i o n  and t h e  mapping is l i n e a r .  u 
On t h e  o t h e r  hand, i f  & is not  i n  t h e  row space of ll, then i t  

s u f f i c e s  t o  cons ider  - a such t h a t  - a '=  j - D j  f o r  e x a c t l y  n va lues  of j .  

Suppose k is  t h e  one v a l u e  f o r  which - a'a pk. Define n-k and&-k 

t o  be ll and g, r e s p e c t i v e l y ,  wi th  kth column (s) and kth element (pk) 

-1 removed. Then - (Illk) e-k and 

By i n v e r t i n g  Q = [nle] we can f i n d  t h e  ( n + l k )  element of  Q - ~ ,  n m e l y  

Note t h a t  t h i s  f a c t o r s  i n t o  a  p a r t  depending only on p and a p a r t  

depending only on k. 



-1 Define jo = max{ k ~ n + l :  I d e t  (n-k) I is  minimum^ . Then from (3.5) and 

(3.7) we have 

And a  po in t  of minimum f o r  h  is % -1 . I f  we d e f i n e  P  t o  

b e  t h e  ma t r ix  (It' where a  column of  zeroes  is squeezed i n  t o  make 
-10 

t h  
a  new j column, then a+ = Pp. 

0  
A 

By t h i s  d e f i n i t i o n ,  Y = (PP)'x - - def ines  a  l i n e a r  mapping on S and 
A 

YcPXY, s o  t h a t  i t  i s  a  minimum d i s p e r s i o n  p r o j e c t i o n  of Y. # - 
The fol lowing example i l l u s t r a t e s  t h a t  P  is no t  n e c e s s a r i l y  l i n e a r .  

X - 
With X = Wlt2W2W3, then P ~ ( w ~ + W ~ )  $ PX(W1)+PX(W2) f o r  a = 1/2 ,  1, 3/2. 
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