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ABSTRACT
This article proposes a bootstrap-assisted procedure to conduct simultaneous inference for high-
dimensional sparse linear models based on the recent desparsifying Lasso estimator. Our procedure allows
the dimension of the parameter vector of interest to be exponentially larger than sample size, and it auto-
matically accounts for the dependence within the desparsifying Lasso estimator. Moreover, our simultane-
ous testingmethod can be naturally coupledwith themargin screening to enhance its power in sparse test-
ing with a reduced computational cost, or with the step-down method to provide a strong control for the
family-wise error rate. In theory, we prove that our simultaneous testing procedure asymptotically achieves
the prespecified significance level, and enjoys certain optimality in terms of its power evenwhen themodel
errors are non-Gaussian. Our general theory is also useful in studying the support recovery problem. To
broaden the applicability, we further extend our main results to generalized linear models with convex loss
functions. The effectiveness of our methods is demonstrated via simulation studies. Supplementary mate-
rials for this article are available online.

1. Introduction

High-dimensional statistics has become increasingly popular
due to the rapid development of information technologies and
their applications in scientific experiments. There is a huge body
of work on sparse estimation of high-dimensional models. The
statistical properties of these procedures have been extensively
studied in the literature; see Bühlmann and van de Geer (2011).
The research effort has recently turned to statistical inference
such as constructing confidence interval and hypothesis testing
for regression coefficients in high-dimensional sparse models.
For instance, Wasserman and Roeder (2009), andMeinshausen,
Meier, and Bühlmann (2009) proposed significance tests for
high-dimensional regression coefficients based on sample split-
ting. Lockhart et al. (2014) derived a significance test for vari-
ables along the Lasso solution path. Lee et al. (2016) proposed
an exact postselection inference procedure based on the idea
of polyhedral selection. Another research line for conducting
inference is to exploit the idea of low-dimensional projection or
inverting the Karush-Kuhn-Tucker condition (see, e.g., Belloni,
Chernozhukov, and Kato 2014; Javanmard andMontanari 2014;
van de Geer et al. 2014; Zhang and Zhang 2014).

In the high-dimensional regime, grouping of variables
and exploiting group structure is quite natural (Yuan and
Lin 2006; Meier, van de Geer, and Bohlmann 2008). Leading
examples include multifactor analysis-of-variance and additive
modeling. From a practical viewpoint, when research inter-
est concerns not only a single variable but rather a group of
variables, it seems indispensable to go beyond an approach
of inferring individual regression coefficients. The problem of
conducting simultaneous inference or inference for groups of
variables in high-dimensional models has gained some recent
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attention. Based on the basis pursuit solution, Meinshausen
(2015) proposed an interesting procedure to construct con-
fidence intervals for groups of variables without restrictive
assumptions on the design. Mandozzi and Bühlmann (2014)
extended the hierarchical testing method in Meinshausen
(2008) to the high-dimensional setting, which is able to detect
the smallest groups of variables and asymptotically control the
family-wise error rate (FWER).

In this article, we propose a bootstrap-assisted procedure to
conduct simultaneous inference in sparse linear models with
(possibly) non-Gaussian errors

Y = Xβ0 + ε,

where Y is a response, X is a design matrix, and β0 =
(β0

1 , . . . , β
0
p)

T is a vector of unknown regression coefficients.
Specifically, we consider the following simultaneous testing

H0,G : β0
j = β̃ j for all j ∈ G ⊆ {1, 2, . . . , p}

versus the alternative Ha,G : β0
j �= β̃ j for some j ∈ G, where β̃ j

with j ∈ G is a vector of prespecified values (e.g., by domain
experts). We point out that two extreme cases, where G =
{1, 2, . . . , p} or |G| is small, have been considered in the recent
literature; see, for example, Arias-Castro, Candès, and Plan
(2011), Zhong and Chen (2011), Feng et al. (2013), Zhang and
Zhang (2014), and van de Geer et al. (2014). However, relatively
few attention has been paid to the case where G lies between
these two extremes. Our method allows G to be an arbitrary
subset of {1, 2, . . . , p}, and thus can be applied to a wider range
of real problems such as testing the significance of a growing
set of genes (associated with certain clinical outcome) condi-
tional on another set of genes, whose size is allowed to grow
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as well. In comparison with Meinshausen (2015) and Mandozzi
and Bühlmann (2014), our method is asymptotically exact and
relies on suitable assumptions (Assumptions 2.1 and 2.2) on the
design which are different from the highly correlated design
considered in Mandozzi and Bühlmann (2014).

Our general framework is built upon the desparsifying Lasso
estimator, denoted as β̆ = (β̆1, . . . , β̆p)

T , recently developed in
van de Geer et al. (2014) and Zhang and Zhang (2014), whose
review is given in Section 2.1. In Section 2.2, a test statistic is
proposed as Tn,G := max j∈G

√
n|β̆ j − β̃ j|, whose critical values

are obtained via a simple multiplier bootstrap method. Based
on the asymptotic linear expansion of β̆ , we show that the pro-
posed multiplier bootstrap method consistently approximates
the null limiting distribution of Tn,G, and thus the testing proce-
dure achieves the prespecified significance level asymptotically.
It is worthmentioning that the proposed bootstrap-assisted pro-
cedure is adaptive to the dimension of the component of inter-
est, and it automatically accounts for the dependence within the
desparsifying Lasso estimators. In theory, we also prove that our
testing procedure enjoys certain minimax optimality (Verzelen
2012) in terms of its power even when themodel errors are non-
Gaussian and the cardinality of G is exponentially larger than
sample size.

Moreover, our newmethodology is readily applicable to some
other important statistical problems in the high-dimensional
setting, such as support recovery, testing for sparse signals, and
multiple testing. The support recovery procedure is proposed in
Section 3.1 as an important by-product of our general theory. It
has been shown through simulations that the proposed proce-
dure can be more accurate in recovering signals than Lasso, the
stability selection (Meinshausen and Bülmann 2010), and the
screen and clean procedure (Wasserman and Roeder 2009). The
above bootstrap-assisted test method can also be coupled with
themargin screening in Fan and Lv (2008) to enhance the power
performance in sparse testing with a reduced computational
cost, which is very attractive in the ultra-high-dimensional set-
ting. Hence, in Section 3.2 we propose a three-step proce-
dure that first randomly splits the sample into two subsamples,
screens out the irrelevant variables based on the first subsample,
and finally performs the above maximum-type testing on the
reduced model based on the second subsample. Another appli-
cation is a multiple testing problem: for each j ∈ G

H0, j : β0
j ≤ β̃ j versus Ha, j : β0

j > β̃ j.

To obtain a strong control of the FWER, we incorporate the
above bootstrap idea into the step-down method (Romano
and Wolf 2005) in Section 3.3. As noted in Chernozhukov,
Chetverikov, and Kato (2013), this hybrid method is asymptoti-
cally nonconservative as compared to the Bonferroni-Holmpro-
cedure since the correlation amongst the test statistics has been
taken into account.

To broaden the applicability, we further extend our main
results to generalized linear models with convex loss functions
in Section 4. The usefulness of the above simultaneous inference
methods is illustrated via simulation studies in Section 5. The
technical details and additional numerical results are included

in a supplement file. Some theoretical derivations in this arti-
cle rely on an impressive Gaussian approximation (GAR) the-
ory recently developed in Chernozhukov, Chetverikov, andKato
(2013). The application of GAR theory is nontrivial as one needs
to verify suitable moment conditions on the leading term of
the desparsifying Lasso estimator, and quantify the estimation
effect as well as the impact of the remainder term in (7) below.
We also want to point out that the GAR theory is applied with-
out conditioning on the design as random design is considered
throughout the article. Our results complement Belloni, Cher-
nozhukov, andKato (2014) who establish the validity of uniform
confidence band in the high-dimensional least absolute devia-
tion regression.

Finally, we introduce some notation. For a p× p matrix
B = (bi j)

p
i, j=1, let ||B||∞ = max1≤i, j≤p |bi j| and ||B||1 =

max1≤ j≤p
∑p

i=1 |bi j|. Denote by ||a||q = (
∑p

i=1 |ai|q)1/q and
||a||∞ = max1≤ j≤p |a j| for a = (a1, . . . , ap)T ∈ R

p and q > 0.
For a set A, denote its cardinality by |A|. Denote by �a	 the
integer part of a positive real number a. For two sequences
{an} and {bn}, write an 
 bn if there exist positive constants c
and C such that c ≤ lim infn(an/bn) ≤ lim supn(an/bn) ≤ C.
Also write an � bn if an ≤ C′bn for some constant C′ > 0 inde-
pendent of n (and p). The symbol Np(μ,�) is reserved for a
p-dimensional multivariate normal distribution with mean μ

and covariance matrix �.

2. Main Theory

2.1. Desparsifying Lasso Estimator

In this section, we review the desparsifying (debiased) esti-
mator proposed in van de Geer et al. (2014), which is essen-
tially the same as the estimator proposed in Zhang and Zhang
(2014) but motivated from a different viewpoint, that is, invert-
ing the Karush-Kuhn-Tucker (KKT) condition of Lasso. Con-
sider a high-dimensional sparse linear model

Y = Xβ0 + ε, (1)

with a response Y = (Y1, . . . ,Yn)T , an n × p design matrix
X := [X1, . . . ,Xp], an error ε = (ε1, . . . , εn)

T indepen-
dent of X, and an unknown p× 1 regression vector
β0 = (β0

1 , . . . , β
0
p)

T . The parameter dimension p can be
much larger than sample size n. Suppose X has iid rows hav-
ing mean zero and covariance matrix � = (σi j)

p
i, j=1 with

�−1 := � = (θi j)
p
i, j=1. We denote the active set of variables by

S0 = {1 ≤ j ≤ p : β0
j �= 0} and its cardinality by s0 = |S0|. The

Lasso estimator (Tibshirani 1996) is defined as

β̂ = argminβ∈Rp (||Y − Xβ||22/n + 2λ||β||1), (2)

for some tuning parameter λ > 0.
The desparsifying estimator is obtained by inverting the KKT

condition,

β̆ = β̂ + �̂XT (Y − Xβ̂ )/n, (3)

where �̂ is a suitable approximation for the inverse of the Gram
matrix �̂ := XTX/n. In what follows, we consider the approx-
imate inverse �̂ given by Lasso for the nodewise regression on
the design matrix X; see Meinshausen and Bühlmann (2006).
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Let X− j be the design matrix without the jth column. For j =
1, 2, . . . , p, consider

γ̂ j := argminγ∈Rp−1 (||Xj − X− jγ ||22/n + 2λ j||γ ||1) (4)

with λ j > 0, where we denote γ̂ j = {γ̂ j,k : 1 ≤ k ≤ p, k �= j}.
Let Ĉ = (̂ci, j)

p
i, j=1 be a p× p matrix with ĉi,i = 1 and ĉi, j =

−γ̂i, j for i �= j. Let τ̂ 2
j = ||Xj − X− jγ̂ j||22/n + λ j||γ̂ j||1 and

write T̂ 2 = diag(̂τ 2
1 , . . . , τ̂ 2

p ) as a diagonal matrix. Finally, the
nodewise Lasso estimator for � is constructed as �̂ = T̂−2Ĉ.

Denote by γ j = argminγ∈Rp−1E||Xj − X− jγ ||22, and
define η j = Xj − X− jγ j = (η1, j, . . . , ηn, j)

T . Define τ 2
j =

E||η j||22/n = 1/θ j, j for j = 1, 2, . . . , p. Let s j =∣∣{1 ≤ k ≤ p : k �= j, θ jk �= 0}∣∣. Denote the jth row of X and �̂

by X̃ j = (Xj1, . . . ,Xjp)
T and �̂ j, respectively.

Assumption 2.1. The design matrix X has either iid sub-
Gaussian rows (i.e., sup||a||2≤1 E exp{| ∑p

j=1 a jXi j|2/C} ≤ 1 for
some large enough positive constant C) or iid rows satisfying
for some Kn ≥ 1, max1≤i≤n,1≤ j≤p |Xi j| ≤ Kn (strongly bounded
case), where Kn is allowed to grow with n. In the strongly
bounded case, we assume in addition that max j ||X− jγ j||∞ ≤
Kn and max j Eη4

1, j ≤ K4
n .

Assumption 2.2. The smallest eigenvalue�2
min of� satisfies that

c < �2
min, andmax j � j, j ≤ C,where c,C are some positive con-

stants.

Theorem 2.1 (Theorem 2.4 of van de Geer et al. 2014). Sup-
pose Assumptions 2.1–2.2 hold. Assume in the sub-Gaussian
case, it holds that max1≤ j≤p

√
s j log(p)/n = o(1) and in the

strongly bounded case, max1≤ j≤p K2
ns j

√
log(p)/n = o(1). Then

with suitably chosen λ j 
 K0
√
log(p)/n uniformly for j =

1, 2, . . . , p, whereK0 = 1 in the sub-Gaussian case andK0 = Kn
in the strongly bounded case, we have

||�̂ j − � j||1 = OP

(
K0s j

√
log(p)/n

)
,

||�̂ j − � j||2 = OP

(
K0

√
s j log(p)/n

)
, (5)

|̂τ 2
j − τ 2

j | = OP

(
K0

√
s j log(p)/n

)
, (6)

uniformly for 1 ≤ j ≤ p. Furthermore, suppose {εi} are
iid with c′ < σ 2

ε < c and in the sub-Gaussian case for X,
E exp(|εi|/C) ≤ 1 for some positive constants c, c′,C > 0.
Assume that λ is suitably chosen such that λ 
 K0

√
log(p)/n,

and K0s0 log(p)/
√
n = o(1) and max1≤ j≤p K0s j

√
log(p)/n =

o(1). Then
√
n(β̆ − β0) = �̂XTε/

√
n + , ||||∞ = oP(1), (7)

where  = (1, . . . ,p)
T = −√

n(�̂�̂ − I)(β̂ − β0).

Theorem 2.1 provides an explicit expansion for the despar-
sifying Lasso estimator and states that the remainder term 

can be well controlled in the sense that ||||∞ = oP(1), which
is very useful in the subsequent derivation.

2.2. Simultaneous Inference Procedures

In the high-dimensional regime, it is natural to test the hypoth-
esis

H0,G : β0
j = β̃ j for all j ∈ G ⊆ {1, 2, . . . , p}

versus the alternativeHa,G : β0
j �= β̃ j for some j ∈ G. For exam-

ple, we consider the sparse testing, that is, β̃ j = 0, in Section 3.2.
Throughout the article, we allow |G| to grow as fast as p, which
can be of an exponential order w.r.t. n. Hence, our results go
beyond the existing ones in van de Geer et al. (2014), Zhang and
Zhang (2014), and Javanmard and Montanari (2014), where |G|
is fixed. Simultaneous inference has been considered earlier via
Bonferroni adjustment, which leads to very conservative proce-
dures. In contrast, our method is asymptotically nonconserva-
tive.

In this section, we propose the test statistic

max
j∈G

√
n|β̆ j − β̃ j|

with β̆ j being the desparsifying estimator. As will be seen in
Sections 3.2 and 3.3, this test statistic can be naturally coupled
with the margin screening (Fan and Lv 2008) to enhance its
power in sparse testing and also reduce the computational cost
in nodewise Lasso, or with the step-down method (Romano
and Wolf 2005) to provide a strong control for the FWER. We
next describe a simple multiplier bootstrap method to obtain an
accurate critical value. The asymptotic linear expansion in (7)
can be rewritten as

(�̂XTε/
√
n) j =

n∑
i=1

�̂T
j X̃iεi/

√
n =

n∑
i=1

ξ̂i j/
√
n,

ξ̂i j = �̂T
j X̃iεi,

where (a) j = a j for a = (a1, . . . , ap)T . Generate a sequence of

random variables {ei}ni=1
iid∼ N(0, 1) and define the multiplier

bootstrap statistic,

WG = max
j∈G

n∑
i=1

�̂T
j X̃iσ̂εei/

√
n,

where σ̂ 2
ε is a consistent estimator of the error variance σ 2

ε , e.g.,
the variance estimator from the scaled Lasso (Sun and Zhang
2012). The bootstrap critical value is given by cG(α) = inf{t ∈
R : P(WG ≤ t|(Y,X)) ≥ 1 − α}.

The validity of the above bootstrap method requires the fol-
lowing two assumptions.

Assumption 2.3. (i) If X has iid sub-Gaussian rows, assume
that (log(pn))7/n ≤ C1n−c1 for some constants c1,C1 > 0.
In this case, suppose {εi} are iid sub-Gaussian with c′ <

σ 2
ε < c for c, c′ > 0. (ii) If max1≤i≤n,1≤ j≤p |Xi j| ≤ Kn, assume

that max1≤ j≤p s jK2
n (log(pn))7/n ≤ C2n−c2 for some constants

c2,C2 > 0. In this case, suppose {εi} are iid subexponential,
that is, E exp(|εi|/C′) ≤ 1 and c′ < σ 2

ε < c for some constants
c, c′,C′ > 0.

Assumption 2.4. There exists a sequence of positive numbers
αn → +∞ such that αn/p = o(1), αn(log p)2 max j λ j

√s j =
o(1) and P(αn(log p)2|σ̂ 2

ε − σ 2
ε | > 1) → 0.
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Assumption 2.3 requires that (i) the regressors and errors are
both sub-Gaussian or (ii) the regressors are strongly bounded
while the errors are subexponential. It also imposes suitable
restrictions on the growth rate of p. We point out that the exis-
tence of a factor (log(p))2 in Assumption 2.4 is due to an appli-
cation of Theorem 2.1 in Chernozhukov, Chetverikov, and Kato
(2014) regarding the comparison for the maxima of two Gaus-
sian random vectors. Assumption 2.4 is a very mild techni-
cal condition. For example if |σ̂ 2

ε − σ 2
ε | = OP(1/

√
n) and λ j 


K0
√
log(p)/n uniformly for all j, then Assumption 2.4 holds

provided that K0(log p)5/2 max j
√
s j/n = o(1). It is worth not-

ing that the
√
n convergence rate for σ̂ 2

ε can be achieved in the
high-dimensional setting (e.g., by the scaled Lasso in Sun and
Zhang 2012). Recall that K0 = 1 in the sub-Gaussian case and
K0 = Kn in the strongly bounded case. Theorem2.2 below estab-
lishes the validity of the bootstrap procedure for one-sided test.

Theorem 2.2. Suppose that Assumptions 2.1–2.4 hold. Assume
that

max
1≤ j≤p

K2
0 s

2
j (log(pn))3(log(n))2/n = o(1), (8)

K4
0 s

2
0(log(p))

3/n = o(1), (9)

and λ and λ j are suitably chosen such that

λ 
 K0
√
log(p)/n, λ j 
 K0

√
log(p)/n uniformly for j. (10)

Then we have for any G ⊆ {1, 2, . . . , p},

sup
α∈(0,1)

∣∣∣∣P
(
max
j∈G

√
n(β̆ j − β0

j ) > cG(α)

)
− α

∣∣∣∣ = o(1). (11)

The scaling condition (8) is imposed to control the estima-
tion effect caused by replacing � with its nodewise Lasso esti-
mator �̂, while condition (9) is needed to bound the remain-
der term . One crucial feature of our bootstrap-assisted test-
ing procedure is that it explicitly accounts for the effect of |G|
in the sense that the bootstrap critical value cG(α) depends on
G. This is in sharp contrast with the extreme value approach in
Cai, Liu, and Xia (2014); see Remark 2.4. Hence, our approach is
more robust to the change in |G|. Since max j∈G

√
n|β̆ j − β̃ j| =√

nmax j∈G max{β̆ j − β̃ j, β̃ j − β̆ j}, similar arguments imply
that under H0,G,

sup
α∈(0,1)

∣∣∣∣P
(
max
j∈G

√
n|β̆ j − β̃ j| > c∗G(α)

)
− α

∣∣∣∣ = o(1),

where c∗G(α) = inf{t ∈ R : P(W ∗
G ≤ t|(Y,X)) ≥ 1 − α} with

W ∗
G = max j∈G | ∑n

i=1 �̂T
j X̃iσ̂εei/

√
n|. This result is readily

applicable to construct simultaneous confidence intervals for
β0
j with j ∈ G.

Remark 2.1. Alternatively, we can employ Efron’s empirical
bootstrap to obtain the critical value. For simplicity, we take
G = {1, 2, . . . , p}. Let ĥi = (̂hi1, . . . , ĥip)T with ĥi j = �̂T

j X̃iσ̂ε .
Let ĥ∗

1, . . . , ĥ∗
n be a sample from the empirical distribution

based on {̂hi}ni=1. Define the empirical bootstrap statistic as
W ∗

EB = max1≤ j≤p | ∑n
i=1 (̂h

∗
i j −

∑n
i=1 ĥi j/n)/

√
n|. The empiri-

cal bootstrap critical value is then given by c∗EB(α) = inf{t ∈
R : P(W ∗

EB ≤ t|(Y,X)) ≥ 1 − α}. Following the arguments in
Appendix K of Chernozhukov, Chetverikov, and Kato (2013)
and the proof of Theorem 2.2, we can establish the asymptotic

equivalence between the empirical bootstrap and the multiplier
bootstrap, which theoretically justifies the use of the former. We
omit the technical details here to conserve space.

Let �̂ = (ω̂i j)
p
i, j=1 = �̂�̂�̂T σ̂ 2

ε . We next consider the stu-
dentized statistic max j∈G

√
n(β̆ j − β̃ j)/

√
ω̂ j j for one-sided test.

In this case, the bootstrap critical value can be obtained via
c̄G(α) = inf{t ∈ R : P(W̄G ≤ t|(Y,X)) ≥ 1 − α},whereW̄G =
max j∈G

∑n
i=1 �̂T

j X̃iσ̂εei/
√
nω̂ j j. The following theorem justi-

fies the validity of the bootstrap procedure for the studentized
statistic.

Theorem 2.3. Under the assumptions in Theorem 2.2, we have
for any G ⊆ {1, 2, . . . , p},

sup
α∈(0,1)

∣∣∣∣P
(
max
j∈G

√
n(β̆ j − β0

j )/
√

ω̂ j j > c̄G(α)

)
− α

∣∣∣∣ = o(1).

(12)

Following the arguments in the proof of Theorem 2.3, it is
straightforward to show that under H0,G,

sup
α∈(0,1)

∣∣∣∣P
(
max
j∈G

√
n|β̆ j − β̃ j|/

√
ω̂ j j > c̄∗G(α)

)
− α

∣∣∣∣ = o(1),

where c̄∗G(α) = inf{t ∈ R : P(W̄ ∗
G ≤ t|(Y,X)) ≥ 1 − α} with

W̄ ∗
G = max j∈G | ∑n

i=1 �̂T
j X̃iσ̂εei/

√
nω̂ j j|. Compared to Theo-

rem 2 in Zhang and Zhang (2014), our two-sided testing proce-
dure above is straightforward to implement and asymptotically
exact. In particular, the unknown quantile parameter in (29) of
Zhang andZhang (2014) seemsnot directly obtainable.Our pro-
cedure is also asymptotically nonconservative as compared to
the method in Meinshausen (2015).

Remark 2.2. Our inferential procedures allow the precision
matrix to be sparse. In fact, theywork for any estimationmethod
for precision matrix as long as the estimation effect such as
||�̂T − �T ||1 and ||�̂�̂ − I||∞ can be well controlled under
suitable assumptions (see e.g., Cai, Liu, and Luo 2011; Javan-
mard and Montanari 2014).

Remark 2.3. An alternative way to conduct simultaneous infer-
ence is based on the sum of squares type statistics, for exam-
ple, Chen and Qin (2010), which is expected to have good
power against nonsparse alternatives. However, such a type of
test statistics may not work well in the current setting due to the
accumulation of estimation errors especially when |G| is large,
that is, the error term

∑
j∈G | j| might be out of control.

We next turn to the (asymptotic) power analysis of the above
procedure. Note that when |G| is fixed, our procedure is known
to be

√
n-consistent (implicitly implied by Theorem 2.1). In

fact, even when |G| → ∞, our test still enjoys certain optimal-
ity in the sense that the separation rate (

√
2 + ε0)

√
log(|G|)/n

for any ε0 > 0 derived in Theorem 2.4 below is minimax opti-
mal according to Section 3.2 of Verzelen (2012) under suitable
assumptions.

Below we focus on the case where |G| → ∞ as n → ∞.
Define the separation set

UG(c0) = {β = (β1, . . . , βp)
T :

max
j∈G

|β j − β̃ j|/√ω j j > c0
√
log(|G|)/n}, (13)
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where ω j j = σ 2
ε θ j j. Recall that �−1 = � = (θi j)

p
i, j=1. Let �̃ =

(θ̃i j) with θ̃i j = θi j/
√

θiiθ j j.

Assumption 2.5. Assume that max1≤i �= j≤p |θ̃i j| ≤ c < 1 for some
constant c.
Theorem 2.4. Under the assumptions in Theorem 2.3 and
Assumption 2.5, we have for any ε0 > 0,

inf
β0∈UG(

√
2+ε0 )

P
(
max
j∈G

√
n|β̆ j − β̃ j|/

√
ω̂ j j > c̄∗G(α)

)
→ 1.

(14)

Theorem 2.4 says that the correct rejection of our bootstrap-
assisted test can still be triggered even when there exists only
one entry of β0 − β̃ with a magnitude being larger than (

√
2 +

ε0)
√
log(|G|)/n in G. Hence, our procedure is very sensitive

in detecting sparse alternatives. As pointed out by one referee,
when � is an identity matrix, the constant

√
2 turns out to be

asymptotically optimal in the minimax sense (see Arias-Castro,
Candès, and Plan 2011; Ingster, Tsybakov, and Verzelen 2010).
We also note that our procedure is more powerful in detecting
significant variables when |G| gets smaller in view of the lower
bound in (13). This observation partly motivates us to consider
the screening procedure in Section 3.2.

Remark 2.4. An important byproduct of the proof of Theorem
2.4 is that the distribution of max1≤ j≤p

√
n|β̆ j − β0

j |/
√

ω̂ j j
can be well approximated by max1≤ j≤p |Zj| with Z =
(Z1, . . . ,Zp) ∼d N(0, �̃). Therefore, we have for any x ∈ R

and as p → +∞,

P
(
max
1≤ j≤p

n|β̆ j − β0
j |2/ω̂ j j − 2 log(p) + log log(p) ≤ x

)

→ exp
{
− 1√

π
exp

(
−x
2

)}
. (15)

In contrast with our method, the above alternative testing pro-
cedure has to require p to diverge. In addition, the critical value
obtained from the above type I extreme value distribution may
not work well in practice since this weak convergence is typi-
cally slow. Instead, it is suggested to employ an “intermediate”
approximation to improve the rate of convergence in the litera-
ture, for example, Liu, Lin, and Shao (2008).

3. Applications

This section is devoted to three concrete applications of the gen-
eral theoretical results developed in Section 2. Specifically, we
consider (i) support recovery; (ii) testing for sparse signals; (iii)
multiple testing using the step-down method.

3.1. Application I: Support Recovery

The major goal of this section is to identify signal locations in a
prespecified set G̃, that is, support recovery. It turns out that this
support recovery problem is closely related to the resparsifying
procedure1 applied to the desparsified estimator considered in

This resparsifying procedure has the merits that it can improve the l∞-bounds of
Lasso and has lq-bounds similar to Lasso (under sparsity conditions).

van deGeer (2014) (see Lemma 2.3 therein). In comparisonwith
Lasso, stability selection (Meinshausen and Bühlmann 2010),
and the screen and clean procedure (Wasserman and Roeder
2009), simulation results in Section 5.2 illustrate that our pro-
cedure below can be more accurate in recovering signals.

Our support recovery procedure is concerned with setting a
proper threshold τ in the following set

Ŝ0(τ ) = { j ∈ G̃ : |β̆ j| > λ∗
j (τ )},

where λ∗
j (τ ) = √

τ ω̂ j j log(p)/n and ω̂ j j = σ̂ 2
ε �̂T

j �̂�̂ j. We
consider the most challenging scenario where G̃ = [p] with
[p] := {1, 2, . . . , p}. In proposition 3.1, we show that the above
support recovery procedure is consistent if the threshold value
is set as τ ∗ = 2, and further justify the optimality of τ ∗.

Proposition 3.1. Under the assumptions in Theorem 2.3 and
Assumption 2.5, we have

inf
β0∈�(2

√
2)
P(Ŝ0(2) = S0) → 1, (16)

where �(c0) = {β = (β1, . . . , βp)
T : min j∈S0 |β j|/√ω j j >

c0
√
log(p)/n}. Moreover, we have for any 0 < τ < 2,

sup
β0∈S∗(s0)

P(Ŝ0(τ ) = S0) → 0, (17)

where S∗(s0) = {β = (β1, . . . , βp)
T ∈ R

p :
∑p

j=1 I{β j �= 0} =
s0}.

A key step in the proof of Proposition 3.1 is (15) in
Remark 2.4.

3.2. Application II: Testing for Sparse Signals

In this section, we focus on the testing problem, H0,G̃ : β0
j =

0 for any j ∈ G̃ ⊆ {1, 2, . . . , p}. To improve the efficiency of
the testing procedure and reduce the computational cost in the
nodewise Lasso, we propose a three-step procedure that first
randomly splits the sample into two subsamples, screens out
the irrelevant variables (leading to a reduced model) based on
the first subsample, and then performs simultaneous testing in
Section 2.2 on the reduced model based on the second subsam-
ple.

Suppose the predictors are properly centered and studentized
with sample mean zero and standard deviation one. The three-
step procedure is formally described as follows:

1. Random sample splitting: Randomly split the sample into
two subsamples {(X̃i,Yi)}i∈D1 and {(X̃i,Yi)}i∈D2 , where
D1 ∪ D2 = {1, 2, . . . , n}, |D1| = �c0n	 and |D2| = n −
�c0n	 for some 0 < c0 < 1.

2. Marginal screening based on D1: Let XD1 be the
submatrix of X that contains the rows in D1
and let YD1 = (Yi)i∈D1 . Compute the correlation
W = (w1, . . . ,wp)

T = XT
D1
YD1 and consider the sub-

model Sγ = {1 ≤ j ≤ p : |w j| > γ } with γ being
a positive number such that |Sγ | = |D2| − 1 or
|Sγ | = �|D2|/ log(|D2|)	.

3. Testing after screening based on D2: Under the reduced
model Sγ , compute the desparsifying Lasso estima-
tor {β̆ j} j∈Sγ

and the variance estimator ω̂ j j based on
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{(X̃i,Yi)}i∈D2 . Define G̃γ = G̃ ∩ Sγ . Denote by Tnst,γ =
max j∈G̃γ

√
n|β̆ j| and Tst,γ = max j∈G̃γ

√
n|β̆ j|/

√
ω̂ j j the

nonstudentized and studentized test statistics, respec-
tively (if G̃γ = ∅, we simply set Tnst,γ = Tst,γ = 0 and
do not reject H0,G̃). Let c

∗
G̃γ

(α) and c̄∗G̃γ
(α) be the cor-

responding bootstrap critical values at level α. Reject the
null hypothesis if Tnst,γ > c∗G̃γ

(α) ( Tst,γ > c̄∗G̃γ
(α)).

In the above three-step procedure, we have employed the
data-splitting strategy as suggested in Wasserman and Roeder
(2009) to reduce the Type I error rate due to the selection
effect (the so-called selective Type I error rate). Under suitable
assumptions that rule out unfaithfulness (small partial correla-
tions), see, for example, Fan and Lv (2008), we have S0 ⊆ Sγ

with an overwhelming probability, which justifies the validity of
the second step.On the event thatS0 ⊆ Sγ , the validity and opti-
mality of the inference procedure based on Tnst,γ and Tst,γ have
been established in Section 2.2.

From a practical viewpoint, the three-step procedure enjoys
two major advantages over the single-step procedure: (1) the
nodewise Lasso involves the computation of p Lasso problems,
which can be computationally intensive especiallywhen p is very
large (e.g., p could be tens of thousands in genomic studies).
The three-step procedure lessens this computation burden as
the nodewise Lasso is now performed under the reduced model
Sγ with a much smaller size; (2) due to the screening step, a
reduced model is created which could lead to more efficient
inference in some cases, see Section 5.3. This can also be seen
from Theorem 2.4 that our testing procedure is more powerful
when |G| gets smaller.

3.3. Application III: Multiple TestingWith Strong FWER
Control

We are interested in the following multiple testing problem:

H0, j : β0
j ≤ β̃ j versus Ha, j : β0

j > β̃ j for all j ∈ G.

For simplicity, we set G = [p]. To obtain a strong control of the
FWER, we couple the bootstrap-assisted testing procedure with
the step-down method proposed in Romano and Wolf (2005).
Our method is a special case of a general methodology pre-
sented in Section 5 of Chernozhukov, Chetverikov, and Kato
(2013) by setting β̂ therein as the desparsifying estimator β̆ . As
pointed out in Chernozhukov, Chetverikov, and Kato (2013),
our method has two important features: (i) it applies to models
with an increasing dimension; (ii) it is asymptotically noncon-
servative as compared to the Bonferroni-Holm procedure since
the correlation among the test statistics is taken into account.
In fact, we will compare the finite sample performance of our
method with that of the Bonferroni-Holm procedure in Section
5.4.We also want to point out that any procedure controlling the
FWER will also control the false discovery rate (Benjamin and
Hochberg 1995) when there exist some true discoveries.

Denote by � the space for all data-generating processes, and
ω0 be the true process. Each null hypothesis H0, j is equivalent
to ω0 ∈ � j for some � j ⊆ �. For any η ⊆ [p], denote by �η =
(∩ j∈η� j) ∩ (∩ j/∈η�

c
j) with �c

j = � \ � j . The strong control of

the FWER means that,

sup
η⊆[p]

sup
ω0∈�η

Pω0

(
reject at least one hypothesis H0, j, j ∈ η

)
≤ α + o(1). (18)

Let Tj = √
n(β̆ j − β̃ j) and denote by cη(α) the bootstrapped

estimate for the 1 − α quantile of max j∈η Tj . The step-down
method in Romano and Wolf (2005) in controlling the FWER
is described as follows. Let η(1) = [p] at the first step. Reject
all hypotheses H0, j such that Tj > cη(1)(α). If no hypothesis is
rejected, then stop. If some hypotheses are rejected, let η(2)
be the set of indices for those hypotheses not being rejected at
the first step. At step l, let η(l) ⊆ [p] be the subset of hypothe-
sises that were not rejected at step l − 1. Reject all hypothesises
H0, j, j ∈ η(l) satisfying that Tj > cη(l)(α). If no hypothesis is
rejected, then stop. Proceed in this way until the the algorithm
stops. As shown in Romano andWolf (2005), the strong control
of the family-wise error holds provided that

cη(α) ≤ cη′ (α), for η ⊆ η′, (19)

sup
η⊆[p]

sup
ω0∈�η

Pω0

(
max
j∈η

Tj > cη(α)

)
≤ α + o(1). (20)

Therefore, we can show that the step-down method together
with the multiplier bootstrap provide strong control of the
FWER by verifying (19) and (20). The arguments are similar to
those in the proof of Theorem 2.2; also see Theorem 5.1 of Cher-
nozhukov, Chetverikov, and Kato (2013).

Proposition 3.2. Under the assumptions in Theorem 2.2, the
step-down procedure with the bootstrap critical value cη(α)

satisfies (18).

4. Generalization

In this section, our results are extended beyond the linear mod-
els to a general framework with a convex loss function and a
penalty function. For y ∈ Y ⊆ R and x ∈ X ⊆ R

p, consider a
loss function Lβ (y, x) = L(y, xTβ) which is strictly convex in
β ∈ R

p. The regularized estimator based on the penalty func-
tion ρλ(·) is defined as

β̂ = arg min
β∈Rp

⎧⎨
⎩EnLβ +

p∑
j=1

ρλ(|β j|)
⎫⎬
⎭ , (21)

where Eng = ∑n
i=1 g(yi, xi)/n and {(yi, xi)}ni=1 is a sequence of

iid observations. Note that our formulation (21) slightly gener-
alizes the framework in Section 3 of van de Geer et al. (2014)
by considering a general penalty function. Again, we want to
test the hypothesis H0,G : β0

j = β̃ j for all j ∈ G ⊆ [p] versus
H0,G : β0

j �= β̃ j for some j ∈ G. Our test statistic is given by
max j∈G

√
n|β̆ j − β̃ j| with β̆ j being the desparsifying Lasso esti-

mator defined below. We use analogous notation as in Section 2
but with some modifications for the current context. For exam-
ple, denote β0 as the unique minimizer of β �→ ELβ .
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Define

L̇β (y, x) = ∂

∂β
Lβ (y, x) = xL̇(y, xTβ),

L̈β (y, x) = ∂2

∂β∂βT Lβ (y, x) = xxT L̈(y, xTβ),

where L̇ = ∂L(y, a)/∂a and L̈ = ∂2L(y, a)/∂2a. Define �̂ =
EnL̈β̂ and let �̂ := �̂(β̂ ) be a suitable approximation for the
inverse of �̂ (see more details in Section 3.1.1 of van de Geer
et al. 2014). When the penalized loss function in (21) is convex
in β , the KKT condition gives

EnL̇β̂ + κ̂λ = 0, (22)

where κ̂λ = (̂κ1, . . . , κ̂p)
T with κ̂ j = sign(β̂ j)ρ̇λ(|β̂ j|) if β̂ j �= 0

and some |̂κ j| ≤ |ρ̇λ(0+)| if β̂ j = 0. By Taylor expansion, we
have

EnL̇β̂ = EnL̇β0 + EnL̈β̂ (β̂ − β0) + R,

whereR is the remainder term. Plugging back to the KKT con-
dition, we obtain,

EnL̇β0 + �̂(β̂ − β0) + R = −κ̂λ,

implying that β̂ − β0 + /
√
n + �̂κ̂λ = −�̂EnL̇β0 − �̂R,

where  = √
n(�̂�̂ − I)(β̂ − β0).

Following van de Geer et al. (2014), we define the desparsify-
ing/debiased estimator as

β̆ = β̂ + �̂κ̂λ = β̂ − �̂EnL̇β̂ .

Note β̆ − β0 = −�̂EnL̇β0 − �̂R − /
√
n. With some abuse

of notation, define ξi j = −�T
j L̇β0 (yi, xi) = �T

j xiεi with εi =
−L̇(yi, xTi β0), and ξ̂i j = −�̂T

j L̇β0 (yi, xi). To conduct inference,
we employ themultiplier bootstrap in the following way. Gener-
ate a sequence of iid standard normal random variables {ei} and
define the bootstrap statistic,

W̃ ∗
G = max

j∈G

∣∣∣∣∣
n∑
i=1

�̂T
j xiL̇(yi, xTi β̃ )ei/

√
n

∣∣∣∣∣ ,
where β̃ is a suitable estimator for β0. The bootstrap critical
value is given by c̃∗G(α) = inf{t ∈ R : P(W̃ ∗

G ≤ t|{(yi, xi)}ni=1) ≥
1 − α}.

We first impose Assumptions 4.1–4.4 that are similar to
Assumptions (C1)–(C5) in van de Geer et al. (2014). Denote by
X the design matrix with the ith row equal to xTi .

Assumption 4.1. The derivatives L̇(y, a) and L̈(y, a) exist for all
y and a. For some δ-neighborhood,

max
a0∈{xTi β0:xi∈X }

sup
|a−a0|∨|a′−a0|≤δ

sup
y∈Y

|L̈(y, a) − L̈(y, a′)|
|a − a′| ≤ 1.

Assumption 4.2. Assume maxi, j |xi j| ≤ Kn.

Assumption 4.3. Assume that ||β̂ − β0||1 = OP(s0λ) and
||X(β̂ − β0)||22/n = OP(s0λ2).

Assumption 4.4. Assume that ||EnL̈β̂ �̂ j − 1 j||∞ = OP(λ∗) for
some λ∗ > 0, and ||X�̂ j||∞ = OP(Kn) uniformly for j. Here, 1 j
denotes the vector with the j-th element one and others zero.

Moreover, we make the following additional assumptions.
In particular, Assumptions 4.5–4.6 are parallel to Assumptions
2.3–2.4, while Assumption 4.7 is a technical one motivated by
the results in Theorem 3.2 of van de Geer et al. (2014).

Assumption 4.5. Suppose max1≤ j≤p s jK2
n (log(pn))7/n ≤ C2n−c2

for some constants c2,C2 > 0. Suppose {εi} are iid subexponen-
tial that is E exp(|εi|/C′) ≤ 1 for some large enough constants
C′ > 0, and c′ < σ 2

ε < c for c, c′ > 0.

Let �̃ = max1≤ j,k≤p |�̂T
j �̂β̃�̂k − �T

j �β0�k|, where �̂β̃ =
XTWβ̃X/n with Wβ̃ = diag(L̇2(y1, xT1 β̃ ), . . . , L̇2(yn, xTn β̃ )),
and �β0 = cov(xiL̇(yi, xTi β0)).

Assumption 4.6. There exists a sequence of positive numbers
αn → +∞ such that αn/p = o(1) and P(αn(log p)2�̃ > 1) →
0.

Assumption 4.7. Assume that uniformly for j, it holds that

||�̂ j(β̂ ) − � j(β
0)||1 = OP(Kns j

√
log(p)/n)

+OP

(
K2
ns0((λ

2/
√
log(p)/n) ∨ λ)

)
.

We are now in position to present the main result in this sec-
tion which justifies the use of the bootstrap procedure.

Theorem 4.1. Suppose Assumptions 4.1–4.7 hold. Suppose√
n log(p)Kns0λ2 = o(1),

√
n log(p)λλ∗s0 = o(1),

max
j

s jKn(log(p))3/2/
√
n = o(1),

√
log(p)K2

ns0
(
λ2√n ∨ λ

√
log(p)

)
= o(1),

K2
n log(p)(log(n))2/n = o(1).

Then we have for any G ⊆ {1, 2, . . . , p},

sup
α∈(0,1)

∣∣∣∣P
(
max
j∈G

√
n|β̆ j − β0

j | > c̃∗G(α)

)
− α

∣∣∣∣ = o(1). (23)

Remark 4.1. Let W̃ ∗∗
G = max j∈G | ∑n

i=1 �̂T
j xiL̇(yi, xTi β̃ )ei/√

nŵ j j|, where ω j j = �̂T
j �̂β̃�̂ j and {ei} is a sequence of iid

standard normal random variables and ŵ j j = �̂T
j �̂β̃�̂ j. Define

the bootstrap critical value c̃∗∗
G (α) = inf{t ∈ R : P(W̃ ∗∗

G ≤
t|{(yi, xi)}ni=1) ≥ 1 − α}. Following the arguments in the proofs
of Theorem 2.3 and Theorem 4.1, we expect a similar result for
the studentized test statistic max j∈G

√
n|(β̆ j − β0

j )/
√

ω̂ j j|. The
technical details are omitted here.

5. Numerical Results

In this section, we conduct some simulation studies to eval-
uate the finite sample performance of the methods proposed
in Section 3. All the results are obtained based on sample size
n = 100, and 1000 Monte Carlo replications.

To obtain the main Lasso estimator, we implemented the
scaled Lasso with the tuning parameter λ0 = √

2L̃n(k0/p) with
L̃n(t ) = n−1/2�−1(1 − t ), where � is the cumulative distri-
bution function for N(0, 1), and k0 is the solution to k =
L̃41(k/p) + 2L̃21(k/p) (see Sun and Zhang 2013).We estimate the
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noise level σ 2 using the modified variance estimator defined in
(24) below. The tuning parameters λ js in the nodewise Lasso are
chosen via 10-fold cross-validation among all nodewise regres-
sions throughout the simulation studies.

5.1. Simultaneous Confidence Intervals

We consider the linear models where the rows of X are
fixed iid realizations from Np(0, �) with � = (�i, j)

p
i, j=1

under two scenarios: (i) Toeplitz: �i, j = 0.9|i− j|; (ii) Exchange-
able/Compound symmetric: �i,i = 1 and �i, j = 0.8 for i �= j.
The active set is {1, 2, . . . , s0}, where s0 = |S0| = 3 or 15. The
coefficients of the linear regressionmodels are generated accord-
ing to Unif[0, 2] (uniform distribution on [0, 2]), and the errors
are generated from the studentized t(4) distribution, that is,
t(4)/

√
2, or centeralized and the studentized Gamma(4,1) dis-

tribution that is, (Gamma(4, 1) − 4)/2.
In our simulations, we found that the scaled Lasso tends to

underestimate the noise level which could lead to undercover-
age. To overcome this problem, we suggest the following modi-
fied variance estimator (see a similar estimator in Reid, Tibshi-
rani, and Friedman 2014),

σ̂ 2 = 1
n − ||β̂sc||0

||Y − Xβ̂sc||22, (24)

where β̂sc denotes the scaled Lasso estimator with the tuning
parameter λ0. Figure S.1 in the supplement provides boxplots
of σ̂ /σ for the variance estimator delivered by the scaled Lasso
(denoted by “SLasso”) and for the modified variance estimator
in (24) (denoted by “SLasso∗”). Clearly, the modified variance
estimator corrects the noise underestimation issue, and thus is
more preferable.

In Tables 1–2, we present the coverage probabilities and inter-
val widths for the simultaneous confidence intervals in three
different cases: G = S0,Sc

0 or [p] (a similar setup was consid-
ered in van de Geer et al. 2014). For each simulation run, we
record whether the simultaneous confidence interval contains
β0
j for j ∈ G and the corresponding interval width. The cover-

age probabilities and interval widths are then calculated by aver-
aging over 1,000 simulation runs. It is not surprising that the
coverage probability is affected by the dimension p, the tuning
parameters λ j (in the nodewise Lasso), the cardinality s0, and
the covariance matrix �. Overall, the nonstudentized method
provides satisfactory coverage probability. However, themethod
based on the extreme value distribution approximation is invalid
when the dimension of the components of interest is low; see
Remark 2.4. To avoid sending a misleading message, we choose
not to provide the results based on the extreme value distribu-
tion approximation when G = S0.

More specifically, we observe from Tables 1–2 that: (i) the
coverage is in general more accurate for Sc

0 (as compared to S0),
even though |Sc

0| � |S0| = s0. Similar finding is found in van
de Geer et al. (2014) where the coverage for a single coefficient
inSc

0 is more accurate; (ii) the nonstudentized test statistic tends
to provide better coverage (but with larger width) as compared
to its studentized version when s0 is large; (iii) when s0 = 15, it
becomes difficult to provide accurate coverage for all the active
variables among the candidates. In this case, the coverage for

the active set can be significantly lower than the nominal level.
Additional numerical results in the supplement (see Figure S.2)
indicate that the undercoverage in this case is closely relatedwith
the remainder term whose maximum norm generally increases
with s0; (iv) compared to the confidence intervals for individual
coefficients in van de Geer et al. (2014), the interval widths for
simultaneous intervals are wider, which reflects the price we pay
for multiplicity adjustment.

5.2. Support Recovery

Below we compare the finite sample performance of the support
recovery procedure described in Section 3.1 with those of Lasso,
stability selection (Meinshausen and Bühlmann 2010), and the
screen and clean procedure in Wasserman and Roeder (2009).
Consider the simulation setup in Section 5.1, where the coeffi-
cients are now generated from Unif [2, 4], and the support set
S0 = {u1, . . . , us0} with u1, . . . , us0 being a realization of s0 iid
draws without replacement from {1, . . . , p}. To assess the per-
formance, we consider the following similarity measure

d(Ŝ0,S0) = |Ŝ0 ∩ S0|√
|Ŝ0| · |S0|

.

In the implementation of stability selection, we choose the
threshold for selection frequency to be 0.6 and the upper bound
for the expected number of false positives to be 2.5; see Mein-
shausen and Bühlmann (2010). For the screen and clean pro-
cedure, we randomly split the data into two groups, conduct
screening on the first half of the data and cleaning on the second
half. This two splits procedure was advocated in the simulations
ofWasserman and Roeder (2009). Table 3 summarizes themean
and standard deviation of d(Ŝ0,S0) as well as the numbers of
false positives (FP) and false negatives (FN) based on 1000 simu-
lation runs.When s0 = 3, the proposed support recovery proce-
dure clearly outperforms Lasso, and it is comparable to stability
selection and the screen and clean procedure.When s0 = 15, the
recovery procedure in general outperforms all other three com-
petitors. We note that when s0 = 15 and � is exchangeable, the
stability selection gives a high number of FN, and thus results
in a low value of d(Ŝ0,S0). This is not surprising given that
stability selection is mainly designed for conservatively control-
ling the expected number of FP. The upper bound 2.5 set above
might be too small for s0 = 15. The screen and clean procedure
generally performs well for p = 120, but its performance dete-
riorates for p = 500 and s0 = 15. Overall, the proposed method
performs quite well as compared to some existing alternatives.

5.3. Testing for Sparse Signals

This section is devoted to empirically examine the three-step
testing procedure proposed in Section 3.2. We consider the fol-
lowing two scenarios: (i) � is Toeplitz with �i, j = 0.9|i− j|, and
β0
j = √

10 log(p)/n for 1 ≤ j ≤ s0 and zero otherwise; (ii) �

is exchangeable, that is, �i,i = 1 and �i, j = 0.8 for i �= j, and
β0
j = 10

√
log(p)/n for 1 ≤ j ≤ s0 and zero otherwise.

To implement the three-step testing procedure, we choose the
splitting proportion c0 = 1/5 in case (i) and c0 = 1/3 in case
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Table . Coverage probabilities and interval widths for the simultaneous confidence intervals based on the nonstudentized (“NST”) and studentized (“ST”) test statistics,
where S0 = {1, 2, 3} and p = 120, 500.

S0 ,(i) Sc
0 ,(i) [p],(i) S0 ,(ii) Sc

0 ,(ii) [p],(ii)

% % % % % % % % % % % %

p = 120
t(4)/

√
2 NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .
Gamma NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .
p = 500
t(4)/

√
2 NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .
Gamma NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .

NOTE: The tuning parameters λ js in the nodewise Lasso are chosen to be the same via -fold cross-validation among all nodewise regressions for NSTcv, STcv, and EXcv.

t(4)/
√
2 and Gamma denote the studentized t(4) distribution and the centralized and studentized Gamma(,) distribution, respectively. The coverage probabilities

and interval widths are computed based on  simulation runs. For the studentized test, we report the average interval widths over different components. The row “EX”
corresponds to the coverage based on the studentized test statistic with the Type I extreme distribution approximation. “Cov”and “Len”denote the coverage probability
and interval width respectively. Cases (i) ((ii)) correspond to Toeplitz matrix (exchangeable matrix).

Table . Coverage probabilities and interval widths for the simultaneous confidence intervals based on the nonstudentized (“NST”) and studentized (“ST”) test statistics,
where S0 = {1, 2, 3, . . . , 15} and p = 120, 500.

S0 ,(i) Sc
0 ,(i) [p],(i) S0 ,(ii) Sc

0 ,(ii) [p],(ii)

% % % % % % % % % % % %

p = 120
t(4)/

√
2 NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .
Gamma NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .
p = 500
t(4)/

√
2 NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .
Gamma NSTcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
STcv Cov . . . . . . . . . . . .

Len . . . . . . . . . . . .
EXcv Cov NA NA . . . . NA NA . . . .

Len NA NA . . . . NA NA . . . .

NOTE: The tuning parameters λ js in the nodewise Lasso are chosen via -fold cross-validation among all nodewise regressions for NSTcv, STcv, and EXcv. t(4)/
√
2 and

Gamma denote the studentized t(4) distribution and the centralized and studentized Gamma(,) distribution respectively. The coverage probabilities and interval
widths are computed based on  simulation runs. For the studentized test, we report the average interval widths over different components.
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Table . The mean and standard deviation (SD) of d(Ŝ0,S0), and the numbers of false positives (FP) and false negatives (FN).

s0 = 3 s0 = 15

Mean SD FP FN Mean SD FP FN

p = 120, (i)
t(4)/

√
2 SupRec . . . . . . . .

Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

Gamma SupRec . . . . . . . .
Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

p = 120, (ii)
t(4)/

√
2 SupRec . . . . . . . .

Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

Gamma SupRec . . . . . . . .
Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

p = 500, (i)
t(4)/

√
2 SupRec . . . . . . . .

Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

Gamma SupRec . . . . . . . .
Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

p = 500, (ii)
t(4)/

√
2 SupRec . . . . . . . .

Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

Gamma SupRec . . . . . . . .
Stability . . . . . . . .
Lassosc . . . . . . . .
S&C . . . . . . . .

NOTE: The tuning parametersλ js in the nodewise Lasso are chosen to be the same via -fold cross-validation among all nodewise regressions. The subscript “sc”stands for

the scaled Lasso. t(4)/
√
2 and Gamma denote the studentized t(4) distribution and the centralized and studentized Gamma(,) distribution respectively. S&C denotes

the screen and clean procedure. Themean, SD, FP, and FN are computedbased on  simulation runs. Cases (i) ((ii)) correspond to Toeplitzmatrix (exchangeablematrix).

(ii). For the marginal screening step, we pick γ such that |Sγ | =
|D2| − 1. As pointed out in Fan and Lv (2008), the marginal
screening may not perform very well in the case of strong pair-
wise correlation, that is, when � is exchangeable. To overcome
this problem, we propose the following remedy inspired by the
iterative sure independence screening in Fan and Lv (2008).
We first select a subset B1 of k1 variables using Lasso based
on the subsample D1. Let r̂i = Yi − X̃T

i β̂ be the corresponding
residuals with β̂ being the Lasso estimator, and X̃c

i = (Xi j) j/∈B1 .
We then treat those residuals as the new responses and apply
the marginal screening as described in Step 2 to {(X̃c

i , r̂i)}i∈D1

to select a subset B2 of |D2| − 1 − k1 variables. Finally, we let
B = B1 ∪ B2, which contains |D2| − 1 variables. In case (ii) with
s0 = 3, this remedy selects all the three relevant variables with
probability 0.98 which is much higher than 0.59 delivered by the
marginal screening.

The numerical results are reported in Table 4, which com-
pares the performance between the three-step procedure and
the one-step procedure without sample splitting and marginal
screening. Some remarks are in order regarding the simula-
tion results: (1) for the Toeplitz covariance structure, the three-
step procedure has reasonable size for t errors, and its size is
slightly upward distorted for Gamma errors. In contrast, the

one-step procedure has downward size distortion; for exchange-
able covariance structure, both procedures show upward size
distortions; (2) the three-step procedure generates higher power
for the Toeplitz covariance structure. We note that the empirical
powers of both procedures are close to 1 in case (ii) due to the
higher signal-to-noise ratio. Overall, the three-step procedure
has better power property in case (i).

5.4. TestingWith FWER Control

In this section, we compare the finite sample performance of
the step-downmethod in Section 3.3 with the Bonferroni-Holm
procedure whose finite sample performance has been studied
in van de Geer et al. (2014). To this end, we consider mul-
tiple two sided testing of hypothesis H0, j : β0

j = 0 among all
j = 1, 2, . . . , p. The data is again generated from the linear
model considered in Section 5.1. For �, we focus on the fol-
lowing two cases: (i) Toeplitz:�i, j = 0.9|i− j|; (ii) Block diagonal:
�i,i = 1, �i, j = 0.9 for 5(k − 1) + 1 ≤ i �= j ≤ 5k with k =
1, 2, . . . , �p/5	, and �i, j = 0 otherwise. We employ both the
step-down method based on the studentized/nonstudentized
test statistic, and the Bonferroni-Holm procedure (based on the
studentized test statistic) to control the FWER. Table 5 reports
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Table . Empirical sizes (upper panel) and powers (lower panel) based on the one-step (without sample splitting and screening) and three-step procedures with the
nonstudentized (“NST”) and the studentized (“ST”) statistics, where S0 = {1, 2, 3} and S̃0 = {1, 2, 3, . . . , 15}, and p = 500.

One-step procedure Three-step procedure

t(4)/
√
2 Gamma t(4)/

√
2 Gamma

α NST ST NST ST NST ST NST ST

(i), Sc
0 % . . . . . . . .

% . . . . . . . .
(i), S̃c

0 % . . . . . . . .
% . . . . . . . .

(ii), Sc
0 % . . . . . . . .

% . . . . . . . .
(i), {3} ∪ Sc

0 % . . . . . . . .
% . . . . . . . .

(i), {2, 3} ∪ Sc
0 % . . . . . . . .

% . . . . . . . .
(i), {15} ∪ S̃c

0 % . . . . . . . .
% . . . . . . . .

(i), {14, 15} ∪ S̃c
0 % . . . . . . . .

% . . . . . . . .
(ii), {3} ∪ Sc

0 % . . . . . . . .
% . . . . . . . .

(ii), {2, 3} ∪ Sc
0 % . . . . . . . .

% . . . . . . . .

NOTE: The tuning parameters λ js in the nodewise Lasso are chosen to be the same via -fold cross-validation among all nodewise regressions. t(4)/
√
2 and Gamma

denote the studentized t(4) distribution and the centralized and studentized Gamma(,) distribution, respectively. The sizes and powers are computed based on 
simulation runs. Cases (i) ((ii)) correspond to Toeplitz matrix (exchangeable matrix). The nominal levels are % and %.

Table . FWER and power of multiple testing based on the step-down method with the nonstudentized (“NST”) and studentized (“ST”) test statistics, and based on the
Bonferroni-Holm procedure (“BH”), where p = 500, and the nominal level is %. Case (i) ((ii)) corresponds to Toeplitz matrix (block diagonal matrix).

s0 = 3, (i) s0 = 15, (i) s0 = 3, (ii) s0 = 15, (ii)

FWER Power FWER Power FWER Power FWER Power

t(4)/
√
2 NST . . . . . . . .

ST . . . . . . . .
BH . . . . . . . .

Gamma NST . . . . . . . .
ST . . . . . . . .
BH . . . . . . . .

NOTE: The tuning parameters λ js in the nodewise Lasso are chosen to be the same via -fold cross-validation among all nodewise regressions. t(4)/
√
2 and Gamma

denote the studentized t(4) distribution and the centralized and studentized Gamma(,) distribution respectively. The FWER and powers are computed based on ,
simulation runs.

both the FWER and the average power, which is defined as∑
j∈S0

I{H0, j is rejected}/s0 based on 1,000 simulated datasets.
As seen from the table, the two procedures provide simi-
lar control on the FWER. And the step-down method deliv-
ers slightly higher average power across all cases considered
here.

6. Conclusion

In this article, we have introduced a bootstrap-assisted proce-
dure to conduct simultaneous inference for high-dimensional
components of a large parameter vector in sparse linear models.
Our procedure is proved to achieve the prespecified significance
level asymptotically and to enjoy certain optimality in terms of
its power. Our general theory has been successfully applied to
three concrete examples, namely support recovery, testing for
sparse signals, andmultiple testing using the step-downmethod.
Below we point out a few future research directions. The first
direction is the automatic and efficient selection of the tuning
parameters (e.g., λ js in the nodewise Lasso) in the context of
hypothesis testing and confidence interval construction (see,

e.g., Appendix A.1 of Dezeure et al. 2014). The second direction
is to adapt the proposed method to conduct inference on high-
dimensional concentrationmatrix (see, e.g., Jankova and van de
Geer 2014). Finally, it is also interesting to extend our results to
more complicated models, for example, Cox model, after some
technical modifications.

Supplementary Materials

The supplementarymaterials contain technical details and addi-
tional numerical results.
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