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The state-space representations of certain nonlinear autoregressive time series are general
state Markov chains. The transitions of a general state Markov chain among regions in
its state-space can be modeled with the transitions among states of a finite state Markov
chain. Stability of the time series is then informed by the stationary distributions of the
finite state Markov chain. This approach generalizes some previous results.
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1. Introduction

Threshold processes are some of the simplest nonlinear time series, yet they can
possess very complicated behavior. Though much effort has been spent in delineat-
ing the stable and unstable parameter spaces for these processes, their behavior is
fully understood for only the very simplest models. Conditions sufficient for large
classes of models are often too restrictive when applied in specific cases, and it is in
the more specialized cases that the utility of these time series models in explaining
features found in data is fully realized.

The threshold autoregressive (TAR) process of order p and [ regimes is the
piecewise linear autoregression

Yi=of) + ¢ Yis + o+ ODY,_p, + oiey,
if(Yi,h...,K,p)IERi? i=1,...,1, (1)

where the state-space X := RP? is partitioned into regions R;, ¢ = 1,...,[, the bound-

aries of which are called the thresholds of the process. The autoregression coeffi-

cients are (béi)7 e ,(,?7 with p; < p, and the o; are positive scalars, i =1,...,1[.

187



188 T. R. Boucher & D. B. H. Cline

The {e;} are mean zero i.i.d. random variables with Var(e;) = 1. We assume
throughout that the error distribution possesses an everywhere positive density
which is lower semi-continuous.

The TAR process in (1) has the state-space representation X; = (Y,
Yio1,...,Yipy1)’, where
1
X = Z( (()l) + A; X1 + Vfl))IXFleR“ (2)
i=1
with z/t(i) = o4(et,0,...,0). The A; are called the companion matrices and are

defined using the autoregression coefficients.
We can extend (2) a bit and define as TAR-like any process of the form
l
X; - Z(AlXt/—l +g(Xt/—1)+Vt(l))IXt/71€Rﬂ (3)
i=1
where g(-) is locally bounded, measurable, and lim supj,_ [lg(z)||/[|z| = 0.
One method for analyzing the behavior of a time series is piggybacking [3], which
involves modeling the behavior of the time series with that of a simpler embedded
process. Traditionally, the embedded process has been a deterministic system known
as the homogeneous skeleton ([2,6-8]) of the state-space process
1
Ty = ZAixt—llet—leRi' (4)
i=1
Conditions for stability of the time series are then “piggybacked” upon those for
the embedded process, i.e. they are derived through analysis of this more tractable
embedded process.

Example 1. Consider the TAR process analyzed by Petrucelli and Woolford [5]
v a1Yi—1+e, ifY, 1 >0,
‘o aYi_1+e, ifYi 1 <O.

Suppose a1 < 0, az < 0 and E|e;|” < oo for some r > 0. The skeleton is y; =
a1yi—11ly, >0+ asyi—11y, ,<o. Let Ry = {y : y < 0} and Ry := {y : y > 0}, and
let R; — R; indicate all y in R; which are mapped by the skeleton to ;. Then for
y # 0 we have Ry — Ra, Ry — R;. By picking Y;_1 = y with |y| large enough, the
transition probabilities of Y; between regions Ry and Rs can be bounded arbitrarily
closely to zero or one for all such y. Thus, the skeleton {y:} accurately models the
behavior of {Y;} for large values of the processes, making appropriate the piggyback
method using the skeleton {y; } as the embedded process. Stability of the time series
is then inferred from stability of the skeleton, resulting in the well-known constraint
on the parameters ajas < 1.

However, the skeleton-piggyback requires that the skeleton and the time series
share similar growth behaviors, in the sense that the probabilities of the transitions



Piggybacking Threshold Processes with a Finite State Markov Chain 189

among regions in the state-space for both the time series and the skeleton converge
as the two grow larger in magnitude. This means that the time series is essentially
a well-behaved dynamical system when it is large in magnitude.

Example 2. Now consider the second order TAR process

ap+ar1Yi 1 +axYy o+ ore, Y >b1Y; o,
bo 4+ b1Y;—1 + 026y, if Y1 <b1Yio.

Assume Ele;|” < oo for some r > 0 and the parameters satisfy
a1 >0, az>0, b <0, ayb;+as<0. (6)

The state vector for the time series is X; = (Y3, Y;—1)’. The state-space representa-
tion is given in (2) with order p = 2, number of regimes | = 2, the regions given by

Ry ={(y1,y2) :y1 > biya}, Ro={(y1,92) : y1 < brya},

and companion matrices

o ay ag o b1 0
n=(3 %) 2=(1 o)

The skeleton {x:} = {(ys,y:—1)'}, defined in (4), maps all z € Ry onto the
threshold y; = b1y2. However, { X;} can move to either side of the threshold accord-
ing to the probability distribution of e;. When the errors are taken into account,
therefore, the transition probabilities between R and Rs cannot be bounded arbi-

trarily closely to zero or one no matter how large the process is. Thus, the skeleton-
piggyback will not work here.

Example 2 suggests the piggyback should be extended through the use of a
stochastic, rather than a deterministic, embedded process. In the next section we
apply the piggyback method more generally using a finite state Markov chain as
the embedded process, yielding stability conditions for a wider class of processes
than is achieved using the skeleton-piggyback. Examples 1 and 2 are continued in
the next section. They are admittedly simple and are intended to be illustrative;
more substantial examples are dealt with in Sec. 3.

2. Results
2.1. Piggybacking with a finite state chain

Since the state-space of {X;} for a TAR or TAR-like process can be partitioned
into a finite number of regions, the transitions of { X;} among these regions can be
modeled more generally with the transitions of a finite state Markov chain, rather
than those of a deterministic system. In the case of Example 1, note a (trivial) finite



190 T. R. Boucher & D. B. H. Cline

state chain {J;} on state-space {1,2} with transition probability matrix

P=(1 )

will approximate the transition probabilities of {X;} between R; and Rz to within
an arbitrary degree of accuracy when {X;} is large. Further extension of the piggy-
back method uses nontrivial finite state chains as models for the transitions among
regions. In fact, the full utility of the finite state chain-piggyback is in accounting
for cases with multiple and/or nontrivial stationary distributions for the finite state
chain. Some examples of this more complex situation are in Sec. 3.

First, the details. The finite state chain-piggyback makes use of a finite state
Markov chain {.J;} on a collection of states {1,...,l} corresponding to a collection
of regions {R1, ..., R;} that forms a partition of the state-space of {X;}.

Assumption 1 (A1l). Suppose {J;} is a finite state Markov chain on the states
S = {1,...,1}. Decompose the state space S = (Uﬁ:1 Sy) U T, for some finite
integer k, where each S, is irreducible and recurrent and T is the set of all transient
states. Let G := UZ:1 S,. Let 7(*) be the stationary distribution for S, so that

7TJ('u) > 0 for j € S, and 7r§“) =0 for j € Sy.

Note that {J; } is not necessarily ergodic since it is not assumed to be irreducible,
but since {J;} is a finite state chain, it must have at least one collection of recurrent
states, and therefore at least one stationary distribution is always guaranteed to
exist. Next, sufficient conditions under which the finite state chain-piggyback will
succeed. Let P;, P, denote probabilities conditioned upon initial states i € {1,...,l}
and x € X, respectively, and let || - || be the Euclidean norm.

Assumption 2 (A2). Suppose {X;} is a general state Markov chain on state-space
X := RP which can be partitioned into regions {R1,..., R;}, and these regions can
be grouped by their indices according to the sets G and T in (A1), in the sense that

max limsup [P, (X1 € R;j) — Pi(J1 = j)| =0, (7)
1,jJEG TER;
[|l]|—o0

and given € > 0 there exists t* < oo so that for ¢t > t*

max limsup P, [ X; € U Ry | <e (8)
S ket

In words, for regions in the state-space of {X;} corresponding to the recurrent
states of {J;}, the transition probabilities of {.J;} from state i to state j must be
within an arbitrarily small amount of the “transition” probabilities of {X;} from
region R; to region R; when {X,} is large enough. This is condition (7). Since {J;}
is a finite state chain, the collection of transient states is uniformly transient, and
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the similar condition (8) on the regions in the state-space of {X,} corresponding to
the transient states of {.J;} is required.

A word about application: verifying (A2) can require an artful partitioning of
the state-space. The regimes specified by the original model definition (4) often need
to be refined, that is, partitioned further so that (A2) holds. For example, as the
behavior of the skeleton can depend on the signs of the variables, the axes become
de facto thresholds. Additionally, regions that cannot be given precise transition
probabilities, but ultimately are transient, may be separated from artificial thresh-
olds. Each time another threshold is created, however, the transition probabilities
must be considered anew, especially for situations where the skeleton either hits or
is attracted to a threshold.

Example 2 (Cont’d). Returning to the process (5) with parameters satisfying
(6), we first refine Ry and Ry by splitting each into two regions:

R ={(y1,42)" 1 y1 > max(0,b1ya)}, Ry = {(y1,92)" : biya < w1 <0},

Ry ={(y1,52)" : 0 <y <biya}, Ry ={(y1,92)" : y1 < min(0,bryo)}.

Essentially, we are making the vertical axis into another threshold. See Fig. 1.
The skeleton maps = = (y1,y2) € R} into the first quadrant; in fact,

b
w”xH < 0.

ary1 + ays = —
V14062

Thus, as ||z|| — oo,

la1by + as]

V14062

P(X1 ¢ RY) < P (Ao + 2] + o1er < 0) = o(ll=[I™"),

W

Wi

Fig. 1. Regions of the state-space in Example 2.
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by Markov’s inequality and the fact that El|e;|” < oo. For the finite state chain,
then R — R w.p. 1. On the other hand, R; is mapped into any of the other
three regions (but not itself) with probabilities o (), ag (), o (), respectively,
that converge as ||z|| — oo and z/||z|| — 6 but not uniformly in 6.

The skeleton maps = = (y1,y2) € Ry onto the threshold in the second quadrant.
If by + o2e1 < 0, then X; will be below the threshold and X; € R;. If 0 <
by +o2e1 < —(a1y1 —|—a2y2) then X; € R;, and if by +o9e1 > —(a1y1 —|—a2y2), which
has probability approaching zero as ||z|| — oo, then X; € R For x € R;, a similar
transition is possible but x is mapped to the threshold in the fourth quadrant and
the choice, asymptotically, is between R;’ and Rf.

Let 45 = P(bg+ 02e; < 0). With a slight abuse of notation, order the finite state

space of {J;} as {R, R, R, Ry }, and we now have the transition matrix

1 0 0 0
+ + —
P — al (1‘) 0 012 (Ji) 052 (1‘) (9)
0 1-— Y2 0 Y2
1-— Y2 0 Y2 0

Examination of P reveals that R is the only recurrent state; thus the stationary
distribution for J; is m# = (1,0,0,0)". Moreover, R; is escaped immediately each
time it is hit. Set 4 = max(ya, 1—72) < 1 and so the verification of (A2) is completed
by observing

limsup P, (X; ¢ Rf) < *’yt/Q_l, for all ¢ > 1.
T¢RT
llz]|—o0
2.2. Stability using the finite state chain-piggyback
For the vector norm || - || on the state-space and a companion matrix A; define
A
pi.r = liminf 1 4iz] pi.s = limsup

veRi ] ver; ||

[|l][—o0 ||| — o0

(10)

The stability results in Theorem 1 rely upon p; r and p; g, rather than the operator
norm, since stability is a question of the behavior of the process when the process
is large. In many cases the three coincide. Naturally, it is assumed throughout that
each [|4;|| is finite, and clearly p; 1 < pi.s < || 4;]| for each i.

Heuristically, when the process {X;} is large, the expected log-change in {X;}
is (at worst) approximately E[>log(p:.s)Ix, ,er;]- Under (A2), the transitions of
{X,} among regions are similar to those of {.J;} among states. Since {.J;} has a finite
number of states, then E[log(p, .)] will converge to > qu(i)E ) [log(pys, -)], for
z =1 or z = S where ¢,(i) is the probability that J; ends up in S, given that Jy = i
and (% is the corresponding stationary distribution. Then 3~ 7; log(pi.s) < 0 will
guarantee stability of {X;}, while > m; log(p; 1) > 0 will guarantee the transience
of {X;}. We define stability in terms of the V-uniform ergodicity of the chain. The
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various types of ergodicity or the transience of Markov chains are demonstrated by
constructing a test function of the chain that satisfies an appropriate drift condition.
Full details are in Meyn and Tweedie [4], and a brief summary precedes the proofs
in Sec. 5.

Theorem 1. Suppose (Al) and (A2) hold. Consider {X:} as in (3). Assume there
exists r > 0 for which Ele|” < 0.

(i) Suppose for every stationary distribution Wj(-u) of {Jt}, we {l,... k}, that

l
S 7w log(pis) < 0. (11)
=1

Then there exists a bounded function A(x) such that {X:} is V-uniformly
ergodic with test function V(x) = 1+ A(x)||z]|*, s <.
(ii) Suppose for some stationary distribution 71'](»“) of {11}, we{l,...,k}, that

I
> " log(pir) > 0, (12)
i=1
and that im sup|z|| o [|Z]|" P (X1 & Q) = 0, where Q = Ujes, R;. Then there
rE

exists a bounded function A\(x) such that {X;} is transient with test function
Vi(z) =1+ Xa)||z|®, s <.

Example 2 (Cont’d). It was noted that R; is the only recurrent state. Since the
regions are all cones, ||4;||, pi.1, and p; s all coincide for all ¢ where the eigenvector
corresponding to the maximal eigenvalue of A; is contained in region R;. Thus,
by Theorem 1, under the conditions ||A1]] < 1, or equivalently a1 + a2 < 1, and
Ele;|” < oo for some r > 0, it holds that { X} is V-uniformly ergodic, with V" as in
Theorem 1. Conversely, {X;} is transient if a; + az > 1 since the error distribution
satisfies the additional condition ||z|" P, (X1 € R) — 0 as previously shown.

Interestingly, for stability the assumptions b; < 0, a1b; + az < 0 and b% >
a1by + ae place no upper bounds on |b| if by < 0. In particular, |b1] < 1, which
would be the condition generalizing from the linear case, is far too restrictive. In
fact, there is a positive probability of temporary “explosions” if |b| > 1. Capturing
such behavior would be one of the real advantages of this model and is lost if relying
on conditions analogous to the linear case.

As Example 2 shows, a simpler formulation of Theorem 1, in terms of || A;||, has
the advantage that the regions can be defined somewhat crudely. This may make
it possible to provide a sufficient, if not sharp, condition for ergodicity without
a detailed analysis of the dynamics. On the other hand, one can often improve
the stability condition by successively refining the regions and using Theorem 1 as
expressed here to analyze these more complex dynamics. Examples of this will be
delayed until Sec. 3.
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2.3. TAR-like processes

Neither (A1) nor (A2) require the time series to be a TAR process, and Theorem 1
permits some generalization. Piggybacking with a finite state Markov chain can be
extended to TAR-like processes

1
X} = S AKX+ (X)) e,
i=1
via an iterated piggyback using a TAR skeleton

I
Xt - Z( E)l) + AiXt—l + Vt(l))IXt—leRi'
i=1
If the TAR skeleton satisfies (A2) and the conditions of Theorem 1, then {X/}
can be piggybacked with {X;} and {X;} can be piggybacked with the finite state
Markov chain {J;}. Note that Theorem 1 could also be expressed more generally as
there being a measurable set B such that the assumptions hold on the set B with

limsup [|lg(z)||/[lz]| = 0, limsup P.(X1 & B) =0,
||| —o0 ||| —o0
zeEB
but we restrict our attention to the case B = X.
Certain smooth threshold autoregressive (STAR) processes and the amplitude-
dependent exponential autoregressive (EXPAR) processes [7] are TAR-like time
series.

Example 2 (Cont’d). Consider the TAR-like EXPAR/TAR hybrid [7] process
which generalizes Example 2

(a1 + 0167[Yf2—1+yt2—2])y;571
1
+ (as + 0267[Yt2‘1+yt2‘2])yt—2 +oie, fYio>—Yi
Y, = b1
1

(b1 + d167[Y‘2*1+Y‘2*2])Y£71 + o264, ifY; o < 5
1

Yi 1.

This has clear representations in the forms {X/} as in (3) and {X;} as in (2), with
X; = (Y4,Y;:-1)". Suppose by < 0, aj,az > 0, ajb; +az < 0 and b3 > aib; + as.
Example 2 showed {X;} satisfies the assumptions of Theorem 1. Thus, so does
(3). The conditions for stability follow from those found in Example 2, that is,
a1 + az < 1 and no restrictions on |by| if b3 < 0. Conversely, {X,} is transient if
a1 + ags > 1 since ||z||" P, (X1 € Q) — 0 by the argument previously mentioned.

3. Applications

The full power of the finite state chain piggyback as compared to the skeleton
piggyback becomes obvious in cases where the finite state Markov chain piggyback
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will not have a trivial stationary distribution. As previously mentioned, partitioning
the state-space so that (A2) is satisfied may require some cleverness.

Example 3. Consider

ap +a1Yi—1 +aYi_o +ore; Y1 <eYia, Yoo >0,
Yi=Qbo+b1Yio1 +b2Yi 0+ o02er i Yig > cr|Yiool,
co+ c1]Yi—1| + o3e; ifY; 1 < —c1Yi o, V2 <0.

The state-space for X; = (Y;,Y;_1) is obviously R2. The relevant thresholds are
both axes and the rays containing (¢1,—1), (¢1,1) and (—g—f, 1), resulting in seven
basic regions.

We consider the subset of the parameter space for which

a1 >0, b1 <0, ¢1>0, ay<—aic;, —bicg <by< C% —bicy.
Note as < 0 and by > 0. Then

w1 <O, wy >0 = ajwi + asws <O,
0 <wy <crwa, wy >0 = ajwy + asws < (a1¢1 + az)wy < 0,

bo
wy > 01|U)2|, wy > _b_ wo = biwy + bowsy < 0,
1

b2 b2
cqwg < wy < ——wsg, we >0 = 0<bjwy +bows < | by + — | wy < crws.

by 1
From this it may be seen that the simpler version of Theorem 1 alluded to after
Example 2 applies to the seven regions mentioned above.

Here, however, we will apply Theorem 1 in its full generality by refining the
regions optimally. With high probability (as ||z|| — co) the third quadrant in R?
is reached with four steps or fewer from anywhere. From the third quadrant, the
process (when large) leads immediately to a narrow cone containing the ray (¢, —1).
Depending on which side of that ray the process falls (which is a consequence of
the random error), it will successively hit a sequence of other narrow cones until it
returns to the third quadrant once again.

We therefore set up a scheme of regions as follows. Let n > cfl be arbitrarily
large. Define

1
Rn,l = {(wl,wQ) :0< (—Cl + E) wy < wy < —0111)2}
and

1
Rn,g = {(wl,wg) 0< —crwe <wy < (—Cl — ﬁ) U)Q} .



196 T. R. Boucher & D. B. H. Cline

Note that points in the third quadrant map into R, ; U R, 2 with probability
approaching 1, uniformly as [|z] — co. Now define additional regions

1
ng = {(wl,wg) 0< clwe <wp < (Cl + E) IUQ},

1
R,4= {(wl,wg) 0 < (cl — E) wy < wy < clwg},

05 = {(brwr + bows, wy) : (w1, we) € Ry 3},
n6 = {(brwr + bowa, wy) : (w1, we) € Ry 2},
R, 7 = {(a1w1 + agwa,w1) : (w1, w2) € Ry 4},
s (wi,w2) € Ry s}y

(w1, w2) € Ry 7},

(

(

(

R, s = {(a1w + agwa, w1

(

Rp10 = {(a1w1 + agwa, wy
(

) ( )
)+ ( )
Ry 9 = {(a1w1 + agwa,w1) : (w1, w2) € Ry 6},
)= ( )
) ( )

R, 11 = {(a1wr + aswa, wr) : (w1, w2) € Ry, 8}

See Fig. 2. The corresponding companion matrices are
. C1 0
Al - ( 1 O) )
o4 b1 be
Ay = Az = ( 10 ) ;
ay ag
A4=A5=A6=A7=A8=<1 0>7

— 0
A9=A10=A11=< 101 0>~

Everything else is designated R, o, which is transient (and has varying companion
matrices).

Let v = P(co + o3e1 < 0). This gives us 11 recurrent regions (assuming n is
sufficiently large) with the dynamics

Rn1_>

)

R,s wp. 1-—7,
Rn,4 Ww.p. 7,
Rn,2 - Rn,6 - Rn,ga

R,3— Rus5 — Rps — Rya1,
Ry4— Ru7— Ry 1o,

R, P, .
Roy— 4wt WP 910,11
Rpo wp. 1—7,
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N \ \ \

N \ \
NN \ RG\
A \

Fig. 2. Regions of the state-space in Example 3.

The path of the finite state chain consists of iid excursions leaving either R, ; or
R, 2, namely

R,1— Rn3— Ry5— Rys— Ry11 wp. v(1—7),
Rn,l - Rn,4 - Rn,7 - Rn,lO W.p. ’727
Rn,Q - Rn,G - Rn,9 W.p. 1- -

Each of these occurs independently of previous excursions, and is followed by
another. The expected excursion length is 5y(1—~)+4724+3(1—v) = (1+7)(3—7).
By considering the expected time spent in each state during an excursion, we find
that the stationary distribution is

[y 1-9 91 =9) 7> 7(1=7) 1=+ 71 -7) 1-7 7* 7(1 —)]
(1+7)B-7) '
Asn — oo, Ry, 1 and R, 2 each shrink to the ray containing (¢1, —1). Thus, each
excursion may be associated with a limiting growth factor which is the product of
growth factors for its steps. Letting

- (G va)
Vitd Vit+ad
and optimizing with n — oo, we find that the critical constant is
p = (| A11As A5 A3 A1) (|| Aro A7 Ay A1 0]]) 77 (|| Ag As AB]) 7)1/ 1 B=)
= ([ A0 A3 A2 A10]))7 =) (|| Ag A3 A16]]) 7 (| Ag As AB])7) 1/ O+ E=),
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That is, if p < 1 then {X;} is ergodic while since ||z||" P, (X1 & UL, R,.;) — 0, if
p > 1 then {X,} is transient.

Classification is much more subtle in case p = 1. In this case X; can be ergodic,
null recurrent or transient. Precise classification will depend on the intercepts
ao, by, co and the variances o7, 03, 03.

Example 4. Consider the TAR(3) model

_JaotarYioar+axYi o +ore if ;012> a1Yi—2+ axYi_s,
bo +01Yi—1 +b2Yi_o + b3Yi_3 + o096, if Vi <a1Yioo 4 a2Yi_s,
Yi = |Z].

The state vector is X; = (3, Y;_1,Y;_2) and the state space is (0, 00)%. Suppose
a; >0, as >0, biai; + by > CL% + az, bias +bs > ajas.
The two regions are

Ry = {(w1, w2, w3) : wi > ajws + asws, we > 0,wz > 0},
Ry = {(w17w27w3) 0 <wy < arws + asws, we > 0, wsg > 0}

Since a1 and ay are positive and, for positive ws, ws,
by (alwg + ag’wg) + bows + bgwsg > al(alwg + 0@11)3) + aswa,

we see that Y; = Z; with high probability if the process is large. So, for the sake of
studying stability, the dynamics will assume Y; and Z; are the same. (What follows
is applicable even if we had defined Y; = Z;, but it would cover only one part of
the dynamics needed to study stability.)

The companion matrices are

ar az 0 b1 by b3
Ai=[1 0 0 and A, =11 0 0
1 0 0 1 0

ai++/al+4as

Let Ay = which is the positive (and maximal) eigenvalue of 4; and is

A1
associated with eigenvector 61 = ( 1 ) . We make the additional assumption that
1/
0, is not an eigenvector for As.
Note that (when ||z is large) points in R; map to a narrow cone containing the

semi-plane U defined by
U = {(wi, w2, ws) : w1 = aywy + asws, wy > 0, wsg > 0}.

Anything in Rs maps back into Rj, due to the parameter assumptions, Moreover,
Ry maps into Ry with probability v = P(ap+o01e1 < 0) and into Ry with probability
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1 —~. We now define refined regions

1
R, = {(wl,wg,wg) 10 < wy — arws + asws < E(wg + ws),ws > 0, w3 > O},

1
Rn,g = {(w17w27w3) : —E(UQ +w3) <wyp — ajwr + asws < 0,we > 0, w3z > 0}7

R, 3 = {(biwy + bawsa, bsws, w1, w2) : (w1, w2, w3) € Ry 2}

Asymptotically, as ||z|| — oo, we thus have the dynamics

R |- {Rn,l W.p. 1_77

Rn,2 w.p. 7,
Rn,Z - Rn,Bv
R w.p. 1—7,
Rn,?, N n,l p Y
Ry wp. 7.
The stationary distribution for the 3-state chain is ﬁ(l —7,7,7). Now observe
that
A Al A
a1 A A
zeU 7] vev |7l

are eigenvalues of A; and A; Ag, respectively (since both A; and A; As have eigen-
vectors in U). Applying Theorem 1, it easily follows that

pis = ()\i*v)\g)l/(H'y)

and a sufficient condition for ergodicity is p; ¢ < 1.

By assumption, A\; # \o. Therefore, we conjecture that the condition above is
not sharp. It is, however, apparent that a deeper analysis would be required to
improve it substantially. At best one must consider the random process on all of U
with the dynamics

Az w.p. 1—7,
xr —
AjAse w.p. 7.

4. Discussion

In cases where some of the regions that do not allow approximation by a finite
state chain as in (7) are “recurrent” in the sense that (8) fails, the finite state chain
approximation is of no use. This could happen when an eigenvector of a companion
matrix lies near to and parallel to a threshold, for example, or when the action of
a companion matrix in a “recurrent” region rotates points towards a threshold.

The TAR and TAR-like processes benefit from the fact that the errors become
inconsequential as the process grows large. Some threshold processes do not possess
these properties, TAR-GARCH processes being an example. The results in this
paper are not general enough to handle these cases.



200 T. R. Boucher & D. B. H. Cline

5. Proofs

We direct the interested reader to Meyn and Tweedie [4] for details and definitions.
Considering the state-space/general state Markov chain representation of the time
series allows the use of well-known techniques for determining stability of the pro-
cess (see [4]). One common technique is to demonstrate that the process satisfies a
drift criterion for stability. This usually entails constructing a test function designed
expressly for the purpose.

These drift criteria all depend upon the Markov chain being -irreducible and
aperiodic. The TAR process leads to a i-irreducible, aperiodic Markov chain under
reasonable conditions, such as if the error distribution possesses an everywhere
positive density which is lower semi-continuous [9]. In this case the maximal irre-
ducibility measure 1) is absolutely continuous with respect to Lebesgue measure,
and compact sets are petite.

There are different drift criteria for the different forms of Markov chain stability.
From Lemma 2(i) in [1], {X:} is V-uniformly ergodic if {X;} is a ¢-irreducible,
aperiodic general state Markov chain, V' > 1 is an unbounded, locally bounded and
measurable test function, if for some integer £ > 1 and all M < oo

limsup w < ]_7 sup Eg;[V(Xk)] < o0, sup Ea:[V(Xl)]

oo, (13
V(z)—o0 V() V(z)<M @ V() (13)

and if the sublevel sets C](JI/) :={z: V(z) < M} are petite. Under certain condi-
tions, pre-compact sets are petite, so if the topology of the state-space is determined
by the norm || - || and V' — oo as [|z|| — oo, then the sublevel sets {z : V(x) < ¢}
are petite.

Similarly, demonstrating instability of Markov chains is equivalent to construct-
ing a test function of the chain which satisfies a drift criterion for transience. From
Lemma 2(ii) in [1], {X;} is transient if {X;} is a t-irreducible, aperiodic general
state Markov chain, V' > 0 is an unbounded function with ¢ ({z : V(z) > M}) >0
for all M < oo and if for some positive integer k

: Vi(z)

s = g1y <2 5
To prove V-uniform ergodicity or transience we construct a test function which
satisfies the appropriate drift criterion (13) or (14). In the interest of readability, we
first present two lemmas. This first lemma demonstrates the expected log change in
{X:} when piggybacked upon a stationary distribution of {.J;} is negative in the case
of stability and positive in the case of transience, demonstrates that convergence
of the expected log change, conditioned upon an arbitrary initial value z, to these
expected values occurs in a finite time. This is used to derive a function h,, which
tracks the log-drift of { X;} among regions when moving according to the stationary
distribution of {J;} and which satisfies conditions similar to the drift conditions for
stability and transience. The test functions for { X;} will then be piggybacked upon

hr,. Recall the definitions of p; 1, pi,s in Eq. (10).
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Lemma 1. Suppose (Al) holds. Define h(i,z) = log(pi.) and hp(i,z) =
21:01 "T_tEi[h(Jt7 2)], for z=1,5.

(i) If (11) in Theorem 1 holds, then there exists n, < oo such that for n > n,

max, Ei[hn (1, S)] 4 h(i, $)  hai, 8) < 0. (15)

(ii) If (12) in Theorem 1 holds, then there exists n, < oo such that for n > n,
max hy,(i,I) — E;[hn(J1,1)] — h(i, I) < 0. (16)

i€Sy,

Proof. By item,

(i) The assumptions imply 7(“)h(S) := 2T u)h( S) < 0foreachu e {1,...,k}.
If i € S, for some u € {1,...,k}, then E; [ (Ji,8)] — 7(Wh(S). Since the num-
ber of states is finite, the transient states T are uniformly transient, and since h
is bounded, there exists n, < oo so that n > n, implies L 31" | F;[h(J;, )] <0,
for all ¢ in {1,...,1}, and thus that

Eilhn(J1,8)] + h(i,S) — hy(i,5)

=L (i n_TmEJl [h(J:, S)] — ni n—_tEi[h(Jn 5)])

t=0 t=0
=- ZEZ (J,S)] < 0.

(ii) Suppose (12) in Theorem 1 holds for u = u.. By reasoning similar to the proof
of item (i) above, with (12) implying 7(“)h(I) := > 7r§u*)h(j, I) > 0, then
(16) follows. O

This next lemma introduces a counterpart h!, to the function h,, introduced
in Lemma 1, a function that tracks the log-drift among regions for {X;}. It is
demonstrated that the expectation of h], will be arbitrarily close to the expectation
of the function h,,, averaged over a sufficiently long time, when the process { X} is
large. Let h/(x,z) = Zé’:l h(j,z)1zer,, and let h (z,2) = Z?:_()l 2L B[N (X, 2)],
for n < oo.

Lemma 2. Suppose (Al), (A2) and either (11) or (12) hold. Then for arbitrary
v > 0, there exists n = n(y) with

max limsup |E [k, (X1,2) — b, (2, 2)] — Ei[hn(J1,2) — ha(i, 2)]| <7,
1<i<l  4eR,

ze{I,S}. (17)

Proof. Let N = max; |h(j,S)|. Given 7 > 0 pick € > 0 so that € < 7/4N. The
transient states T being uniformly transient implies there exists a t** < oo with
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Pi(J, €T)<eforieTandt>t**. Using t* from (8) set ¢’ = max(t*, t**). Get
n, from Lemma 1 and pick n > max(n.,t') so that 2N((¢' — 1)/n) + 2¢) < v.
Applying the Markov property, and since x € R; implies h'(z, z) = h(i, z)

max limsup |E;[h], (X1, 2) — b, (2, 2)] — Ei[hn(J1,2) — ha(i, 2)]|
1<i<l  geR,

HIH—’OO
< — 1 P, (X i(Je=7)] - 1
Zlnggx imsup Py (X; € B;) = Pi(, = J)| (18)
l|||—o00
Now for t > ¢/, by (8)
max limsup maX|P (Xt € Rj) — Pi(Jy = j)| < 2e. (19)
1<i<l zeRr, J€

llz]|—o0

Let Bg(t, M) = {[X: € G] N[||X¢|| > M]}. Then from (7) given € > 0 there exists
M < oo so that

max lim sup max|P (Xt € Rj) — Pi(J; =)
1<i<l  geRr; J€G

llz]|—o0

<e+ max limsup P, ([Ba(t — 1, M)]°). (20)
<i<l geR;

[zl —o0

Since the number of regions/states is finite, suppose w.l.o.g. that there exists > 0

so that [|A]|® > n for i € {1,...,1}. Tt then follows that limsup),_ . Pu([|X¢]| <
M) = 0. Then from this and (8), for ¢ > ¢/
max limsup P,([Bg(t —1,M)]) <. (21)
1<’L<l $€R
llzl|—o0

The conclusion follows from (18)—(21), and 1/nzt_1|E[ (X, 2)] —
E;i[hn(Ji, 2)]| <2N(t' —1)/n. O

What remains is to use the knowledge that the functions h!, h, are close in
expectation to build the test functions for {X;} which satisfy the drift criteria for
ergodicity and transience.

Proof of Theorem 1. For an integer n and scalar s define H,(s,z,z) :=
exp|sh/, (z, z)]. By item,

(i) Since the number of states is finite, from (15) there exists v > 0 so that
Eilhy(J1,9)] + h(i,S) — hy(i,S) < —v for each i, for n > n,. Combining this
with (17) implies E,[h] (X1, S)]—h,,(z,S)+h(i,S) < 0 for each z E R; and each
i, and n > max(n(y),n.). Now apply the fact that for y > 0, T — log(y), a
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5 — 0. This limit is only locally uniform in y, but since the random variables
are bounded, for n > max(n(v),n,), for s small

Hn(87X178)(pi75)s <1
H,(s,x,9) '

li E,
1 e >

[zl —o0

Since Elet|" < oo and lim supj,_ [lg(z)||/[[z| = 0, then for s < min(r/2,1)

. [ Xall® )
max limsup F, (7 =1
1<i<l ||w||€Ri (pi.s)*||z||® (23)

For these choices of n > max(n(y),n.) and s < min(r/2,1) small enough so
that (22) holds, let V(z) = 1 + [H,,(s, =, S)||=|*]*/?. Then V > 1 is norm-like,
measurable, bounded on compact sets and thus locally bounded, and by (22),
(23) and Cauchy-Schwarz,

. V(X1)>
lim sup Ew< < 1.

Since Ele;|” < oo and each of the ||A4;| are finite, then E,[V(X7)] is bounded
for each M < oo on {z : V(x) < M} and also sup,_., E.[V(X1)]/V (z) < oo,
while Elet|” < oo implies E,—o[V(X1)]/V(0) < oco. Thus {X;} is V-uniformly
ergodic by (13) with k& = 1.

Suppose (12) holds for v = u,. Arguments like those leading to (22) will show
by (16) from Lemma 1 that for small s, for n > n. there exists ¢; > 0 so that

Hn(87a:71)
max limsup Em< ) <1—e¢. 24
1€Su,  z€ER; Hn(sthI)(pi,I)S ! ( )

[zl —o0

Pick e; > 0 so that max;es, (1—e1)[pi,r/(pi,r —€2)]® < 1. Let C = maxjeg, 0;.
Now [|g(x)||+ Clei| < ea||lx|| implies || X1]| > (pi,r —e€2)||x||. Since H,, is bounded
away from zero, choose my,ms such that m; < H,(s,z,1)~ < my for all s, .
Also assume ||z|| is so large that ||g(x)||/||z|| < e2/2. Then

Ho(so, D™l mo el
H,(s, X1, 1)~ T+ [ X1][* = my1 + (pir — PSEEIE {llg(@) [+ Cler|<ez||z| }
n ma + (2C|e1|/€2)®
my

Ig@)l+Cler>eallzl}s

so that since Elei|® < oo for s < r, by Markov’s inequality

H’I’L ) 7I -1 s 7 s 7 B
max limsup F, <( (5,2, 1) —|—1Hx|| )(piv1) ) < ( Pi1 ) . (25)
1€ S, TER; Hn(sthI)_ + ||)(1HS Pi,l — €2

llz]|—o0
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Recall Q := U;es,, R; and observe that since H,, is bounded, for any =

Hy(s,z, 1)~ 4 ||z||*® . »
<my [Hp(s,z,I + ||x||*1
Hy(s, X1, )" + | X1[]*Ix, co 1 [Hal ) 121" 1x, g

Hos,a, 7 4 o
[Ho (s, X0, 1) + X5
(26)
For the chosen n and s < r let V(z) = (1 + ||z|°Hu(s, 2, I)L.cq)/?.
Then by (24)-(26), Cauchy-Schwarz, and since by assumption lim sup|j, |- X

zEQ
[ z]|" Po (X1 & Q) = 0,

limsup FE, = max limsup F, <1 27
V(z)ﬁg (V(Xl) €5, rGRip V(X1) 27)

llz]|—o0

so that (14) is satisfied with k& = 1 and therefore {X,} is transient. O
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