Chapter 3

The Profile Likelihood

3.1 The Profile Likelihood

3.1.1 The method of profiling

Let us suppose that the unknown parameters 6 can be partitioned as 6’ = (¢, \'), where
¥ are the p-dimensional parameters of interest (eg. mean) and A are the g-dimensional
nuisance parameters (eg. variance). We will need to estimate both ¢ and A, but our
interest lies only in the parameter ¢). To achieve this one often profiles out the nuisance
parameters. To motivate the profile likelihood, we first describe a method to estimate the
parameters (¢, A) in two stages and consider some examples.

Let us suppse that {X;} are iid random variables, with density f(x;,\) where our
objective is to estimate ¢ and A. In this case the log-likelihood is

Lo, 2) = log f(Xi;h, \).
i=1

To estimate ¢ and A\ one can use (S\n,zﬁn) = argmax, 4 L£,(¢, \). However, this can be
difficult to directly maximise. Instead let us consider a different method, which may,

sometimes, be easier to evaluate. Suppose, for now, v is known, then we rewrite the
likelihood as L, (1, A\) = L4(A) (to show that ¢ is fixed but A varies). To estimate A we

maximise L, () with respect to A, i.e.
Ay = arg max Ly(N).
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In reality ¢ is unknown, hence for each 1 we can evaluate ;\¢. Note that for each v, we
have a new curve L,(\) over A. Now to estimate ¢, we evaluate the maximum L (\),
over A, and choose the 1, which is the maximum over all these curves. In other words,

we evaluate

~ ~

Y, = arg mﬁxﬁw(j\w) = arg Hlj}iXEn(iﬁ, Ap).

A bit of logical deduction shows that 1, and A, are the maximum likelihood estimators
(Ans thn) = arg maxy » Ln, (10, ).

We note that we have profiled out nuisance parameter A\, and the likelihood /jw(j\w) =
L, (1), \y) is in terms of the parameter of interest 1.

The advantage of this procedure is best illustrated through some examples.

Example 3.1.1 (The Weibull distribution) Let us suppose that {X;} are iid random

variables from a Weibull distribution with density f(x;c,0) = ay;;l exp(—(y/0)*). We

know from Ezample 2.2.2, that if o, were known an explicit expression for the MLE can

be deriwved, it is

~

0, = arg max L.(0)

= argmeaxz; (loga—{—(a—l)logY,-—Ozlog@— (g) )

= —alogh — (=2 “) Yy 1/a
s 30 (—atons = (5)7) = L3
where Lo,(X;0) = >0, <10ga + (a—1)logY; — alog — (%)a> Thus for a given «,
the maximum likelihood estimator of 8 can be derived. The mazimum likelthood estimator

of a s

A n 1 n e Y; N
an:argmgxz(loga—l—(a—l)logn—alog(gzn )/ _(<lzn ya)1/a) )
i=1 i=1 n £<i=1 "1

Therefore, the mazimum likelihood estimator of 6 is (£ >°7 YA )VYan - We observe that
evaluating &, can be tricky but no worse than mazximising the likelihood L, (o, 0) over a
and 6.

100



As we mentioned above, we are not interest in the nuisance parameters A and are only
interesting in testing and constructing ClIs for ¢. In this case, we are interested in the
limiting distribution of the MLE t),,. Using Theorem 2.6.2(ii) we have

N —1
Y= \ p Ly Ty )
(5 oo =) )

9% log f(X;30,\ 9% log f(X;30,\

E( 02 1oga]:p(g()f;¢7/\))’ E( 9 logf(Xi;%)\))

where

L, I 5y

To derive an exact expression for the limiting variance of \/ﬁ(zﬂn — 1)), we use the block

inverse matrix identity.

Remark 3.1.1 (Inverse of a block matrix) Suppose that
A B
C D

A B\ (A—BD'C)"'  —A'B(D-CA'B) o)
¢ D) \ —D'CB(A-BD™'C)! (D — CA'B)~! ' '

18 a square matriz. Then

Using (3.2) we have

~

Vi, =) SN, (I = Tpall D) ™). (33)
Thus if ¢ is a scalar we can use the above to construct confidence intervals for .

Example 3.1.2 (Block diagonal information matrix) If
I 0
1. )= " ,
0 Ix

-~

then using (3.3) we have
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3.1.2 The score and the log-likelihood ratio for the profile like-
lihood

To ease notation, let us suppose that ¢y and \g are the true parameters in the distribution.

We now consider the log-likelihood ratio

2{%%5 (1, A) = maix L (1o, )}, (3.4)

where 1)y is the true parameter. However, to derive the limiting distribution in this case
for this statistic is a little more complicated than the log-likelihood ratio test that does
not involve nuisance parameters. This is because directly applying Taylor expansion does

not work since this is usually expanded about the true parameters. We observe that

2{%3X£n(¢,)\) maxﬁ (%o, )}

_ 9 {%x Lo(0, \) — Lo(to, /\0)} ) {maxz (0, A) — max Ly (v, )\0)}/.

N / N
-~
-

2
Xp+q

X3

It seems reasonable that the difference may be a X;Z) but it is really not clear by. Below,
we show that by using a few Taylor expansions why this is true.

In the theorem below we will derive the distribution of the score and the nested log-

likelihood.

Theorem 3.1.1 Suppose Assumption 2.6.1 holds. Suppose that (g, \g) are the true

parameters. Then we have

OLn (Y, A) OLn (¥, ) OLn (¥, A) _
90 — w0 © 90 g Juere = g Juo e Dign Trow (3.5)
1 0L, (%, _
\/ﬁ (9(¢ )on,ﬁ\wo 2} N(07 (Iwowo - [wokol)\ol)\o[)\oﬂlﬂo)) (3'6>
where I is defined as in (3.1) and
2 Ca ) = Lalin )} B 3.7

where p denotes the dimension of . This result is often called Wilks Theorem.
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PROOF. We first prove (3.5) which is the basis of the proofs of (3.6). To avoid, notational

difficulties we will assume that 65"(7;# 9n(2) | Ay ot and aﬁ" 2 ’\)J =)oy are univariate random
variables.
Our objective is to find an expression for %J Aoyt in terms of 2 ”(w J A=Ao,tho and
MJ A=xo,5 Which will allow us to obtain its variance and asymptotlc dlstrlbutlon
Making a Taylor expansion of 2% “(w P Sy o about MJ oo SlVES
b JM,O o 2 a¢ J)\O %o ()‘?bo - )‘O)WJ Ao,%o

Notice that we have used = instead of = because we replace the second derivative

L (PN ] ~
oAy droo ™

with its true parameters. If the sample size is large enough then

E(ﬁ%;éﬁ,/\)hwo); eg. in the iid case we have

1L )
n 0Ny OV

0 log f(Xi; ), A)
= Z ONOY J)\oﬂ/io

51 X0,
E( Ogéf)faw L )Jxo,wo) =—Dy

Q

Therefore

oL, (Y, A 0L, (Y, A 3
gz )‘wao,wo ~ ;z )_J/\OJZJO = Ay — Ao) Dy (38)

Next we make a decomposition of (Ay,—Xo). We recall that since £, (¢, Ay, ) = arg maxy Ly, (1o, \)
then

on g =0

(if the maximum is not on the boundary). Therefore making a Taylor expansion of

—85"(% A)J Auy o about —M”gﬁo”\)J Aowo B1Ves
LYo | OLa(oN) | PLaeN), 4
TJf\wo,wo ~ TJAOﬂ/)O TJXOMO( Yo 0)-
-0
Replacing %J Aoy With Iy gives
0L, (g, A .
%J)\oﬂbo — (Mg, — Ao) &0,
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and rearranging the above gives

L 0La(to, )

()‘TZJO - >‘0) n O\ JAoﬂllo' (39)
Therefore substituting (3.9) into (3.8) gives
8£n(¢7 /\) R ~ aﬁn(dja )‘) a‘cn(djO» )\) Iflf
TJ)"JJO”‘Z’O ~ TJAOJ/JO - TJTZJOJ\O PO
and thus we have proved (3.5).
To prove (3.6) we note that
0L, (Y, A 0L, (1o, A) |, _ /
Py~ T (- (3.10)

We recall that the regular score function satisfies

&Cn A
1 a£ (% ) 1 ¢ )JNH/)O
OLn (w )J
O\ ¥0,M0

\/ﬁ o0 J)\()ﬂ/)o - %

Now by substituting the above into (3.10) and calculating the variance gives (3.6).

) B N(0, 1(6,)).

Finally to prove (3.7) we apply the Taylor expansion on the decomposition
2{@(% An) = La(to, Xwo)} - 2{£n<z&n, An) = La(to, Ao)} - 2{£n(w0, Auo) = Lato, Ao)}
R (00— 00)1(0)(Bn — 60) — (Ayo — Xo) Ta(Ayy — Xo),  (3.11)

where 8, = (), A) (the mle). We now find an approximation of (Ay, — Ao)’ in terms
(6, — 6y). We recall that (6 — §) = I(00) 'V L,(0) ] =g, therefore

0L (0 -~

2O\ Ly I\ [ Y=o
oL, | ~ ~ (3.12)
5 Iy I An — An

)

From (3.9) and the expansion of 2 given in (3.12) we have

I\ 0L, (1, NG
%%J,\O,w% ;\; (fww o) + Da(A — )\o))

~ L = o) + (A= o) = (511, 1) (6= 00)

Substituting the above into (3.11) and making lots of cancellations we have

(5‘¢0 - )‘0>

2{£n(7j}na An) = Lo (Yo, 5\1/)0)} ~ (v — o) (Tpy — L/)A[):}\]A,w)(@@ — o).

Finally, by using (3.3) we substitute /n(¢) — 1) 2 N0, (Lypy — [w,\l):/l\[,\,w)_l), into the

above which gives the desired result. 0
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Remark 3.1.2 (i) The limiting variance of @/Z)\ — o if X were known s ]ww, whereas
M"(;M)J/\w wo 18 (Tyy — IpnIy )\I,\ w) and the limiting
variance of \/ﬁ(@ — o) is (Lypy — LMI,\,A[M/)) L Therefore if 1 and \ are scalars

and the correlation I is positive, then the limiting variance of 12 — 1 1s more than

the the limiting variance of

if X were known. This makes sense, if we have less information the variance grows.

(i1) Look again at the expression

0L (%, A 0L (P, A 0L, s A
%Jﬁ\woﬂbo ~ %Jx\o,wo - Iw],\)\ %JAO,% (3.13)

It is useful to understand where it came from. Consider the problem of linear re-
gression. Suppose X and Y are random variables and we want to construct the
best linear predictor of Y gqiwen X. We know that the best linear predictor is
V(X) =E(XY)/E(Y?X and the residual and mean squared error is

E(XY)
E(Y?)

E(XY)
E(Y?)

Y -V(X)=Y — X and E(Y - X)2 = E(Y?) — E(XY)E(Y?) 'E(XY).

Compare this expression with (3.13). We see that in some sense a(:pb A /\w o can

) an

be treated as the residual (error) of the projection of | xow0 ONEO

Aoso -

3.1.3 The log-likelihood ratio statistics in the presence of nui-

sance parameters

Theorem 3.1.1 can be used to test Hy : ¥ = ¢y against H 4 : ¢ # 1) since

Q{I?/}axﬁ (Y, \) — maxﬁ (o, )} gxi.

The same quantity can be used in the construction of confidence intervals By using (3.7)
we can construct CIs. For example, to construct a 95% CI for ¢ we can use the mle
0, = (U, M) and the profile likelihood (3.7) to give

{oaf o) - w0} < 099}

Example 3.1.3 (The normal distribution and confidence intervals) This example
is taken from Davidson (2004), Example 4.51, p129.
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We recall that the log-likelihood for {Y;} which are iid random variables from a normal
2

distribution with mean p and variance o~ is
£al10.0%) = £y(0%) =~ S (V= 1 = 2o
e a 202 ‘ 2 '

i=1
Our aim s to the use the log-likelihood ratio statistic, analogous to Section 2.8.1 to con-
struct a CI for p. Thus we treat o* as the nuisance parameter.

Keeping 1 fized, the mazimum likelihood estimator of o is 02(p) = £ >0 (V; — p)2.

Rearranging 0*(u) gives

where 2 () = n(Y —p)?/s* and s* = 2= 30 (Y;—=Y)2. Substituting 52(p) into L, (11, 0?)
gives the profile likelihood

3

—1 n
~2 — Y . 2 __1 ~2
Lo, 7°(1)) 20,0 i:1( i — ) 5 loga ()
—n)2

o a1, B

It is clear that L, (1, 5%(1)) is mazimised at i =Y. Hence

Thus the log-likelihood ratio is

W) = 2 {L(1,5%(1) = La(,5% (1))} = nlog (1 * %) |

[\

-~

D
—)x% for true pu

Therefore, using the same argument to those in Section 2.8.1, the 95% confidence interval

for the mean is

{2 {L0(1,5° (1) = Lo, 5°(0)}} = {1 Walp) < x3(0.95)}
= {u;nbg (1 + ;"(—”i) < X?(0-95)} :
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However, this is an asymptotic result. With the normal distribution we can get the exact
distribution. We note that since log is a monotonic function the log-likelihood ratio is

equivalent to

{1 %(n) < Ca},

where Cy,, is an appropriately chosen critical value. We recall that t,,(p) is a t-distribution
with n — 1 degrees of freedom. Thus C,, is the critical value corresponding to a Hotelling

T?-distribution.

Exercise 3.1 Derive the x? test for independence (in the case of two by two tables) using

the log-likelihood ratio test. More precisely, derive the asymptotic distribution of

O, — E,)? Oy — E5)? O3 — E3)? O4 — Ey)?

O =E? | (0= B (0= Baf | (01— En?
Ey Ey Ey Ey

under the null that there is no association between the categorical variables C' and R,

where and Ey = ng xny /N, Ey =nygxXni/N, E3 =n3 xXny/N and Ey = ng X ny/N. State

T —

Cy | Cy | Subtotal
R O; | Oy nq
Ry O3 | Oy4 o
Subtotal | n3 | ny N

all results you use.

Hint: You may need to use the Taylor approzimation xlog(x/y) ~ (x—y)+5(x—y)?/y.

Pivotal Quantities

Pivotal quantities are statistics whose distribution does not depend on any parameters.
These include the t-ratio t = v/n(X —p)/s, ~ t,_1 (in the case the data is normal) F-test
etc.

In many applications it is not possible to obtain a pivotal quantity, but a quantity can
be asymptotically pivotal. The log-likelihood ratio statistic is one such example (since its
distribution is a chi-square).

Pivotal statistics have many advantages. The main is that it avoids the need to

estimate extra parameters. However, they are also useful in developing Bootstrap methods

ete.
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3.1.4 The score statistic in the presence of nuisance parameters

We recall that we used Theorem 3.1.1 to obtain the distribution of 2{ maxy x L, (1, \) —
maxy L, (Yo, /\)} under the null, we now consider the score test.

We recall that under the null Hy : ) = g the derivative 22524 [{ =0, but the
0’ R
f %j}”\)j A 0 However, if the null were true we would expect Ay, to
07

OLn (1h,N) ]
o
showed in (3.6), where we showed that under the null

_120L, (W0, N)
1/2
n —31/)

same 1s not true o

be close to the true \g and for Ay o to be close to zero. Indeed this is what we

D p—
Jj‘wo — N(O’ ]W, - L/’)‘I)\,/l\]%df)a (314)

where Ay, = argmaxy L, (1o, A).
Therefore (3.14) suggests an alternative test for Hy : ¢ = 1) against Hy : ¢ # 1. We
can use %M %(f”\)J 5., as the test statistic. This is called the score or LM test.
n o
The log-likelihood ratio test and the score test are asymptotically equivalent. There

are advantages and disadvantages of both.

(i) An advantage of the log-likelihood ratio test is that we do not need to calculate the

information matrix.

(ii) An advantage of the score test is that we do not have to evaluate the the maximum

likelihood estimates under the alternative model.

3.2 Applications

3.2.1 An application of profiling to frequency estimation

Suppose that the observations {Xy;t = 1,...,n} satisfy the following nonlinear regression

model
X; = Acos(wt) + Bsin(wt) + ¢;

where {e;} are iid standard normal random variables and 0 < w < 7 (thus allowing the
case w = 7/2, but not the end points w = 0 or 7). The parameters A, B, and w are real
and unknown. Full details can be found in the paper http://www. jstor.org/stable/
pdf/2334314.pdf (Walker, 1971, Biometrika).
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(i) Ignoring constants, obtain the log-likelihood of {X;}. Denote this likelihood as
L,(A, B,w).

(ii) Let

Su(A, Bw) = (Z X} -2 Z X (Acos(wt) + Bsin(wt)) — %n(A2 + BZ))

t=1 t=1

Show that

2 p2y " n
2L, (A, B,w) + Sn(A, B,w) = A =B Z cos(2tw) + AB Z sin(2tw).

2
t=1 t=1
Thus show that |£,(A, B,w) 4+ 38,(4, B,w)| = O(1) (ie. the difference does not

grow with n).

Since L, (A, B,w) and —%Sn(A, B, w) are asymptotically equivalent, for the rest of
this question, use _TIS,L(A, B, w) instead of the likelihood L, (A, B,w).

(iii) Obtain the profile likelihood of w.
(hint: Profile out the parameters A and B, to show that &, = argmax,, | >, X; exp(itw)[?).

Suggest, a graphical method for evaluating w,,?

(iv) By using the identity

exp(3i(n+1)Q) sin(4nQ) 0<Q<2r

> " exp(iQt) = sin(32) (3.15)
—1 n Q=0 or 27.

show that for 0 < ) < 27 we have

D teos(Qt) =O0(n) ) tsin(Qt) = O(n)
Zt2 cos(Qt) = O(n?) ZtQ sin(Qt) = O(n?).

(v) By using the results in part (iv) show that the Fisher Information of £, (A, B,w)
(denoted as I(A, B,w)) is asymptotically equivalent to

n 0 2B+ O(n)
S, 2
QI(AaBaw)IE(W)I 0 2 —5A+0(n)
ZB+0(n) —2A+0(n) %(A2+ B?) +0(n?)



(vi) Derive the asymptotic variance of maximum likelihood estimator, @,, derived in

part (iv).

Comment on the rate of convergence of w,,.

Useful information: The following quantities may be useful:

n entirnlind) < g o
Y explit) = e Q=0or2 o
> n =0 or 2.

the trignometric identities: sin(29) = 2sinQcosQ, cos(2Q) = 2cos?(Q) —1 = 1—2sin* Q,
exp(if2) = cos(2) + isin(2) and

Zt:n(n+1) Ztg (2n+1)
2

Solution

Since {e;} are standard normal iid random variables the likelihood is

L, (A B,w) = —% Z(Xt — Acos(wt) — Bsin(wt))?.

t=1

If the frequency w were known, then the least squares estimator of A and B would be

(3)-(5) 2Ee ()

where x; = (cos(wt),sin(wt)). However, because the sine and cosine functions are near

orthogonal we have that n™' Y 7" | xjx; ~ I and

A RS cos(wt)
< B ) - ﬁ;Xt ( sin(wt) ) 7
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which is simple to evaluate! The above argument is not very precise. To make it precise

we note that
—2L,(A, B,w)

— i X2 -2 i X, (Acos(wt) + Bsin(wt))

t=1 t=1

+A? Z cos? (wt) + B? Z sin®(wt) + 2AB Z sin(wt) cos(wt)

t=1 t=1 t=1

= Z X2 -2 Z X (Acos(wt) + Bsin(wt)) +
t=1 t=1

%2 Y (14 cos(2tw)) + 372 i(l — cos(2tw)) + AB i sin(2tw)

t=1 t=1 t=1
= ZXE -2 Z X (Acos(wt) + Bsin(wt)) + g(A2 + B?) +
t=1 t=1

n n

@ Z COS(QtCU) + AB Z sin(2tw)

t=1 t=1

= S.(A, B,w) + M 2”: cos(2tw) + AB z”: sin(2tw)

2
t=1 t=1

where
S,.(A, B,w) = E X2—2E X (Acos(wt) + Bsin(wt —|——n A% + B%).
( ) — t — t( ( ) ( )) 2( )

The important point abut the above is that n™'S,, (A4, B,w) is bounded away from zero,

however n~' Y7 | sin(2wt) and n=! 3" | cos(2wt) both converge to zero (at the rate n™*,

though it is not uniform over w); use identity (3.16). Thus S, (A, B,w) is the dominant
term in £, (A, B,w);

—2L, (A, B,w) = Su(A B,w)+O(1).

Thus ignoring the O(1) term and differentiating S,,(A, B,w) wrt A and B (keeping w

fixed) gives the estimators

Aw) 1 & cos(wt)
~ - — Xt .
( B(w) ) n ; ( sin(wt) )
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Thus

we have “profiled out” the nuisance parameters A and B.

Using the approximation Sn(;ln(w), B, (w),w) we have

L(Au0), Buw)w) = 5 8,(w) +0(),

Sy(w) = (Z)@ —2 th ) cos(wt) + B(w) sin(wt)) + g(A\n(w)Q + B(@?))

Thus

Thus

which

(iv)

_ (ZX2—3{ w)? +§n(w)2D.

~ ~ -1
argmax L, (A, (w), By(w),w) =~ argmaxTSp(w)

~ ~

= argmax {An(w)2 + Bn(w)?|.

W, = argmax(—1/2)S,(w) = argmax (ﬁn(w)2 + B, (w)?)
= argmax | Z X, exp(itw) |2,
t=1

is easily evaluated (using a basic grid search).

Differentiating both sides of (3.15) with respect to 2 and considering the real and
imaginary terms gives » . tcos(Qt) = O(n) .7, tsin(Q) = O(n). Differenti-
ating both sides of (3.15) twice wrt to € gives the second term.

In order to obtain the rate of convergence of the estimators, @, /Al(@), B (W) we eval-
uate the Fisher information of £, (the inverse of which will give us limiting rate
of convergence). For convenience rather than take the second derivative of £ we
evaluate the second derivative of S,,(A, B,w) (though, you will find the in the limit
both the second derivative of £, and S, (A, B,w) are the same).

Differentiating S, (A, B,w) = (Y, X?—2>"1, Xi (A cos(wt)+B sin(wt))+3n(A*+
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B?)) twice wrt to A, B and w gives

% = —Qtzn;Xt cos(wt) + An
% = —Qtzn;Xt sin(wt) + Bn
%i =2 Z AXitsin(wt) — 2 ; BXt cos(wt).
and G = n, Gk = n, Fi5k = 0,
6?:‘;74 =2 g Xt sin(wt)
;jg}; = —2 tzn; Xt cos(wt)
?925271 =2 i 1 X, (A cos(wt) + Bsin(wt)).

t=1

Now taking expectations of the above and using (v) we have

E(aa:gzl) = 2 g tsin(wt) (A cos(wt) + Bsin(wt))
= 2B i tsin®(wt) + 2 i At sin(wt) cos(wt)
=1 t=1
= B it(l — cos(2wt)) + Aitsin@wt) = WB +0(n) = B%Q + O(n).
=1 —
Using a similar argument we can show that E(8 ) = —A%Q + O(n) and

2
E(%;n) = 22t2(Acos(wt ) + B sin( wt)

t=1

= (4 +B?)

(n+1)6(2n~|—1)+ O(n?) = (A% + B2 /3 + O(n?).

Since E(—V?2L,) ~ $E(V2S,), this gives the required result.
(vi) Noting that the asymptotic variance for the profile likelihood estimator @,

—1
(Iw,w - [w,(AB)I,Z}BI(BA),w) )
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by subsituting (vi) into the above we have

A% 4 B?
2 (—+

-1
G n® + O(n2)) ~ ( 12

A2 4+ B?)n?
Thus we observe that the asymptotic variance of &, is O(n™3).

Typically estimators have a variance of order O(n™!), so we see that the estimator
w, converges to to the true parameter, far faster than expected. Thus the estimator

is extremely good compared with the majority of parameter estimators.

Exercise 3.2 Run a simulation study to illustrate the above example.

Evaluate I,(w) for allwy, = 22£ using the ££t function in R (this evaluates {3}, ng”%}}g:l),
then take the absolute square of it. Find the maximum over the sequence using the function
which.max. This will estimate &,. From this, estimate A and B. However, &, will only
estimate w to O,(n™1), since we have discretized the frequencies. To improve on this, one
can use one further iteration see http: //www. jstor. org/stable/pdf/2334314. pdf
for the details.

Run the above over several realisations and evaluate the average squared error.

3.2.2 An application of profiling in survival analysis

This application uses some methods from Survival Analysis which is covered later in this
course.

Let T; denote the survival time of an electrical component (we cover survival functions
in Chapter 6.1). Often for each survival time, there are known regressors x; which are

believed to influence the survival time 7;. The survival function is defined as
P(T; >t)=Fi(t) t>0.

It is clear from the definition that what defines a survival function is that JF;(t) is positive,

Fi(0) =1 and F;(o0) = 0. The density is easily derived from the survival function taking

Y210
dt

To model the influence the regressors have on the survival time, the Cox-proportional

the negative derivative; f;(t) =

hazard model is often used with the exponential distribution as the baseline distribution
and ¥ (z;; B) is a positive “link” function (typically, we use ¥ (z;; 5) = exp(fx;) as the link

function). More precisely the survival function of 7; is
Fi(t) = ]:O(t)iﬁ(:m;ﬁ)’
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where Fy(t) = exp(—t/#). Not all the survival times of the electrical components are
observed, and there can arise censoring. Hence we observe Y; = min(7}, ¢;), where ¢; is
the (non-random) censoring time and d;, where J; is the indicator variable, where §; = 1
denotes censoring of the ith component and d; = 0 denotes that it is not censored. The

parameters [ and 6 are unknown.

(i) Derive the log-likelihood of {(Y;,d;)}.

(ii) Compute the profile likelihood of the regression parameters (3, profiling out the
baseline parameter 6.

Solution
(i) The survivial function and the density are
flt) = 0 LR} fol) and - Fife) = Fofe) .

Thus for this example, the logarithm of density and survival function is

log fi(t) = log®(xi; B) — [¢(wi; 8) — 1] Fo(t) + log fo(t)
= log (i 6) — [(w B) 1] ~logh— 7

log Fi(t) = (xi;8)log Fo(t) = —(xi; B)

|+

Since
oy = | S = V(s B{Folw) )7 o) =0
A Fily) = Fo(t)Pid) 5 =1
the log-likelihood of (f3,6) based on (Y;,d;) is

n

L,(8,0) = Z(l — 0i){ log ¥ (w3 B) +log fo(Vi) + (¢ (ws; B) — 1) log Fo(Yi) } +

=1

Z 8 {W(xs; B) log Fo(Ys) }

= 31-a) (logv(es) ~ o0 % — (wla) - 1Y)

i=1

- Yi

- Z 050 (w3 B)g
i=1

n

= Z(l — 61){ log ¥ (x;; B) — log 6’} - Z¢($i;5)

=1

>~<

7

|
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Differentiating the above wrt 8 and 6 gives

oL = v Vipg(xi; 8)
=1

oL Y;
90 " ;(1 —6){ - 5} + ;@/}(ﬁi;ﬁ)@

which is not simple to solve.

le"<

Instead we keep [ fixed and differentiate the likelihood with respect to 6 and equate

to zero, this gives

oL, - Y
g = 20 g+ ey

i=1
and
>oic1 (i B)Y;

Z?:l(l - 51’) .
This gives us the best estimator of # for a given 3. Next we find the best estimator
of B. The profile likelihood (after profiling out 0) is

0(8) =

n n

(p(B) = L,(8,0(8)) = Za —6){ log ¥(x;; B) — log ()} — Z@b(xi;m%.

Hence to obtain the ML estimator of § we maximise the above with respect to 3,
this gives us 3. Which in turn gives us the MLE /9\(3)

3.2.3 An application of profiling in semi-parametric regression

Here we apply the profile “likelihood” (we use inverted commas here because we do not

use the likelihood, but least squares instead) to semi-parametric regression. Recently this

type of method has been used widely in various semi-parametric models. This application

requires a little knowledge of nonparametric regression, which is considered later in this

course. Suppose we observe (Y;, U;, X;) where

Y; = BXi + o(Us) + &,

(X;, U, &;) are iid random variables and ¢ is an unknown function. Before analyzing the

model we summarize some of its interesting properties:
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e When a model does not have a parametric form (i.e. a finite number of parameters
cannot describe the model), then we cannot usually obtain the usual O(n~'/2) rate.
We see in the above model that ¢(-) does not have a parametric form thus we cannot

expect than an estimator of it /n-consistent.

e The model above contains $X; which does have a parametric form, can we obtain

a y/n-consistent estimator of 57

The Nadaraya-Watson estimator

Suppose
Yi = ¢(Ui) + ¢,

where U;, ; are iid random variables. A classical method for estimating ¢(-) is to use the
Nadarayan-Watson estimator. This is basically a local least squares estimator of ¢(u).
The estimator qAﬁn(u) is defined as

~ B . 1 u—"U; o i Wh(u—U)Y;
On(u) = argmalnzi:gW< b )(Yz‘—a) = Ziml;b(u—Ui)

where W(-) is a kernel (think local window function) with [ W (z)dz = 1 and W(u) =
bW (u/b) with b — 0 as n — oo; thus the window gets narrower and more localized
as the sample size grows. Dividing by >, Wy(u — U;) “removes” the clustering in the
locations {U;}.

Note that the above can also be treated as an estimator of

E(Y|U = u) = / yfio(ylu)dy / yf;—(%))dy — (),

where we replace fyy and fy with

Frolwy) = > o)W (u—Uy)

fol) = -3 Witu=0i),



with dy (y) denoting the Dirac-delta function. Note that the above is true because

Mdy - / yfyo(y, u)dy
R

R J?U(U) fu(u)
- fl(u) [ 5 3 v Wi = U dy
1 1< 2 Wi(u — U3)Y;
= =——— Y Wy(u—U) [ ydy,(y)dy = = AN
fuu) bn i=1 \_/R —_— 22 Wilu = Ui)

=Y,
The Nadaraya-Watson estimator is a non-parametric estimator and suffers from a far

slower rate of convergence to the non-parametric function than parametric estimators.

This rates are usually (depending on the smoothness of ¢ and the density of U)
~ 1
2 4
n(u) — =0, —+0b"]|.
) = 600 = 0, (- +11)

Since b — 0, bn — oo as n — oo we see this is far slower than the parametric rate
O,(n~1/?). Heuristically, this is because not all n observations are used to estimate ¢(-)

at any particular point u (the number is about bn).

Estimating $ using the Nadaraya-Watson estimator and profiling

To estimate 3, we first profile out ¢(+) (this is the nuisance parameter), which we estimate

as if § were known. In other other words, we suppose that § were known and let
Yi(B) =Y, — BX; = o(Us) + &,

We then estimate ¢(-) using the Nadaraya-Watson estimator, in other words the ¢(-)

which minimises the criterion

¢,6(U) = arg rnamz Wb(u _ Ui)(Y;(ﬁ) . a)z _ ZZ Wb(u — Ui)}g(ﬂ)

- > Wi(u —U;)
> Wi(u—Uy)Y: 5Zi Wy (u — U;) X;
> Wi(u —Uy) 2iWi(u—Uy)
— Gyu) — BHy(u), (3.17)

where

_ ZZ Wb(u - Uz)Y; . ZZ Wb(u — UZ-)Xi
Go(u) = S Wy(u—U) and Hy(u) = :




Thus, given 3, the estimator of ¢ and the residuals ¢; are

~

¢p(u) = Go(u) — BHy(u)
and
Es =Yi— BX; — ¢p(Uy).
Given the estimated residuals Y; — 8X; — (/gﬁ(Uz-) we can now use least squares to estimate
coefficient 5. We define the least squares criterion
L.(8) = Y (Yi— BXi— dp(Uy)’

i

= Y (Vi - BX; — Gy(U;) + BH(U))”
= (Vi = Gy(U:) — BIX: — Hy(U))])".
Therefore, the least squares estimator of 3 is
2_ilYi — Go(Ui)][Xi — H,y(Us)]
>l X — Hy(Ui))?

Using (1 we can then estimate (3.18). We observe how we have the used the principle of

Bor

profiling to estimate the unknown parameters. There is a large literature on this, including
Wahba, Speckman, Carroll, Fan etc. In particular it has been shown that under some
conditions on b (as T'— o), the estimator Bb;p has the usual \/n rate of convergence.

It should be mentioned that using random regressors U; is not necessary. It could
be that U; = % (observations lie on a on a grid). In this case n™' >, Wy(u — i/n) =
LS WY = o7 [W(5E)da + O((bn)™Y) = 1+ O((bn)™") (with a change of

variables). This gives

 em i s X Wi — 2)Yi(9)
dalt) = again 3T Widu - DK(E) - = SEEE ey

= Gy(u) — BHp(u), (3.18)
where
Gy(u) = Z Wiy (u — %)y;- and  Hy(u) = Z Wiy(u — %)Xi.

Using the above estimator of ¢(-) we continue as before.
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